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 a b s t r a c t

In this work, we present a novel tool for reconstructing transport networks from corrupted im-
ages. The reconstructed network is the result of a minimization problem that has a misfit term 
with respect to the observed data, and a physics-based regularizing term coming from the the-
ory of optimal transport. Under the assumption that such physical information can be properly 
identified, we demonstrate through a range of numerical tests that our approach can effectively 
rebuild the primary features of damaged networks, even when artifacts are present.

1.  Introduction

The problem of reconstructing images from corrupted data is a fundamental problem in science, arising in a wide range of 
problems, from medical imaging [1] to art restoration [2]. This reconstruction process is known in the literature of image processing 
as inpainting [3–5].

Inpainting problems may become particularly challenging when the image we are interested in represents a transport network 
and we want to recover specific characteristics. Here, for networks, we refer to structures where one dimension (length) is orders of 
magnitude larger than the others (thickness). For transport networks, we refer to those structures whose main purpose is to transport 
resources from one location into another, such as the blood vessels or river networks. An example of this kind of network is given 
in Fig. 1a, where it is easy to imagine a flow entering from below and exiting from the two branches on top.

Transport networks are often acquired via non-invasive/remote-sensing imaging techniques, and the resulting data may be cor-
rupted by loss of data, noise, and/or the presence of artifacts, such as the example shown in Fig. 1b or in many real-world problems 
[6–8]. If we want to reconstruct the original network from the corrupted one, recovering the connectivity is a priority if we want to 
simulate a fluid passing through the network. If not properly reconstructed, the data cannot be used in numerical simulations, may 
require long manual preprocessing, or lead to wrong predictions.
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Fig. 1. Schematic representation of the network reconstruction problem. In the upper panels, we report an image 𝐼true and a corrupted version 
𝐼obs. In the central panels, we report the images reconstructed 𝐼rec using three inpainting algorithms implemented in [9], the harmonic, Mumford-
Shah, and transport inpainting methods. In Fig. 1f we show the optimal transport network. Fig. 1g shows a network reconstructed with the method 
proposed in this paper.

The approaches used to solve inpainting problems can be divided into two main groups: machine learning-based methods and 
traditional methods. The former has shown versatile capabilities in recent years (see [10–12] for relatively recent reviews on the topic). 
However, these methods rely on the availability of a large amount of high-quality data, while in many applications a transparent 
algorithmic approach is desired.

Among traditional inpainting methods, the most commonly used is to recover missing information by solving PDEs [13–15]. In 
this setting, an image is seen as a function 𝐼 ∶ Ω ⊂ ℝ𝑑 → [0,∞[, in most problems 𝑑 = 2, 3. In the Y-shaped network in Fig. 1a, the 
domain Ω is a 2d square and the image/function 𝐼true is a binary map that indicates whether or not a point belongs to a network.

Traditional methods include the so-called variational inpainting methods, where a reconstructed image 𝐼rec is obtained by solving, 
for a fixed 𝜆 > 0, the following minimization problem

argmin𝐼 (𝐼) = (𝐼) + 𝜆(𝐼, 𝐼obs), (1)

Computers and Mathematics with Applications 212 (2026) 190–209 
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where different discrepancy functionals  and regularization functionals  can be used according to sought images. The parameter 
𝜆 > 0 determines the balance between the two terms. Standard discrepancy measures are the weighted 𝐿2 and 𝐻−1 norms. The most 
commonly used regularization functionals are the TV norm [15,16], the Cahn-Hilliard functional [17–20], and the Mumford-Shah-
Euler functional [21–23].

However, when the image describes a network, this type of regularization functional may not preserve the network structure. 
In Fig. 1c to e we show how three inpainting algorithms (described in [4] and implemented in [9]) fail in reconstructing the main 
topological features of the network in 𝐼true. This is because they capture only local information and do not express any physical 
concepts, like the presence of a flux entering from below and exiting from the two branches on top in Fig. 1b mentioned before. 
Furthermore, in the case of reconstructing transport networks, these traditional regularization functionals ignore the prior knowledge 
that several networks minimize the energy spent on transport. The most notable examples are natural transport networks such as 
blood vessels[24], rivers [25], and plant roots [26].

Even when information about the transport occurring within the network is readily available (or can at least be estimated), we 
still lack a mathematical framework that can simultaneously capture the network’s essentially one-dimensional nature, encode the 
underlying transport physics, and assimilate observed data into the variational formulation.

The main idea of this paper is to address these issues thanks to recent advances in the optimal transport theory described in [27], 
including a physics-based regularization term  in Eq. (1). This functional is written with respect to a nonnegative function 𝜇 that 
can be seen as a conductivity. Hence, we rewrite the minimization problem in Eq. (1) in terms of this variable, solving the following 
problem

𝜇rec ∶= argmin𝜇≥0 (𝜇) ∶= (𝜇) + 𝜆((𝜇), 𝐼obs), (2)

where  denotes a suitable map that transforms a conductivity 𝜇 into an image 𝐼 . The reconstructed image/network will simply be 
𝐼rec = (𝜇rec).

The variational problem in Eq. (2) represents the core of the methodology proposed in this paper, which we call Network Inpainting 
via Optimal Transport (NIOT). The main contribution of this paper is showing how the NIOT approach is able to effectively reconstruct 
corrupted networks by encoding into equations our knowledge that the observed objects are transport networks.

The manuscript is organized as follows. In Section 2 we give a brief overview of the optimal transport problem and, in particular, 
of the branched transport problem that studies the ramified structures we are interested in. We also present the functional  used 
in Eq. (2) and how it allows us to include branched transport ideas in the framework of image inpainting problems. This integration 
and the details of its numerical implementation are described in Section 3. In Section 4 we present a series of numerical experiments 
that present the capabilities and limitations of the proposed approach.

2.  Optimal and branched transport problems

The Optimal Transport (OT) problem deals with finding the most efficient way to move a nonnegative measure 𝑓+ into another 
measure of equal mass 𝑓−, in our problem both defined on Ω ⊂ ℝ𝑑 .

In most OT problems, a fixed cost of moving one unit of mass is assigned by a function 𝑐 ∶ Ω × Ω → ℝ. Typically, this cost is defined 
as 𝑐(𝑥, 𝑦) = |𝑥 − 𝑦|𝑝, with 𝑥, 𝑦 ∈ Ω and 𝑝 ≥ 1, for which there is a rich literature (see [28,29] for complete overviews of theoretical and 
numerical advances on the topic). The fundamental solution to this type of OT problems is that the mass travels along straight lines 
[30]. For example, if we consider the measures 𝑓+ and 𝑓− reported in Fig. 1f, the OT solution follows a V-shaped path connecting 
the point 𝑂 to 𝑃  and 𝑄, sending 2∕3 of the mass to 𝑃  and 1∕3 to 𝑄.

However, one may want to model transport phenomena in which a cost of moving one unit of mass decreases for large volumes 
of goods being transported. In this setting, it becomes more convenient to move the mass together, following a path such as the 
Y-shaped network reported in Fig. 1f. The mass at the point 𝑂 first moves to the point 𝐵 and then splits along two different branches. 
The subarea of OT that studies this type of branching structures as minimal energy solutions is called the Branched Transport (BT) 
problem (see also [31] for a general overview of the topic).

