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S U M M A RY

This thesis work explores and develops a versatile route to engineer
magnon transport in ferromagnetic films by imprinting a controlled,
nanoscale undulation of the equilibrium magnetization through ver-
tical coupling (e.g., multiferroic coupling). The investigation is per-
formed with micromagnetic simulations and Fourier analysis com-
bined with analytical models to establish the magnetization undula-
tion amplitude as a new degree of freedom for magnon propagation.
The results are crucial to conceive magnonic devices with advanced
functionalities.

In Chapters 1 and 2, we discuss how spin-wave dynamics is ruled
by the Landau–Lifshitz–Gilbert (LLG) equation, and the compet-
ing exchange and dipolar contributions that shape dispersions and
mode symmetries [1]. The simulations are carried out with the GPU-
accelerated software MuMax3 [2] which solves the LLG equation on a
finite-difference grid; its working principles are discussed extensively
in Chapter 3. The simulated systems, made of permalloy or YIG
depending on the specific investigation, are discretized into micro-
magnetic cells with length, width and thickness of few nanometers.
In order to emulate vertical coupling, user-defined spatially vary-
ing fields and anisotropies are employed. The magnetization space
maps, resulting from the applied excitations (broadband field pulses
or continuous-wave drives), are collected as a function of time. Then
spatiotemporal Fourier transform is applied to compute dispersion
relations and mode profiles [3]. The ultimate purpose is to provide a
quantitative bridge between imposed textures and the spectra.

In Chapter 4, by setting the groundstate as a sinusoidal distribution
along one direction, we introduce periodicity and hence we realize
a magnonic crystal. We superimpose to a uniform bias field B0 a
spatially periodic sinusoidal bias field BS that not only can be applied
in real experiments but can be seen as the simulation of a vertical
coupling in multiferroics. We find that stationary spin wave modes
forming at the Brillouin zone boundary because of Bragg diffraction lift
their degeneracy due to the different way they experience the resulting
periodic Zeeman term. Interestingly, we find a striking outcome when
a chiral bias field BC is applied: due to its distinctive space distribution,
BC breaks the mirror symmetry in the primitive cell. This effect is
at the origin of a remarkable localized mode with a flat dispersion
(i.e., stationary), absent in uniform films, and, correspondingly, of an
enhanced effective gyromagnetic ratio. This suggests opportunities for
compact magnetic sensing and dynamic information storage coexisting
with propagating spin waves [4].

In Chapter 5, we study the possibility of keeping BS fixed while
varying its fan angle ΘF, i.e., its angular spread (for BC, ΘF = 2π) [5].
It represents a further degree of freedom for the control of magnon
propagation: in fact, while BS can be kept small and constant - with
evident implications for the mitigation of the Joule effect [6] - vary-
ing only ΘF changes the periodic Zeeman landscape. This enables a



real-time reconfiguration of the magnonic band diagram. In particular,
we show that the gap magnitude at the zone boundary can be tuned
almost quadratically by ΘF while the gap center shifts downward in
frequency. By shifting the bandgap position and width, a frequency
channel can be toggled between pass- and stop-band (tunable fil-
ters). Furthermore, the energy carried by magnons can be steered
between branches by enabling/disabling propagation in selected paths
(frequency-selective routing/demultiplexing).

As a third step, in Chapter 6, we consider a multiferroic system
where a ferroelectric overlayer with periodically varying polarization
transfers a spatially periodic magnetic anisotropy to the underlying
ferromagnet via inverse magnetostriction, producing a continuous
sinusoidal magnetization. We simulate the voltage control by intro-
ducing an effective anisotropy Ku with similar domain distribution.
By tuning Ku, we find that the magnonic bandstructure is reversibly
driven from a magnonic metallic regime (gapless, linear dispersion) to
a magnonic insulating regime (up to 1 GHz gap, parabolic dispersion).
We also show how effective is the tunability of both the group velocity
and the effective mass [7]. Under the magnon insulator conditions,
the emerging frequency gap is found to increase with increasing Ku,
linearly at first, then gradually reaching saturation. Extending Dirac’s
magnon picture [8, 9] to this continuous periodic medium helps clar-
ify how the hopping rate, thus magnon conductivity, arises from the
combined exchange, dipolar and anisotropy interactions [10].