The first BT formulation can be traced back to the work of Gilbert in [32], but in this paper we use the formulation described 
in [33]. Before presenting it, it is useful to state the following simple lemma on the mass balance equation on graphs.
Lemma 1. Consider a graph 𝐺 = (𝑉 ,𝐸), with nodes 𝑉  and edges 𝐸 that contains no loops (this type of graph is said to be acyclic). Fix an 
orientation on the edges 𝐸 and let 𝑓 ∈ ℝ|𝑉 | whose entries sum up to zero on each connected component of 𝐺. Then there exists a unique flux 
𝑣 ∈ ℝ|𝐸| that satisfies the following mass balance equation

∑

𝑒∈𝛿+(𝑘)
𝑣𝑒 −

∑

𝑒∈𝛿−(𝑘)
𝑣𝑒 = 𝑓𝑘 ∀𝑘 = 1,… , |𝑉 |, (3)

where 𝛿+(𝑘) and 𝛿−(𝑘) denote the set of edges entering and exiting the 𝑘th node (according to the fixed orientation). 
The proof of this lemma can be found in [34]. It is based on the facts that on each connected component of acyclic graphs the 

number of vertices is one plus the number of edges. We can now present the BT problem as follows.
Problem 1. Let us denote with 𝛿𝑥 a Dirac measure centered at 𝑥 ∈ Ω. Consider two measures

𝑓+ =
𝑛
∑

𝑖=1
𝑓+
𝑖 𝛿𝑥𝑖 , 𝑓− =

𝑚
∑

𝑗=1
𝑓−
𝑗 𝛿𝑦𝑗 , (4)

where:
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• 𝑛, 𝑚 are two positive integers;
• (𝑥𝑖)𝑛𝑖=1, (𝑦𝑗 )

𝑚
𝑗=1 are distinct points in Ω;

• (𝑓+
𝑖 )

𝑛
𝑖=1, (𝑓

−
𝑗 )

𝑚
𝑗=1 are strictly positive such that 

∑𝑛
𝑖=1 𝑓

+
𝑖 =

∑𝑚
𝑗=1 𝑓

−
𝑗 ;

(in the example shown in Fig. 1f, we have 𝑛 = 1 with 𝑥1 = 𝑂; 𝑓+
1 = 1 and 𝑚 = 2 with 𝑦1 = 𝑃 ; 𝑓−

1 = 2∕3 and 𝑦2 = 𝑄; 𝑓−
2 = 1∕3).

Consider the set  of those graphs 𝐺 = (𝑉 ,𝐸) such that:

• the graph 𝐺 is a union of acyclic graphs;
• the set 𝑉  contains all nodes 𝑥𝑖 and 𝑦𝑗 , and possibly extra nodes;
• to each edge 𝑒 ∈ 𝐸 we associate a length 𝓁𝑒 given by the Euclidean distance between the connected nodes. We denote by 𝓁𝑒(𝐺)
the vector in ℝ|𝐸| with all these lengths.

Consider the following vector 𝑓 ∈ ℝ|𝑉 | with entries 𝑓𝑘 given by

𝑓𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑓+
𝑖 if 𝑘-th node = 𝑥𝑖,

−𝑓−
𝑗 if 𝑘-th node = 𝑦𝑗 ,

0 otherwise,
(5)

for 𝑘 = 1,… , |𝑉 |. If a graph 𝐺 ∈  falls under the assumptions of Lemma 1, then there exists a unique flux that satisfies the mass 
balance equation Eq. (3) with the forcing term 𝑓 , which we denote by 𝑣(𝐺).

Now, fix an exponent 0 < 𝛼 < 1. We want to find the optimal graph 𝐺opt ∈  that minimizes the energy

𝐸𝛼(𝐺) ∶=
∑

𝑒∈𝐸
|𝑣𝑒(𝐺)|𝛼𝓁𝑒(𝐺). (6)

The presence of the concave and sub-additive term | ⋅ |𝛼 in Eq. (6) favors graphs with fewer edges but a higher flux rate, making 
the ramified structures optimal. Problem 1 admits a solution since there is a finite number of possible combinations of graphs that 
meet its requirements [35, Prop. 2.1, 2.2]. However, the number of these combinations increases exponentially with the total number 
of nodes 𝑥𝑖, 𝑦𝑗 , making the BT problem NP-hard.

An explicit description of the optimal graph can be found only in simple cases, such as the problem in Fig. 1f, where there is an 
analytic formula for the branching point 𝐵 given in [31]. This formula also shows that the branching angle 𝜃 between the edges 𝑃𝐵
and 𝑄𝐵 increases as the exponent 𝛼 passes from one to zero, reaching the maximum value of 120◦. The network reported in Fig. 1 
corresponds to the case 𝛼 = 0.5. More generally, the minimal branching angle of the network is bounded from below by a quantity 
that decreases with the exponent 𝛼 [36, Proposition 2.1].

Extensions of Problem 1 to general measures 𝑓+, 𝑓− have been proposed in recent years [33,37,38], with the latter being the most 
closely related to Problem 1.

The theory of BT provides a unified mathematical framework for various studies that model natural networks as optimal transport 
solutions. Examples include rivers [25,39], blood vessels [24,40], and plant roots [26]. However, two fundamental issues limit the 
use of this theory in applied problems and, more specifically, in inpainting problems considered in this paper.

The first issue is merely computational. Given the NP-hard nature of Problem 1 there is no hope of having an efficient numerical 
method to solve the BT problem, neither for 𝑓+ and 𝑓− given in Eq. (4) nor for general measures. All methods found in the literature 
work only for small numbers of nodes [41,42], converge toward local minima [27,43]), or require additional assumptions on the 
transported measures 𝑓+ and 𝑓− [44].

The second issue is the incompatibility between Problem 1 and the variational inpainting problem in Eq. (1). The first is written 
in terms of graphs, while in the second, the information on the observed image represents some form of intensity variation in space 
and is typically stored in pixels/voxels. There is no simple way to integrate these two problems. In the following section, we will 
introduce an optimization problem closely related to the BT problem, where this integration can be done more naturally.

2.1.  A reformulation of the BT

In [27], the following problem has been proposed.

Problem 2. Consider 𝑓+, 𝑓− being two nonnegative densities in 𝐿2(Ω) having the same mass. Fix 𝜇min > 0 and 𝛾 ∈]0, 1]. Find an 
optimal “conductivity” 𝜇opt ∶ Ω → [0,+∞[ solving

argmin𝜇≥0(𝜇) ∶= ∫Ω
(𝜇 + 𝜇min)|∇𝑢(𝜇)|2

2
𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶(𝜇)

+∫Ω
𝜇𝛾

2𝛾
𝑑𝑥

⏟⏞⏞⏟⏞⏞⏟
=∶𝛾 (𝜇)

, (7)

where, for any given 𝜇 ∶ Ω → [0,∞[, the function 𝑢(𝜇) denotes the solution 𝑢 ∶ Ω → ℝ of the equation
{

−div((𝜇 + 𝜇min)∇𝑢) = 𝑓+ − 𝑓−,
(𝜇 + 𝜇min)∇𝑢 ⋅ 𝑛𝜕Ω = 0.

(8)
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Fig. 2. Spatial distribution of 𝐷𝐺0-approximation of the 𝜇opt,ℎ solving Problem 2 for the 𝑓+ and 𝑓− shown in Fig. 1f using 𝛾 = 0.8, 0.5, 0.2 (top to 
bottom) and refining the initial 50 × 50 grid ℎ (left to right).

Here 𝜇min > 0 is a small scalar that ensures well-posedness of the PDE Eq. (8). In this paper, we fix 𝜇min = 1.0𝑒 − 8, while in [27] 𝜇min
was set to zero. Similar problem formulations can be found also in [45,46]. Problem 2 with 𝛾 = 1 and 𝜇min = 0 is equivalent to the 
OT problem with a cost equal to the Euclidean distance, as shown in [47].