Finally, in Chapter 7 we apply the technique of the tunable si-
nusoidal magnetization amplitude discussed above to a directional
coupler, a device widely used in ordinary electronics and integrated
circuits. The possibility to reconfigure it to function as a variety of
devices (power divider, connector, multiplexer) is achieved by intro-
ducing a periodic variation of the easy axis in the coupling region.
The dipole interaction between the two waveguides, placed close to-
gether in the coupling region, is responsible for splitting the otherwise
single fundamental mode into a symmetric mode and an antisymmet-
ric mode [11]. The induced magnetization undulation modulates the
group velocity and symmetric/antisymmetric mode splitting, enabling
fine control of the population transfer between waveguides across a
broad window of Ku. Simple analytical models capture the functional
behavior of the population transfer as Ku varies. As a natural exten-
sion, we also present a preliminary study on the implementation of
power-transfer schemes based on the Stimulated Raman Adiabatic
Passage (STIRAP) protocol [12] in the same device.

As a whole, these results, summarized in Chapter 8, establish the am-
plitude of a sinusoidal texture as a powerful, low-dissipation means to
program magnon bandgaps, velocities, localization and inter-conduit
transfer without altering the physical layout. The demonstrated abil-
ity to toggle between propagating and stationary modes, to enable
magnonic metal–insulator transitions and to reconfigure couplers on
demand points to practical applications in on-chip signal filtering,
non-volatile dynamic memories and high-sensitivity magnetic sensing
in 3D-magnonic architectures [13].
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L I S T O F F I G U R E S

Figure 1.1 Sketch of the different types of magnetic or-
der observed in matter depending on the ar-
rangement of the magnetic dipoles. From left
to right: diamagnetism (no permanent mo-
ments, weak field repulsion); paramagnetism
(randomly oriented moments aligned only un-
der external field); ferromagnetism (parallel
alignment of moments); antiferromagnetism
(antiparallel alignment with zero net magneti-
zation); ferrimagnetism (antiparallel alignment
with unequal moments, resulting in nonzero
net magnetization). 5

Figure 1.2 Schematic domain structures. (a): Bloch wall;
(b): Neel wall. 6

Figure 1.3 The microstates considered in the investigation
of the square ASI: (a) four magnetic charges at
vertex; (b) three magnetic charges at vertex; (c)
zero magnetic charges at vertex; (d) zero mag-
netic charges at vertex with a closure distribu-
tion (vortex). The red square frame encloses
the primitive cell. 7

Figure 1.4 Uniform magnetization in a ferromagnetic ob-
ject. The curved lines outside the object repre-
sent external fields while the positive and neg-
ative charges indicate surface magnetic charges,
which generate the demagnetizing field Hdemag. 8

Figure 1.5 Easy axis (a) and hard axis (b) for an ellip-
soid. 9

Figure 1.6 Spherical distribution. The straight line repre-
sents the magnetization axis, the dashed one
the easy axis. Θ is the angle between them. 10

Figure 1.7 Schematic illustration of the Zeeman effect. In
the absence of an external magnetic field (left),
the atomic 2p energy level remains degener-
ate, resulting in a single spectral line for the
1s → 2p transition. When a magnetic field is
applied (right), the 2p level splits into multiple
sublevels according to the magnetic quantum
number, giving rise to several allowed transi-
tions and the corresponding multiplet structure
in the spectrum. 11

Figure 1.8 Effect of the damping torque that tends to align
M toward He f f creating a spiral. 15



Figure 1.9 A thin-film sample (approximated as an oblate
ellipsoid) is subjected to a static field Hzẑ and
a transverse radiofrequency (RF) drive Hx(t)x̂,
which excite the uniform (k = 0) precession of
the magnetization M about the ẑ axis (Kittel
mode). The Cartesian axes are indicated for
reference. 16