Intuitively, the support of a function 𝜇 in Eq. (7) describes a “pathway” connecting 𝑓+ to 𝑓−. The divergence constraint ensures 
its linkage. An optimal solution 𝜇opt of Problem 2 provides the best trade-off between energy (𝜇), which is the Joule energy dis-
sipated via potential flow, and cost 𝛾 (𝜇), which represents the nonlinear cost of building the “pathway” 𝜇. If 0 < 𝛾 < 1, this cost 
is concave and encourages the concentration of the support of 𝜇 in small channels with high values of 𝜇. Increasing 𝛾 from zero to 
one, this concentration effect is expected to weaken, passing from networks having few channels, wide branching angles, and high 
conductivities to networks with more channels, narrower branching angles, and reduced conductivities.

These intuitions are supported by a series of numerical experiments presented in [27] in which a discrete approximation of 
the minimization problem in Eq. (7) is obtained using finite elements, solution denoted hereafter by 𝜇opt,ℎ. In Fig. 2 we show the 
approximate 𝜇opt,ℎ obtained for the measures 𝑓+ = 𝛿𝑂 and 𝑓− = (2𝛿𝑃 + 𝛿𝑄)∕3 (shown in Fig. 1f) using different values of 𝛾 and refining 
an initial grid ℎ used to discretize the problem (see Section 3.3 for the details of the numerical solution of Problem 2).

We see that for 𝛾 = 0.8 a V-shaped network is obtained, while for 𝛾 = 0.5 and 𝛾 = 0.2 a Y-shaped network is obtained. We can also 
see that 𝜇opt,ℎ depends on the mesh ℎ used to discretize the problem. In fact, its support tends to concentrate on narrow “channels” 
composed of a sequence of single cells in the mesh ℎ, indicating convergence towards a solution having a support composed of 
a union of 1d lines. Similar results were shown in [27, Fig. 5-6-7]. Due to these phenomena, it is not clear how to recover the 
infinite-dimensional problem in Eq. (7) from its discrete counterpart. Therefore, there is no formal connection between Problem 2 
and classical BT formulations.

However, this matter has a slight impact on the variational inpainting problem that we are focusing on. In such problems, the 
grid is given by the format used to store 𝐼obs, and we do not concern ourselves with the issue of cells with size going to zero. More 
crucially, the mesh appears to have a minor influence on the overall network topology that is formed by the support of 𝜇opt,ℎ, as 
shown in Fig. 2 or in [27, Fig. 8]. For a given grid, Problem 2 offers the substantial advantage of defining an optimal network as 
the support of the function 𝜇opt,ℎ. This facilitates a seamless incorporation of BT principles into inpainting problems, where data are 
typically stored as pixels/voxels.

Another issue related to Problem 2, either in its continuous or discrete form, arises from the fact that the functional in Eq. (7) is 
non-convex. In this setting, there is no assurance that the gradient descent-based technique employed in [27] will discover a global 
minimum. As a result, any potential minimizer that we identify is merely local and depends on the initial data. Therefore, when we 
mention optimal conductivity 𝜇opt,ℎ, we will specifically refer to the local minimum achieved using the gradient descent method and 
will detail the initial data utilized.
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3.  Network inpainting via optimal transport

Two additional building blocks are required to define the NIOT problem in Eq. (2).
• A map  that transforms a nonnegative conductivity 𝜇 into a nonnegative image 𝐼 , so that 𝐼 = (𝜇).
• A discrepancy term suitable for the network inpainting problem.
The forthcoming two sections are devoted to defining the desired traits and building these two components.

The fundamental concept is that by minimizing the functional (𝜇), we ensure simultaneously that the support of 𝜇 connects 𝑓+

and 𝑓−, as a result of the divergence constraint in Eq. (8), and that it approximates a 1d structure. The allocation of 𝑓+ and 𝑓− is our 
indirect method to integrate our knowledge that the observed network is a structure that transports resources into the reconstruction 
problem.

On the other hand, by introducing the convex discrepancy term, we force the reconstructed network 𝐼rec to closely match the 
observed data, ruling out those local minima for the BT problem that do not fit the data. In this way we are able to include in the 
reconstruction process other physics-based information encoded in the data but not encapsulated in the branched transport model 
in Problem 2.

This suggested method can be viewed as a model-driven inverse problem, similar to those described in [48].
Remark 1.  Defining 𝑓+ and 𝑓− is essential for the proposed methodology, as this step embeds the transport physics into the 
inpainting formulation. These priors may be estimated from image data (see Section 4) or based on physical insights, such as the flow 
direction in river basins or vascular systems. It is vital to correctly identify the spatial support of 𝑓+ and 𝑓−, as mislocation results 
in topologically erroneous reconstructions. In our experience, however, the method is robust to moderate perturbations in the mass 
magnitudes, as long as the sources and sinks are correctly located.

3.1.  Discrepancy term 

The discrepancy term considered in this paper is the following weighted 𝐿2-distance

(𝐼, 𝐼obs) ∶=
1
2 ∫Ω

(𝐼 − 𝐼obs)2𝑊 𝑑𝑥, (9)

where the weight 𝑊 ∶ Ω → [0, 1] measures our confidence in the observed data in each portion of the domain. In this paper, we 
consider two types of weights.

The first weight 𝑊  can be defined only if there exists a region 𝐷 ⊂ Ω, hereafter denoted as a mask, where we know that the 
network is corrupted. For example, in Fig. 1b the mask 𝐷 is the region within the red rectangles. Some inpainting algorithms (for 
example [13–15]) work only if this mask can be identified, inpainting the missed area only. Under these assumptions, it is rather 
natural to define the confidence weight as

𝑊mask (𝑥) =
{

1 if 𝑥 ∈ Ω ⧵𝐷
0 if 𝑥 ∈ 𝐷

, (10)

in order to localize the reconstruction of the network only in the corrupted regions. However, in many inpainting problems, we 
may not have a priori information on where such regions are located and how the data are corrupted. In this case, a more agnostic 
discrepancy weight should be preferred. Our second candidate is simply 𝑊 = 1.

3.2.  Mapping 𝜇 into 𝐼

The transformation  has the scope of connecting two objects that may be different, the conductivity 𝜇 in the BT problem, which is 
a model-based variable, into an image 𝐼 , which is instead an observation-based variable. This transformation must send nonnegative 
conductivity 𝜇 to nonnegative images 𝐼 . Furthermore, it must be differentiable for all 𝜇 ≥ 0. This is necessary to compute the gradient 
of the functional   in Eq. (2). We do not require the map to be invertible, but it may be useful to infer information on 𝜇 from 
observations.

Any map  will necessarily include some multiplicative factor 𝑐 > 0 such that (𝜇) and 𝐼obs within the discrepancy term in Eq. (2) 
have the same order of magnitude. For example, when 𝜆 = 0, if the terms 𝑓+ and 𝑓− are both multiplied by a constant 𝑐, it is easy 
to see that the optimal conductivity 𝜇opt,ℎ will be multiplied by a factor 𝑐

2
𝛾+1 . This multiplicative factor can also be deduced from the 

physical information encoded in the images.
Moreover, the map  should be designed such that (𝜇) falls within the range of values in which data 𝐼obs are stored. For example, 

in the case of standard gray-scale images, it must be ensured that (𝜇) ∈ [0, 1]. Ultimately, the map  should be designed, having in 
mind that the optimization term in Eq. (7) tends to the conductivity 𝜇opt,ℎ on a union of 1d curves, as shown in Fig. 2.