Figure 2.1 (a, b): uniform (k = 0) precession of the mag-
netization M around the effective field He f f :
side view (a) and top view (b). The dashed
red circles indicate the precession cones. (c, d):
finite-wavevector spin wave: the local preces-
sion phase varies periodically along the sam-
ple, producing a spin wave of wavelength λ

(wavevector k = 2π/λ); side view (c) and top
view (d). 25

Figure 2.2 Sketch of the three possible configurations of
spin waves, according to the relative orientation
between k and M. (a): k ∥ M (parallel or
antiparallel, in-plane). (b): k ⊥ M (in-plane).
(c): k ∥ M (out-of-plane). 33

Figure 2.3 System considered for the analysis of spin wave
geometry. 34

Figure 2.4 Dispersion diagram for backward volume waves
with ω0/ωM = 0.5. The n = 1 solution is the
closed form found by Kalinikos. Image repro-
duced from [7]. 37

Figure 2.5 Dispersion diagram for surface spin waves with
ω0/ωM = 0.5. Image reproduced from [7]. 39

Figure 2.6 Dispersion diagram for forward volume waves
with ω0/ωM = 0.5. Image reproduced from
[7]. 41

Figure 2.7 Dispersion relations of backward volume spin
waves (BV), Damon-Eshbach waves (DE) and
forward volume spin waves (FV) in a 15-nm-
thick permalloy waveguide. The external mag-
netic field is B = 100 mT. The grey vertical
line marks the crossover at kd = 1, separating
the dipole-dominated and exchange-dominated
regimes, whose distinct dispersive behaviors
have been discussed above. 43

Figure 3.1 Illustration of the staircase effect arising from
layer-wise discretization of a curved geome-
try. 52

Figure 3.2 Ground state magnetization configuration in
MuMax3 for a complex geometry defined via
bitmap. The different elements of the structure
are entirely specified by the input image. The
arrows are averages of the magnetization out
of 3 elemental cells, indicating the direction of
the local magnetization. 53



Figure 4.1 Generic ground state with a sinusoidal mag-
netization and the reference system. The angle
θ ≡ ΘF/2 is the slope of the magnetization at
x = 0, while Y0 is the spatial amplitude of the
undulation, namely the maximum deflection
from the ideal straight magnetization direction
of an isolated film. 69

Figure 4.2 Sketches of the vector field distributions sub-
ject of the investigation (the color marks the
background, the arrows are only illustrative of
the undulation). Panel (a): sine field which,
combined with the uniform one, results, after
relaxation, in the magnetization shown in panel
(b). Panel (c): chiral field which, combined with
the uniform one, results, after relaxation, in the
magnetization shown in panel (d). In (d) the
magnetization curvature is more pronounced
in the second half of the primitive cell. 70

Figure 4.3 Magnonic dispersion relations for BA waves in
the non-interacting case of a film with in-plane
sinusoidal magnetization prepared at different
relative amplitude A = m0

y/m0
x: (a) A = 0,

i.e., the reference, uniformly magnetized film;
(b) A = 0.2; (c) A = 0.5. Note in (b) and
(c) the occurrence of the mirroring to the first
BZ due to periodicity, and the remarkable ab-
sence of any frequency gap at the BZB, i.e.,
k = 0.0245 rad/nm, as demonstrated in the in-
set by the crossing of the curves (in the inset
the image is magnified and saturated). The
color-bar is in arbitrary units, chosen to high-
light the tiny lines mirroring in the reduced BZ
to prove periodicity. Panels on the right: cell
function profiles (real part of the z-component
of the dynamic magnetization) of (d) the fun-
damental (F) mode, (e) the 1-BV mode, crossing
the F mode curve at the BZB, and (f) the 2-BV
mode. The magnetization undulation under-
lying these mode profiles qualitatively corre-
sponds to the one shown in Fig. 4.2(b). 74