In this paper, two maps  are considered. The first map is the identity map, that is, (𝜇) = 𝑐𝜇. This map is extremely simple and 
is suitable for inpainting problems where the supports of 𝜇 and 𝐼 are expected to be similar, and 𝐼 is proportional to the conductivity 
𝜇. Its main advantage is that it is linear and the gradient of the functional   in Eq. (2) can be computed without any additional cost 
involving the Jacobian ′(𝜇).

The second map examined in this paper is designed to handle the case where some fluid is passing through the observed network. 
Under mild assumptions, this flow can be modeled using the Hagen-Poiseuille approximation, which states that the velocity of a 
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fluid flowing through a pipe is proportional to the gradient of a pressure multiplied by a conductivity factor. For tubular pipes, this 
conductivity factor is expressed as a power law of the radius 𝑟 > 0 of the channel, given by

𝜇Pou = 𝜅𝑟𝑝 (11)

where 𝜅 is a constant factor, with 𝑝 = 3 in ℝ2, and 𝑝 = 4 in ℝ3. Note that in the BT formulation in Eq. (8) we implicitly assumed the 
Hagen-Poiseuille law to hold.

A map  adapted to this type of network should transform a conductivity 𝜇 concentrated on a union of 1d curves into an im-
age 𝐼 whose support satisfies the relation in Eq. (11). This implies mapping 1d channels with higher conductivities into tubular 
neighborhoods with wider support, making the map necessarily nonlinear.

In the variational setting of Eq. (2), we cannot take a simple tubular expansion of a 1d channel, possibly tuned according to 𝜇, 
since this transformation is not differentiable. Moreover, it would be complicated to define this transformation, where the support of 
𝜇 is not exactly supported on a 1 pixel wide curve.

We can define a map having the desired characteristics using the porous media (PM) equation [49,50], which can be formulated 
as follows. Given 𝑚 ≥ 1, 𝑇 > 0, and a nonnegative initial condition 𝜌0, we seek a function 𝜌 ∶ [0, 𝑇 ] × Ω → [0,+∞] that satisfies the 
following equation

⎧

⎪

⎨

⎪

⎩

𝜕𝑡𝜌 − div(𝜌𝑚−1∇𝜌) = 0,
𝜌(0) = 𝜌0,
𝜌𝑚−1∇𝜌 ⋅ 𝑛𝜕Ω = 0.

(12)

Denoting by 𝜌(𝑡, 𝑚, 𝜌0) the solution of the PDE Eq. (12) at time 𝑡 with initial condition 𝜌0, we can define a map  (hereafter referred 
to as the PM map) as follows

(𝜇) ∶= 𝑐𝜌(𝑡∗, 𝑚, 𝜇), (13)

with 𝑡∗ being a suitable time. In Section A.1 we explain how to deduce the exponent 𝑚 and 𝑡∗ from the exponent 𝑝 and the constant 𝜅
in Eq. (11), with the formulas given in Eq. (A.3). When discretized on a grid, this map compensates the concentration of the support 
of 𝜇opt,ℎ on 1pixel-wide curves.

Note also that for 𝑚 = 1, the equation in Eq. (12) reduces to the heat equation, and thus the maps would essentially act as a 
Gaussian filter. This map is suitable for the inpainting problem, with the advantage of being easier to compute. However, it has the 
disadvantage of infinite propagation of the support and, being linear, does not provide the “higher” to “wider” mapping needed to 
approximate the law in Eq. (11). For this reason, we did not consider it in this paper.

3.3.  Discretization and optimization

The spatial discretization of Eq. (2) is performed using a finite-volume/finite-difference scheme based on a Cartesian grid ℎ of 
the domain Ω. This discretization is particularly convenient in inpainting problems, where we mostly deal with images stored in 
pixels/voxels. We now look for the pair (𝜇ℎ, 𝑢ℎ) ∈ 𝐷𝐺0(ℎ) ×𝐷𝐺0(ℎ), where 𝐷𝐺0(ℎ) is the space of piecewise functions on ℎ. The 
discrete conductivity 𝜇ℎ is the main unknown of the minimization problem, while 𝑢ℎ is the numerical solution of the elliptic equation 
in Eq. (8). This choice of discretization spaces requires the definition of a map from the cell-centered values of 𝜇ℎ to the faces. We used 
the harmonic average for this purpose to ensure that the flux is properly conserved. Similarly to the notation introduced in Problem 2, 
we will denote by 𝑢ℎ = 𝑢(𝜇ℎ) the numerical solution of Eq. (8) for a given 𝜇ℎ.

The gradient of the discretized functional   in Eq. (2) with respect to 𝜇ℎ is given by

∇𝜇ℎ (𝜇ℎ) =
−|∇𝑢ℎ|2 + 𝜇𝛾−1

ℎ
2

+ 𝜆((𝜇ℎ) − 𝐼obs)𝑊 (𝑥)′(𝜇ℎ) (14)

When the PM map is used, there is an additional cost to compute the term involving the Jacobian ′(𝜇ℎ) coming from the 
discrepancy term in Eq. (14). To handle this, we employ adjoint-based methods [51]. In our case, these methods require solving the 
PM equation in Eq. (12) to obtain the term (𝜇ℎ). We use the backward Euler method combined with the Newton method for this 
purpose. Additionally, we need to solve a linear system with the Jacobian of the PM map ′(𝜇ℎ) as the matrix. To improve accuracy, 
we divide the time 𝑡∗ in Eq. (13) into five subintervals, gradually increasing the initial time step. Consequently, in the calculation of 
the gradient in Eq. (14), we solve five equations of porous media and five linear systems associated with the adjoint-based method.

The optimization part follows the approach used in [27]. Starting from an initial data 𝜇0
ℎ = 𝜇0, we update 𝜇ℎ as follows

𝜇𝑘+1
ℎ = 𝜇𝑘

ℎ − Δ𝑡𝑘(𝜇𝑘
ℎ)

2
𝛾 ∇𝜇ℎ (𝜇𝑘

ℎ), 𝑘 = 0,… , 𝑘max, (15)

with Δ𝑡𝑘 > 0 being a sequence of time steps chosen adaptively to ensure the stability of the scheme. The direction of update in Eq. (15) 
is (minus) the gradient of the functional   scaled by the factor 𝜇

2
𝛾
ℎ . This scaling procedure ensures that 𝜇ℎ remains positive and mimics 

a scheme known in the optimization community as the Mirror Descent approach [52]. We continue updating 𝜇ℎ until the 𝐿1-norm 
of the discrete right-hand side of Eq. (15) is below 10−5.

The method we have introduced falls within the class of first-order methods, as it relies only on the gradient of  . Approaches 
that incorporate second-order derivatives, such as a Newton-based scheme, appear to be not suitable for our problem. This is mainly 
due to the non-convex nature of the functional  . Furthermore, these methods require specific linear algebra solutions, which are 
challenging to fit our circumstances, similar to those outlined in [53].
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Fig. 3. Original drawing by Cohnheim with the arterial (red) and venal (blue) blood vessel network (picture taken from [62]). The Y-shaped red 
network within the black square is the one used in Section 4.1. Its binary map is shown in Fig. 1a.

3.4.  Software and implementation details

The NIOT algorithm is implemented using Firedrake [54,55], a Python finite element library based on the Unified Form Language 
(UFL) introduced in [56]. Using these libraries, we can write our problem directly from the functional   in Eq. (7) and then use 
automatic differentiation to compute the gradient of the functional. The adjoint-based computations (required only when the PM 
map is used) are performed using the dolfin-adjoint library [57]. Firedrake is also built on top of the PETSc library [58,59], which 
provides a wide range of efficient linear and nonlinear solvers. PETSc ensures that the algorithm’s main computational bottlenecks 
(namely, the solution of the linear systems associated with the elliptic PDE in Eq. (8) and the evaluation of the PM map) are handled 
using state-of-the-art parallelized software. Specifically, we employ iterative methods preconditioned with the Hypre BoomerAMG 
algebraic multigrid solver [60], which we found to be robust and efficient for our problem. These choices guarantee a smooth 
transition and scalability to large 3D problems, particularly in the context of blood vessel reconstruction.

4.  Numerical experiments

We now present a set of experiments designed with a dual purpose. Our first objective is to address reconstruction problems in 
which data degradation is the result of data loss that causes network disconnection, and/or the existence of artifacts, as exemplified 
in Fig. 1b. Our second goal is to investigate the interaction between the parameters and functions of the NIOT model, summarized 
in Table 1. Our analysis is mostly focused on the fitting and optimization categories, as the modeling parameters 𝑓+, 𝑓−, and 𝛾 should 
be determined by the physical problem at hand, and should be known (or estimated) a priori by the user. With these two goals in 
mind, we examine, in different setups, two test cases.

One test case is an example of a real biological geometry with a reasonable 2d spatial representation. We turn to the classical 
work of Julius Cohnheim from 1872 in [61]. In his work, Cohnheim describes the vasculature of a frog tongue and includes a detailed 
colored drawing, shown in Fig. 3. As this geometry is 2d in nature, we can represent results without accounting for out-of-plane 
connections. The other test case is a Y-shaped network extracted from the first case. We start our numerical experiments with the 
second (simpler) case.

In both test cases, we corrupt an image and we try to recover it, in order to have the ground truth available for comparison. A 
reconstruction is considered good if the supports overlap and the main topological features, such as connectivity or subdivisions in 
subbranches, are similar. Unfortunately, finding quantitative estimates to compare network-like structures is a challenge in itself. 
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Table 1 
Parameters and functions controlling the NIOT model.

 Category  Parameter  Description

Modeling
𝑓+, 𝑓−  Mass distribution densities in the BT problem
𝛾  Scalar determining branching angles

Fitting
, 𝑐  Map from 𝜇 to 𝐼
𝜆  Scalar measuring global trust in data
𝑊  Function measuring local trust in data

 Optimization 𝜇0  Initial data in Eq. (15)

Standard measures, like the 𝐿2 distance or the Sørensen-Dice coefficient, do not provide meaningful estimates of discrepancies. They 
provide a meaningful comparison only if the supports overlap, which is unlikely for “thin” structures like networks. For these reasons, 
we restrict ourselves to a qualitative comparison with the ground truth to assess the accuracy of a reconstruction.

All images reported in the following experiments should be seen in their high-resolution colored version, which is available directly 
within the electronic version of the paper. These images were generated using the PyVista library [63].

4.1.  Y-shaped

The first test case presented in this paper is the reconstruction of the Y-shaped network in Fig. 1a, which is the portion of the 
arterial network within the squared box shown in  Fig. 3. It is corrupted using the mask made up of three rectangles shown in Fig. 1b. 
In this test case, the artifacts shown in Fig. 1b are removed.

First, we fix the resolution of the mesh used in our inpainting problem. We choose a mesh ℎ∕4 with 200 × 200 pixels, used in the 
third column in Fig. 2. For this grid, the smallest branch is at least 4 pixels wide, while at coarser resolutions it is hard to see the 
effects of using the 𝑃𝑀 map used in the next experiments.

We also need to fix the exponent 𝛾 that influences the branching angle of the optimal network. Looking at the networks obtained 
in Fig. 2 we can see how the exponent 𝛾 = 0.8 does not provide a Y-shaped network, which is instead obtained for 𝛾 = 0.2 and 𝛾 = 0.5. 
We decided to fix 𝛾 = 0.5 for all experiments, because the network obtained for 𝛾 = 0.2 is not that different from the one obtained for 
𝛾 = 0.5, while solving the BT problem with smaller values of 𝛾 is typically computationally more intense. This is because shorter time 
steps are required due to the factor 𝜇

2
𝛾  in Eq. (15), and therefore more time steps to reach convergence.

The transported measures are 𝑓+ = 𝛿𝑂 and 𝑓− = (2𝛿𝑃 + 𝛿𝑄)∕3. They are deduced by looking at the observed network and assuming 
that the flux on the left upper branch doubles the one on the right branch.

4.1.1. Images with lost data (case 𝑊 = 𝑊mask)
We now turn our attention to the discrepancy term in Eq. (2), which defines the fitting component of the NIOT model.
We consider two maps  described in Section 3.2, the identity map and the PM map with 𝑚 = 2 and 𝑡∗ = 1.0𝑒 − 3. The exponent 𝑚

is the result of the formula in Eq. (A.3) with 𝑝 = 3, while the time 𝑡∗ was experimentally found to guarantee that the support of 𝐼obs
and the reconstructed image (𝜇) have approximately the same supports.

The identity map is scaled by the factor 𝑐 = 10, while the PM map is scaled by 𝑐 = 50. We choose these values by looking at the 
optimal 𝜇opt,ℎ, reported in the rightmost column in Fig. 2, which correspond to the solution of Eq. (2) with 𝜆 = 0. We tune the scaling 
parameter 𝑐 to have the same order of magnitude of the maximum values of the reconstructed image (𝜇) and the data term, which is 
a binary image. This calibration based on the maximum values presents some limitations. In fact, in full generality, we expect to have 
some mismatch between the observed data 𝐼obs and the (𝜇) in the sub-branches of the network, where the conductivity is lower. 
Nonetheless, this method is rather straightforward and prevents the observed and reconstructed data from having values that vary 
by multiple orders of magnitude.

We fix the confidence term 𝑊 = 𝑊mask given in Eq. (10) and the initial data 𝜇0 = 1 (the influence of the second choice is discussed 
in Section 4.1.3). In the first and second rows of Fig. 4 we report the result obtained for the different values of 𝜆 and the two maps 
described above.

We can see how the proposed approach effectively restores the connectivity of the network for all values of 𝜆 and both maps. 
This result is the consequence of imposing a flux between the source term 𝑓+ = 𝛿𝑂 and the sink term 𝑓− = (2𝛿𝑃 + 𝛿𝑄)∕3. Having a 
disconnected network, which in our setting means having zero conductivity, would contradict the constraint given in Eq. (8).

Since 𝑊 = 𝑊mask , the discrepancy term has no influence within the rectangles that make up the mask, and the optimization of 
the regularization term  is the only factor driving the reconstruction. Thus, inside the mask, the reconstructed network is composed 
of (almost) straight channels or a union of them, reconnecting the ends of the original network cut by the mask. In this region, we 
can see some grid alignment artifacts.

Outside the mask, we see the influence of the discrepancy term. The network progressively fits to the observed data as 𝜆 increases. 
For both maps, the topology of the reconstructed network can change drastically even with a relatively small change of 𝜆. For example, 
the bifurcation point in the middle of the domain is fitted by increasing 𝜆 from 5.0e − 2 to 1e − 1 when the PM map is used, while it 
is recovered only for 𝜆 = 1.0 when the identity map is used. This sudden transition can be attributed to the fact that the functional 
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Fig. 4. Spatial distribution 𝜇rec,ℎ for different combinations of 𝜆, maps, and confidence 𝑊 . When the PM map is used, the blue line defines the 
boundary for which 𝐼rec = (𝜇rec,ℎ) is 1.0𝑒 − 3. The red rectangle defines the mask region. The ground truth image 𝐼true is reported in light gray. .
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 is not convex and that we are using gradient-based optimization methods. This leads to diverse convergence paths within the 
optimization landscape.