Figure 4.4 Relative amplitude A = m0
y/m0

x between the
y and x components of the magnetization at
x = 0 as a function of the BS magnitude (in
tesla). The red line is a guide for the eye. For
a correspondence with Fig. 4.3, we obtain A =

0.2 for BS = 0.0227 T and A = 0.5 for BS =

0.06 T. 76



Figure 4.5 Magnonic dispersion curves for BV waves (in-
tensity in arbitrary units) at different values of
the sine field magnitude BS (polarization in the
xy plane). Panel (a): 0.01 T. Panel (b): 0.03 T.
Panel (c): 0.05 T. Panel (d): 0.07 T. Panel (e):
0.09 T. In (c) the inset highlights by magnifica-
tion the opening of a gap at the BZB. 77

Figure 4.6 Magnonic dispersion curves for DE waves (in-
tensity in arbitrary units) at different values of
BS (polarization in the xy plane). Panel (a): 0.01
T. Panel (b): 0.03 T. Panel (c): 0.05 T. Panel (d):
0.07 T. Panel (e): 0.09 T. 77

Figure 4.7 (a) Effective field Beff profile for in-plane po-
larized magnetization at BS = 0.03 T (color bar
in tesla). (b-d) Real part of the out-of-plane (z)
component of the dynamic magnetization at
k = 0 at the frequencies giving non-vanishing
signal in the dispersions at BS = 0.03 T: (b) F-
mode (11.13 GHz); (c) 1-BV mode (13.14 GHz);
(d) 2-BV mode (13.14 GHz). Intensity in arbi-
trary units. The magnetization undulation un-
derlying these mode profiles qualitatively cor-
responds to the one shown in Fig. 4.2(b). 78

Figure 4.8 Illustration of the origin of the frequency gap
at the BZB: at the center, the (indicative) disper-
sion diagram taken from panel (c) of Fig. 4.5.
On the left, the mode profiles F and 1-BV at
k = 0, referred to the actual primitive cell which
is demonstrated to be d = a/2. On the right,
the two reconstructed profiles (colors in arbi-
trary units) as must appear at the BZB follow-
ing Eq. (4.3), superimposed to the sine-field
BS(x) (black curves) which has a period a. at
the BZB the two wavefunctions F and 1-BV dif-
fer only for the translation of a/4 ≡ d/2 and
lead to the emergence of the frequency gap be-
cause of the different phase relationship with
BS(x). 78

Figure 4.9 Evolution of the frequency gap as the ampli-
tude of the sine field (in tesla) is varied (mag-
netization in xy plane). Blue dot: data. Red
line: linear fit (y = 5x in the range [0, 0.03 T],
then y = const = 0.15). 79

Figure 4.10 Relative amplitude A = m0
y/m0

x between the y
and x components at x = 0 as a function of the
BC magnitude (in tesla). The red line is a guide
for the eye. 80



Figure 4.11 Magnonic dispersion curves for BV waves (in-
tensity in arbitrary units) at different values of
the chiral field BC. Panel (a): 0.01 T. Panel (b):
0.03 T. Panel (c): 0.05 T. Panel (d): 0.07 T. Panel
(e): 0.09 T. Note that, due to a reduced magneti-
zation symmetry, when a chiral field is applied
the BZB occurs at kx = 0.01225 rad/nm. 81

Figure 4.12 (a) Beff along the x direction (color bar in tesla)
when BC = 0.05 T, and (b) its behavior as a
function of the chiral field amplitude (magne-
tization undulation polarized in the xz plane,
BV configuration). The red line is a guide for
the eye. 81

Figure 4.13 Real part of the out-of-plane (z) component of
the dynamic magnetization at kx = 0 at the
frequencies giving non-vanishing signal in the
dispersions (intensity in arbitrary units). For
BC = 0.05 T: (a) localized F-mode Floc, 8.23
GHz; (b): 1-BV mode, 10.34 GHz; (c): 2-BV
mode, 11.58 GHz; (d) 3-BV mode, 13.17 GHz;
(e) 4-BV mode, 13.17 GHz. The magnetiza-
tion undulation underlying these mode profiles
qualitatively corresponds to the one shown in
Fig. 4.2(d). 82