Both maps produced comparable results in terms of reconstructing the primary topological feature of the network, showing a 
similar change when 𝜆 is altered. However, the PM map provides a smoother transition of the reconstructed network 𝐼rec at the mask 
boundary. Moreover, it generates both skeletonization and a reconstruction of the network. On the other hand, the PM map requires 
between 60 and 90 minutes to reconstruct an image, while the identity map requires between 20 and 30 minutes. These findings were 
derived by running our software on a single core, on a computer equipped with a 12th Gen Intel(R) Core(TM) i7-12700 processor 
and 64 Gb of RAM memory.

4.1.2.  Images with lost data (case 𝑊 = 1)
In this section, we propose a second experiment where we use the confidence term 𝑊 ≡ 1, which is more suitable for those 

problems where we are not aware of the location of the corruption. In the third and fourth rows in Fig. 4 we report the spatial 
distribution of 𝜇rec,ℎ while changing the scaling parameter 𝜆 of the discrepancy and the map .

The results do not differ significantly from those obtained using 𝑊 = 𝑊mask . However, 𝜇rec,ℎ tends to have lower values and 
smaller support within the mask relative to the results obtained using 𝑊 = 𝑊mask . For example, when the identity map is used and 
𝜆 = 1.0e − 2 (first column, first and third row), the branching point within the lowest rectangle is moved upward. This effect can be 
attributed to the fact that the discrepancy term is now acting also within the mask 𝐷, where the data 𝐼obs fitted is equal to zero, 
penalizing the presence of the network. If 𝜇rec,ℎ is still present within the mask, this penalization effect results in a network with 
wider channels, as a wider section is required to carry the same flux. This is more evident when comparing the case with the identity 
map and 𝜆 = 1.0.

4.1.3.  Influence of initial data 𝐻𝑜𝑤𝑒𝑣𝑒𝑟, 𝑖𝑛𝑡ℎ𝑖𝑠𝜇0
In Section 2.1 we already mentioned how the approximate solution 𝜇opt,ℎ of Problem 2 depends on the initial data. In this part, 

we illustrate the impact of this issue on the NIOT algorithm. So far, our consideration has been limited to uniform data with 𝜇0 = 1. 
However, in this instance, we employ initial data that are extrapolated from the observed data. In particular, we set

𝜇0 = 𝜇obs = 𝑐−1(𝐼obs) + 𝜇+, (16)

where the lower bound 𝜇+ is required to avoid a strong penalization in the initial data where data are lost. In our experiment, we set 
it to 1.0e − 5 times the maximum value of 𝐼obs. The results are reported in the last two rows of Fig. 4.

It is evident that the selection of initial data profoundly impacts the ultimate outcome. The magnitude of this influence is such that 
the selection of the map  and the scaling of the discrepancy 𝜆 become almost insignificant. This effect can be beneficial when images 
are corrupted only by data loss. However, if this assumption is not valid, using such initial data may result in incorrect outcomes, as 
shown in the next section.

4.1.4.  Images with artifacts
In this section, we focus on a reconstruction problem in which false positive data are present in the image. Additional channels 

are included in Fig. 1a and then the mask shown in Fig. 1a is applied. The resulting 𝐼obs can be seen in Fig. 1b.
In this case, we set the confidence measure 𝑊 = 1, since we typically do not know the location of false positive data. We use the 

identity map with 𝑐 = 10. In Fig. 5, we report the reconstructed networks using different 𝜆 > 0 and initial data 𝜇0 = 1, 𝜇obs.
The results show how large values of 𝜆 (rightmost panels) lead to overfitting of the data, including the artifacts that we would 

like to remove. On the other hand, a network more similar to the original Y-shaped network is obtained with 𝜆 = 1.0e − 3, 5.0e − 2
and unbiased initial data 𝜇0 = 1. This suggests that the usage of smaller values of 𝜆 and uniform initial data should be preferred if 
false positive data are present.

The experiments in this section offer valuable guidelines on how to select the initial data 𝜇0. When the observed data 𝐼obs are 
known to be free from false positive data, it is advantageous to use initial data derived from the observed data, as described in Eq. (16). 
Conversely, if there is a suspicion of false positive data, it is preferable to opt for unbiased initial data, such as 𝜇0 = 1. In this setting, 
these experiments show an additional feature of the proposed method: its capability to remove artifacts from the corrupted data. 
This procedure is referred to in the literature on image processing as pruning [64]. In our model, this selection is the result of an 
optimization process, where the presence of the functional  removes those channels that do not carry enough flux. Similar ideas 
can be found in [65] in the context of graph pruning.
Remark 2. We considered only two types of initial data, uniform data 𝜇0 = 1 and 𝜇0 = 𝜇obs, with the latter strongly biased by the 
observed data. However, the choice is not necessarily binary. In fact, it is easy to image a transition between the two configurations 
by progressively blurring 𝜇obs with a Gaussian filter. With such a procedure, the initial data are less biased by the observed data but 
still contain some information about the network that may be useful in the reconstruction process. 

4.2.  Frog tongue

In this section we consider the full arterial blood vessel network of the frog tongue in Fig. 3. We segmented it using a semi-
automatic procedure used in [66], followed by a manual inspection to ensure spatial connectivity of the arterial vessel tree. The 
result is shown in Fig. 6a.
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Fig. 5. Spatial distribution 𝜇rec,ℎ for 𝜆 = 1.0e − 3, 5.0e − 2, 1.0e − 1, 1.0 (left to right) and 𝜇0 = 1, 𝜇obs (top to bottom). Confidence 𝑊 = 1 and identity 
map. The observed data 𝐼obs is obtained by adding additional artifacts (in brown) to the original network in Fig. 1a, and then removing all data 
within the mask (red rectangles). The ground truth 𝐼true is reported in light gray.

We deduce the terms 𝑓+ and 𝑓− used in Problem 2 directly from Fig. 3. We set 𝑓+ as the sum of two Dirac masses located at 
the root of the two main channels, having the same mass injection rate. The sink term 𝑓− is set equal to one on the support of the 
frog tongue, modeling a uniform absorption of nutrients/oxygen. The two terms are balanced to ensure that the total mass injected 
is equal to the total mass absorbed. More accurate estimation of these terms would require experimental measurements that are not 
available in this case.

This configuration, characterized by few concentrated sources and a distributed sink (or vice versa), is observed in various natural 
systems, such as river basins and blood circulation. Indeed, this test case represents a simplified 2D analogue of our target application: 
the reconstruction of the brain vascular network from 3D MRI images, like those considered in Hodneland et al. [66].

Three experiments on the frog tongue data are presented. One experiment simulates the case where the source of corruption is 
loss of data that causes network disconnection, while the other simulates the presence of artifacts in the observed data. The observed 
network 𝐼obs used in the second experiment is reported in Fig. 6c.

In the third experiment, we present a complementary approach to reconstruct the arterial network of the frog tongue. The idea 
is to estimate a conductivity 𝜇obs (shown in Fig. 6d) from the binary image 𝐼obs by using the Hagen-Poiseuille law in Eq. (11). We 
use these enhanced data within Eq. (2) with the identity map, where the NIOT approach becomes a model-driven inverse problem 
written in terms of the conductivity 𝜇.

In all experiments, each reconstruction requires between 20 and 60 minutes to be executed.