Figure 4.14 Evolution of the frequency of the localized
mode as the amplitude of the chiral field is
varied (magnetization undulation polarized in
xy plane). Blue dot: data. Red line: linear fit
(y = −35.2x + 9.9) 83

Figure 4.15 Magnonic dispersion curves for BV waves (in-
tensity in arbitrary units) at different values
of the sine field BS polarized in the xz plane.
Panel (a): BS = 0.01 T. Panel (b): BS = 0.03 T.
Panel (c): BS = 0.05 T. Panel (d): BS = 0.07 T.
Panel (e): BS = 0.09 T. 84

Figure 4.16 Magnonic dispersion curves for DE waves (in-
tensity in arbitrary units) at different values of
the sine field BS polarized in xz plane. Panel
(a): BS = 0.01 T. Panel (b): BS = 0.03 T. Panel
(c): BS = 0.05 T. Panel (d): BS = 0.07 T. Panel
(e): BS = 0.09 T. 84

Figure 4.17 (a) Space profile of the x-component of Beff
when BS = 0.05 T, where the color bar units
are in tesla; (b-d) Spatial profiles, in arbitrary
units, of the modes giving the dispersions of
Fig. 4.15(c) with BS = 0.05 T (magnetization
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I N T R O D U C T I O N

ABSTRACT

In this Chapter, we build a concise foundation for magnetism in
nanoscale solids, starting from the microscopic origin of magnetic
moments and the definition of magnetization as a density of magnetic
dipole moment dominated by spin. We classify material responses
into diamagnetism, paramagnetism, and ferromagnetism, emphasiz-
ing Curie and Curie–Weiss behavior, and extend the discussion to
antiferromagnets and ferrimagnets. We then introduce Brown’s mi-
cromagnetic framework, in which equilibrium textures arise from
the competition among exchange, demagnetizing, magnetocrystalline
anisotropy and Zeeman energies. Within the framework of the single-
domain (macrospin) approximation, we focus on artificial spin ice as
a model platform where geometry, dipolar coupling, and anisotropy
conspire to produce microstate-dependent spectra and reconfigurable
mode profiles. Finally, we develop the essentials of magnetization
dynamics, i.e., torque-driven precession with Gilbert damping gov-
erned by the Landau–Lifshitz–Gilbert equation, and conclude with
ferromagnetic resonance, focusing on the uniform (Kittel) mode and
the Kittel relation that links resonance frequency to applied field,
demagnetizing factors and anisotropy.
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1.1 magnetism in nanostructures

The most relevant physical quantity used to describe magnetic systems
is the magnetization, also known as density of magnetic moment since
it involves the volume V of the material [1]. It reads as:

M =
∑ µ

V
, (1.1)

where µ is the magnetic moment. Its contributions are the orbital
magnetic dipole moment µL and the intrinsinc dipole moment µs

(given by the spin); the former depends on the rotation of the electron
around the nucleus while the latter is related to the rotation of the
electron around its axis. More specifically, we have:

µL = − e
2m

L, (1.2)

µS = −g
e

2m
S, (1.3)

where e is the electron charge (e ≈ −1.6 · 10−19C), m is the electron
mass (m ≈ 9.1 · 10−31kg), g the Landé factor (g ≈ 2 for the electron),
crucial in magnetic phenomena such as Zeeman splitting, and L and
S are the orbital and spin angular momentum, respectively. The total
angular momentum of a particle can be expressed as J = L + S. Typ-
ically, µL is negligible compared to µS: for instance, for electrons in
lower energy states (s-orbitals) we have L = 0 [2]. Even for p-orbitals,
in which L ̸= 0, its contribution to µ is often small. On the contrary, S,
and hence µS, is a fixed quantity for each particle. In the case of the
electron, we have S = h̄

2 and this contribution is particularly signifi-
cant whenever L, and hence µL, is limited. Consider, for instance, the
valence electrons of metal: ferromagnetic and paramagnetic behaviour,
as we will discuss, arise from the predominance of the spin contribu-
tion to µ [3]. A similar situation occurs in low-temperature systems
such as Bose-Einstein condensates [4]: while the collective behavior
of spins lead to ordered magnetic states, the orbital contribution is
negligible.

1.2 diamagnetism , paramagnetism and ferromagnetism

Here the three fundamental classes of magnetic materials are briefly
discussed. Since a magnetic field H, measured in A/m, interacts
with electrons, the magnetization M induced in a material shows a
strong dependence on the electronic configuration and hence on the
orientation of the spins [5]. The relation that holds between M and H
is [6]:

M = χH, (1.4)

where χ is the dimensionless magnetic susceptibility.
In the majority of materials, electrons are paired within orbitals,

causing their spin angular momenta to cancel each other out. When
an external magnetic field is applied, it induces an opposing magne-
tization due to the electromotive force created by the orbital motion
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of the electrons, as described by Lenz’s law [7]. The resulting re-
pulsive interaction between the material and the external magnetic
field can be observed experimentally by placing such materials in a
non-uniform magnetic field; they are expected to move toward regions
of lower magnetic field amplitude. Materials that exhibit this behavior
are called diamagnetic and are characterized by a negative magnetic
susceptibility, i.e., χ < 0. All materials exhibit diamagnetic behavior
to a certain extent, making diamagnetism an universal phenomenon.
Typical examples include graphite, copper and bismuth. In all these
cases, the corresponding magnetic susceptibility χd (the subscript d
stands for diamagnetic) is rather small and on the order of 10−5/ -
10−6. On the contrary, a perfect diamagnetic behavior, evidenced by
a diamagnetic susceptibility χd = −1 is found in superconductors in
their Meissner state below their critical temperature. The Meissner
effect consists in the complete removal of magnetic fields from the
interior of superconductors [2]. In general, however, the response of
diamagnetic materials to an external magnetic field can be very often
considered so weak as to be negligible. By contrast, if in a certain
material uncompensated moments in the electron shells are present,
net magnetic moments even without an applied magnetic field are
observed. Instead, when a magnetic field is introduced, the magnetic
moments are forced to align with it, making the magnetic suscepti-
bility positive, i.e., χp > 0. The subscript p stands for paramagnetic,
which is the class of materials in question [3]. Anyway, the intensity
of the aforementioned alignment is dependent on the strength of the
applied magnetic field and on temperature. Curie’s law quantifies this
behavior in the following way:

χp =
C
T

, (1.5)

where C is the Curie constant, a value which is characteristic of the
material (it depends on the number of magnetic dipoles and their mag-
netic moments) and T is the absolute temperature [8]. From Eq. 1.5 it
is evident that thermal agitation is responsible for randomizing the
magnetic moments, thus reducing the net magnetization. Rare-earth
elements (such as gadolinium and dysprosium) and transition metals
(e.g., platinum) represent good examples of paramagnetism; more gen-
erally, this behavior is found in materials which contain atoms or ions
with unpaired electrons. Once the external magnetic field is removed,
paramagnets do not retain magnetization. Temporary magnetization
underlies some of the most compelling technological applications, no-
tably in certain classes of magnetic-resonance-imaging (MRI) contrast
agents and in the electromagnets essential to the operation of motors
and generators [3].