4.2.1.  Binary images with lost data
The first experiment consists of reconstructing the binary map 𝐼true shown in Fig. 6a corrupted with a mask composed of the seven 

circles, shown in Fig. 6c.
We first calibrate our model using 𝜆 = 0. The corresponding optimal 𝜇opt,ℎ, reported in Fig. 6b, is composed of a high-conductivity 

skeleton and a series of small channels that fill the domain of the sink term 𝑓−. The maximum value of 𝜇opt,ℎ is 2.0e − 2. So we set 
𝑐 = 50 to match the value of a binary representation of the arterial network.

In Fig. 7 we report the results obtained by fitting the observed data using different values of 𝜆 and 𝑊 = 𝑊mask or 𝑊 = 1. The 
initial data is set to 𝜇0 = 1.

In all experiments, the curved portion of the network within circle (d) that branches from the main channel in the south-east 
direction is not consistently recovered. Neither is the channel oriented in the west direction in the upper part of circle (a). This can 
be attributed to the fact that within the mask, these configurations are not optimal for the  functional.

For 𝜆 = 1.0e − 3, the discrepancy term already affects the resulting network. The main right branch is approximately fitted for 
both 𝑊 = 𝑊mask and 𝑊 = 1. However, despite the fact that these two confidence measures are different only within the mask, the 
left branch resulting networks are completely different. This can again be attributed to the non-convexity of the functional  and the 
usage of gradient-based optimization methods.

Within circle (g), note that a good approximation of the bifurcation point is created in all cases, even in the case 𝜆 = 0 shown 
in Fig. 6b. In fact, without any channel within the local mask, the flux cannot be carried from the (right) source to the sink.
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Fig. 6. Frog tongue data. Figures adapted from Hodneland et al. [66].
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Fig. 7. Reconstruction with lost data. The ground truth 𝐼true is reported in black for comparison. Circles where 𝐼true was removed are marked in 
light gray. We report (color bar at the bottom) the spatial distribution of 𝜇rec,ℎ for 𝑊 = 𝑊mask , 1 and 𝜆 = 1.0e − 3, 1.0e − 1, 1.0.

At 𝜆 = 1.0e − 1, the Y-shaped network within circle (b) is recovered for both 𝑊 = 𝑊mask and 𝑊 = 1. In the first case, the re-
constructed network is not totally accurate, but the main structure of the network is recovered within all circles, excluding the 
inaccuracies already mentioned within circles (a) and (d). In the second case, the penalization imposed by having 𝑊 = 1 within the 
mask removes the channels within circles (c), (e) and (f). However, outside the circular masks, the overall structure of the network 
is recovered with good quality.
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Fig. 8. Reconstruction with lost data and artifacts. The observed image 𝐼obs is shown in Fig. 6c), while the ground truth image 𝐼true is here reported 
in black in the background for comparison. Circles where 𝐼true was removed are marked in light gray. We report (color bar at the bottom) the spatial 
distribution of 𝜇rec,ℎ for 𝜆 = 1.0e − 2, 1.0e − 1, 1.0. .

For 𝜆 = 1𝑒0 and 𝑊 = 𝑊mask , the reconstructed network fits the observed data accurately outside the mask at the cost of having 
some errors within the circle (e).

For 𝜆 = 1𝑒0 and 𝑊 ≡ 1, an inconsistent network is obtained within circle (b). No network is created here, and the tail of the 
corrupted branch is “fed” by another sub-branch. This reconstructing error is not particularly satisfactory from a modeling point of 
view, because this would lead to flux flowing in the wrong direction. For 𝜆 = 1𝑒0 and 𝑊 = 𝑊mask , the reconstructed network fits the 
observed data very well outside the mask at the cost of having some errors within circle (e).

We attribute these phenomena to the combination of different factors:
• Within the mask we have that 𝑊 ≡ 1 and 𝐼obs = 0, hence the discrepancy term is penalizing any presence of the network, similarly 
to what happened in the previous section. This effect can also be seen with circles (c), (e), and (f), where channels outside the 
mask are selected.

• The approach is currently blind to the direction of the flux, since this information is not encoded in our inpainting approach, 
neither in the data nor in the model.

• The fitted image is a binary map. It contains only information about the support of the network, but not its hierarchical structure, 
from the root to the leaves.

In Section 4.2.3, we will try to mitigate the effect of the last factor by extracting more information from the data.

4.2.2.  Binary images with artifacts
We now present the experiment in which the data are both lost and corrupted by the presence of artifacts, where 𝐼obs is shown 

in Fig. 6c. This image is obtained by shifting a portion of the original network and merging it with the original network. The data 
are also corrupted within the circular masks shown in Fig. 7.

In this false positive regime, the reconstruction of the network is also required to prune redundant channels and obtain the main 
structure of the network. We use 𝜇0 = 1 and 𝑊 = 1, and we show in Fig. 8 the results obtained for different 𝜆.

At 𝜆 = 1.0e − 2 we already recover a good approximation of the original network, with the main structure of the network being 
recovered but with a strong pruning of the redundant channels. At 𝜆 = 1.0e − 1, we obtain even better results, like the reconstruction 
of the Y-shaped network in the circle (b), but we start seeing some overlay of small channels with the shifted network, in particular 
along the two main channels. For 𝜆 = 1.0 we fall into the overfitting regime.

In the context of pruning, let us also note how reducing 𝜆 cuts the vessel at the top of the image that connects the left and right 
basins of the frog arterial structure. In fact, this redundant structure cannot be taken into account in the current BT penalization.
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Fig. 9. Conductivity reconstruction. The observed conductivity 𝜇obs shown in Fig. 6d. The support of the original image 𝐼true is reported in black in 
the background for comparison. We report the spatial distribution of 𝜇rec,ℎ for 𝑊 = 𝑊mask , 1 and 𝜆 = 1.0e − 3, 1.0e − 1, 1.0.

4.2.3.  Enhanced image data
In this section, we present a complementary approach to reconstructing the arterial network of the frog tongue. In the previous 

pages we worked with the variables 𝜇 and the image 𝐼 simultaneously, with the transformation  mapping the first into the second. 
In this instance, we focus solely on the conductivity parameter and examine the subsequent variational problem

min
𝜇≥0

(𝜇) + 𝜆(𝜇, 𝜇obs), (17)
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where the term 𝜇obs is obtained from the observed data 𝐼obs. This process may be seen as inverting the map , which may not be 
possible, as is the case for the map PM. However, using the relation 𝜇Pou = 𝜅𝑟𝑝 in the Hagen-Poiseuille law, we define 𝜇obs through 
the following steps (we used ImageJ library [67] to perform the first two).

1. We compute the local thickness of the binary representation 𝐼true of arterial network.
2. We get a skeleton 𝑠 of 𝐼true, which is a binary map inside the support of 𝐼true that is only 1 pixel wide.
3. We define an approximate Dirac measure of the 1d skeleton 𝑠 as 𝑆 = 𝑠∕ℎ, where ℎ is the width of 1 pixel.
4. We compute the conductivity 𝜇Pou = 𝜅𝑟𝑝𝑆 with 𝜅 = 5.0𝑒 + 02 and 𝑝 = 3.
5. Finally, we apply a PM map to 𝜇Pou, obtaining the data 𝐼obs to be fitted. The exponent 𝑚 and the time 𝑡∗ that define the PM map 
are those given in Eq. (A.3). The value 𝜅 = 5.0𝑒 + 02 was experimentally found so that 𝐼obs and the optimal 𝜇opt,ℎ reported in the 
right panel of Fig. 6 have the same order of magnitude.

The last preprocessing step provides a smoother representation of the conductivity having the same support of the arterial network.
The corruption step involved in the application of the mask shown in Fig. 6d and the resulting conductivity 𝜇obs is reported 

in Fig. 6d. In Fig. 9, we report the spatial distribution of the conductivity 𝜇rec,ℎ using increasing values of 𝜆 and 𝑊 = 𝑊mask , 1. In this 
case, the values of 𝜆 are higher than those presented in Section 4.2.1 as the fitted data have lower values (the maximum value is 
1.0e − 2).

The results are consistent with the previous experiments, the network is progressively reconstructed as 𝜆 increases. In this case, 
however, we see that the Y-shaped network with circle (b) is reconstructed even for 𝜆 = 1𝑒4 and 𝑊 = 1. This example shows that the 
process of retrieving the conductivity from the image can be beneficial for the inpainting process proposed in this paper.

5.  Conclusions

We showed how using the branch-inducing functional  as the regularization functional in variational inpainting methods offers 
a natural way to encode physical information in the problem of reconnecting transport networks.

The proposed approach is particularly effective in restoring connectivity in corrupted networks. This is obtained by imposing a 
flux passing through the network, and it is possible only under the assumption that a priori knowledge of the transport phenomena 
passing through the network is available. Specifically, information on the source and sink terms 𝑓+ and 𝑓− is crucial for the success 
of the method. Identifying these terms (in particular their location) may not be straightforward in some applications and may require 
dedicated preprocessing strategies, such as automated or data-driven methods. Nevertheless, even the rough estimations presented in 
the examples (obtained both from the observed network or simple modeling deduction) led to a good reconstruction of the network.

Characterizing a network as a support of conductivity 𝜇 allows for easy merging of the modeling information and observed data. 
These two components of the model are linked by the map . In this paper, we presented only two maps, the simple identity map 
and the PM map. The latter is a useful tool in the case of the network for which the Hagen-Poiseuille law given in Eq. (11) holds.

Unfortunately, the approach requires the adjustment of several parameters, both for the discrepancy and the regularization/pe-
nalization term in Eq. (2), summarized in Table 1.

For the discrepancy term, in most of the examples presented, these parameters were estimated experimentally, but in general 
their tuning should be driven by the problem at hand. The experiments presented in the paper suggest that this tuning should also 
be driven by the way data are corrupted. If good data are available and the corruption is only due to data loss, high values of 𝜆 can 
be used. In this setting, it may be beneficial to choose the initial data 𝜇0 derived from the observed data and exploit the “memory” 
effect described in Section 4.1.3. On the other hand, if the corruption is due to the presence of false positive data, small values of 𝜆, 
𝑊 = 1, and 𝜇0 = 1 should be used. In this setting, the proposed approach has also shown interesting capabilities in removing artifacts 
from highly corrupted data, performing this selection according to an optimization principle, as shown in Sections 4.1.4, 4.2.2.

The parameter 𝛾 in the functional (⋅) was fixed at 𝛾 = 0.5 in most experiments. However, its choice should be driven by observed 
quantities (such as the typical branching angles in observed data) or from modeling deduction (such as Murray’s law for blood vessels 
networks).

The software implementing the proposed methodology is designed to extend naturally to 3D, with a primary application being 
the reconstruction of blood vessel networks from MRI. Although the 3D weighted Poisson equation presents a higher computational 
load, our software is fully equipped to manage this complexity. The implementation is built upon PETSc, utilizing state-of-the-art 
parallel linear solvers that allow for efficient resolution of large-scale 3D systems.

On the other hand, the proposed model can be extended in several directions, enriching both its fitting and modeling components. 
In the first component, we can include further terms, like the flux or the pressure, when this information can be extracted from the 
data. Different discrepancy metrics can be used in place of the weighted 𝐿2-norm considered here. Natural candidates are OT-based 
distances, similar to the unbalanced metrics described in [68], since these distances can deal with densities concentrated on support 
with a small width-to-length ratio. We did not explore this possibility in this paper, but it is a natural extension of the work presented 
here.

The regularizing component of the NIOT approach can be enriched, for example, by including a localized penalization of the 
term ∫Ω 𝜇𝛾 𝑑𝑥 in Eq. (7) that favors (or disfavors) the presence of the network in certain regions, similarly to what was done in [69]. 
Networks having loops can be included using fluctuating source and sink terms as in [70].
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Appendix A. 

Here we present some well-known results on the porous media equation and how to set the exponent 𝑚 and the time 𝑡∗ to obtain 
the desired properties of the PM map introduced in Section 3.2.

A.1.  Porous media equation and the Barenblatt solution

When the initial data of the porous media equation in Eq. (12) is given as 𝜌0(𝑥) = 𝑀𝛿0(𝑥) with 𝑀 > 0, then there exists a closed-
form solution of the problem, known as the Barenblatt solution [71]. It is given by

𝜌(𝑡, 𝑥) = 𝑡−𝛼(𝐴 − 𝐵|𝑥|2𝑡−2𝛽 )
1

𝑚−1
+ (A.1)

where 𝛼, 𝛽, 𝐴, and 𝐵 are positive constants that can be expressed in terms of the dimension 𝑛, the exponent 𝑚, and the initial mass 
𝑀 . Following [50], they can be written as

𝛼 = 𝛽𝑛, 𝛽 = 1
2 + (𝑚 − 1)𝑛

, 𝐴 =
(

𝐵𝑛∕2𝑀
𝑤𝑛𝑧𝑚,𝑑

)2𝛽(𝑚−1)
, 𝐵 = 𝛽 𝑚 − 1

2𝑚
,

where 𝑤𝑛 is the volume of the 𝑛 sphere and 𝑧𝑚,𝑛 is given by

𝑧𝑚,𝑛 = ∫

𝜋∕2

0
[cos(𝜃)]

𝑚+1
𝑚−1 [sin(𝜃)]𝑛−1𝑑𝜃.

The support of the Barenblatt solution 𝜌(𝑡, 𝑥) is a sphere expanding in time with radius
𝑟(𝑡) = 𝑡𝛽𝐵−1∕2𝐴1∕2. (A.2)

A.2.  Exponent 𝑚 and time 𝑡∗ for the PM map

We want to find the exponent 𝑚 and the time 𝑡∗ such that, given a singular measure of mass 𝑀 centered at 0 at time 𝑡 = 0, the 
evolution of this mass according to Eq. (12)

𝑀 = 𝜅𝑟(𝑡∗)𝑝

for any 𝑀 . This is equivalent to requiring that the following equality holds

𝑟(𝑡∗) = (𝑡∗)𝛽𝐵−1∕2𝐴1∕2 = (𝑡∗)𝛽𝐵−1∕2 𝐵𝑛𝛽(𝑚−1)∕2𝑀𝛽(𝑚−1)

(𝑤𝑛, 𝑧𝑚,𝑛)𝛽(𝑚−1)
= 𝜅−1∕𝑝𝑀1∕𝑝 = 𝑟

for all 𝑀 . This can be done by matching the exponents for 𝑀 and proportionality constants, getting the following expression for the 
exponent 𝑚 and the time 𝑡 given by

𝑚 =
2 + 𝑝 − 𝑛
𝑝 − 𝑛

, 𝑡∗ =

(

𝜅−1∕𝑝 (𝑤𝑛, 𝑧𝑚,𝑛)𝛽(𝑚−1)

𝐵𝛽

)1∕𝛽

. (A.3)

Note that in our inpainting problem we need to set 𝑛 = 𝑑 − 1.
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