If in a paramagnet the interaction between neighbouring electron
spins can be considered weak, and this leads to their random direc-
tionality across the material if the external magnetic field is removed,
in a ferromagnet, which is the class of materials that we will consider
extensively in this work, the situation is the opposite: the interaction
between atoms is strong and all spins, even in the absence of the
external magnetic field, are parallel aligned. As a consequence, there
is a non-zero net moment. Obviously, the ferromagnetic susceptibil-
ity χF is positive and exhibits a saturation at a specific strength of
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the magnetic field. The phenomenon of spontaneous magnetization
within ferromagnets disappears at the Curie temperature TC, beyond
which the material assumes paramagnetic behavior, with variable
susceptibility according to the Curie-Weiss law:

χF(T) =
C

T − TC
. (1.6)

Good examples of ferromagnetic materials are cobalt, iron and nichel
which are transition metal elements.

1.3 other magnetic orderings : antiferromagnetism and

ferrimagnetism

In addition to the primary classes discussed in Sec. 1.2, two peculiar
magnetic orderings, i.e., antiferromagnetism and ferrimagnetism, are pre-
sented here. The former is characterized by an antiparallel alignment
of neighbouring electron spins, which results in a net zero magneti-
zation in the absence of an external magnetic field. The antiparallel
spin arrangement is energetically favourable if the system is at a tem-
perature below the so-called Néel temperature TN . Above this value,
we assist at the predominance of thermal fluctuations that result in
a paramagnetic behavior from the material. The antiferromagnetic
susceptibility χA is ruled by a peculiar form of the Curie-Weiss law:

χA(T) =
C

T + θ
, (1.7)

where θ is the Weiss constant and is negative for this class of mate-
rials. A precise detection of antiferromagnetic ordering consists in
neutron diffraction since it allows for the observation of the periodic
arrangement of spins. Representative examples are some oxides -
manganese, nickel (particularly used in spintronic devices), and iron -
and chromium. In general this class of materials is widely used in the
fabrication of magnetic sensors because, as mentioned, their sensitivity
to external magnetic fields is remarkable.

The antiparallel alignment of spins is also a typical feature of fer-
rimagnets but in this case the magnitudes of the opposing moments
are not equal, resulting in a net magnetization even in the absence
of an external magnetic field. However, the net magnetization ex-
hibits temperature dependence which can give rise to the so-called
compensation point: at this specific temperature, the magnetization of
the two sublattices of difference magnitudes into which we imagine
dividing the system cancels out. A systematic description of the ferri-
magnetic susceptibility is not possible since the coexistence of unequal
magnetic moments makes the Curie-Weiss law definitely not suitable
(for instance, there is a peak at the compensation temperature). Ferri-
magnets find interestong applications in magnetic recording media
and permanent magnets due to their non-zero magnetization; also
thermomagnetic applications are possible because of the characteristic
temperature-dependent behavior. Good examples of ferrimagnetic ma-
terials are magnetite, nickel and cobalt ferrite, and yttrium iron garnet,
which is highly used in microwave and communication technologies
due to its low damping.

Fig. 1.1 summarizes the discussed magnetic orders.
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Figure 1.1: Sketch of the different types of magnetic order observed in matter
depending on the arrangement of the magnetic dipoles. From
left to right: diamagnetism (no permanent moments, weak field
repulsion); paramagnetism (randomly oriented moments aligned
only under external field); ferromagnetism (parallel alignment of
moments); antiferromagnetism (antiparallel alignment with zero
net magnetization); ferrimagnetism (antiparallel alignment with
unequal moments, resulting in nonzero net magnetization).

1.4 micromagnetism

From now on, for the purpose of our investigation, we will focus,
as already mentioned, on ferromagnetic materials. Our aim is to
understand the static and dynamic properties of these materials. In
this regard, the rigorous approach would involve positioning at the
atomic level and performing summations on the lattice sites. It is
known that this approach leads to unsolvable problems, therefore, in
investigating the behavior of ferromagnetic materials when nanoscales
are considered, it is customary to resort to the theoretical framework
developed by W. F. Brown [9], known as micromagnetism and valid for
ferromagnetic (and ferrimagnetic) systems.

Within this framework, the local configuration of magnetization,
M(r) is properly described by the interplay of various energy contri-
butions. This principle involves the replacement of the lattice sites
with portions of materials that must have a twofold characteristic: on
one hand, they ought to be large enough to allow the substitution of
the summations with integrals, but, on the other, sufficiently small
to consider microscopic anistropies in the distributions of magnetic
moments of the material. M(r) is typically a non-uniform continuous
function of r, and each energy term reflects either its local orientation
or its spatial variations (such as gradients or divergences). For this
reason, the division of the material into magnetic domains defined by
different energy density terms reads as:

ϵtot = ϵex + ϵdemag + ϵα + ϵZ (1.8)

where ϵex is the exchange energy density, ϵdemag the demagnetization
(or dipolar) energy density, ϵα the magneto-crystalline anisotropy energy
density and ϵZ the Zeeman energy density. The terms in Eq. (1.8) are
expressed in the form of energy density because of the subsequent
derivation of the effective field He f f . The interplay of these energies
results, in a given magnet, in the spontaneous formation of domains,
in which the directions of the magnetization are different, therefore
the total free energy of the system is minimized (in this context, the
term "free" means that thermal fluctuations are not considered). The
presence of magnetic domains with varying magnetization directions
leads to the cancellation of the net magnetic moment, effectively
reducing the magnetization density to zero. Between these domains
lie boundary regions, or domain walls, which contribute to increase
exchange and dipolar energy. For instance, ferromagnetic particles
often exhibit a "single-domain" state, characterized by a uniform
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alignment of magnetic moments at the core. However, near the edges,
magnetic charges at the boundaries cause "demagnetization," leading
to a misalignment of magnetic moments. The two common types of
domain walls in ferromagnets are Bloch Walls (Fig. 1.2(a)) in which
the magnetization rotates in a plane parallel to the domain boundary,
typically observed in bulk materials, and Néel Walls (Fig. 1.2(b)),
in which the magnetization rotates in a plane perpendicular to the
domain boundary (common in thin films).

Figure 1.2: Schematic domain structures. (a): Bloch wall; (b): Neel wall.

1.5 macrospin approximation and artificial spin ice

In order to analyze phenomena like precession around the magnetiza-
tion, macrospin approximation is often used. In this model, the exchange
energy strongly couples all the spins within a domain, allowing them
to behave as a single, unified macrospin. This approximation is valid
when the system is small enough to remain in a single-domain state,
typically at length scales on the order of the exchange length (it will
be introduced in Sec. 1.7), i.e., nanometers. Through such approxima-
tions, it becomes possible to study the total free energy of the system
and identify the conditions under which it reaches a minimum. In
this way an equilibrium state of magnetization is determined.

Based on the macrospin approximation, it is possible to extend
the idea from a single-domain particle to entire arrays of nanomag-
nets. Each elongated ferromagnetic nanoisland, typically fabricated
by lithographic techniques [10], is small enough to remain in a single-
domain state. As a result, its magnetization can be described by a
single macrospin vector. When these nanoislands are arranged in
periodic lattices with specific geometries, such as square, Kagome [11],
or more complex patterns, the dipolar interactions between neighbor-
ing macrospins lead to collective behavior. This is the foundation of
artificial spin ice (ASI) systems [12, 13, 10]. ASI structures exhibit
geometrical frustration: the arrangement of nanoislands enforces local
rules on how spins can orient, such as the "two-in, two-out" ice rule at
a vertex in a square lattice. Through the macrospin picture, the study
of ASI becomes more tractable. Instead of modeling each atomic spin,
the system can be understood as a network of interacting macrospins
governed by dipolar energies, anisotropy and external fields.

In this regard, in one of our works [14], we investigated SW dynam-
ics at remanence (zero applied field) in a periodic square ASI, aiming
to correlate the spectra with the microstate (macrospin orientations
at the vertices) and with the associated vertex magnetic charge. Four
different microstates (i.e., with zero, two or four magnetic charges at
the vertex) have been considered (see Fig. 1.3). We found that the
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frequency gap between the array fundamental mode and the vertex-
localized mode increases with the absolute vertex charge, reflecting
stronger local demagnetizing fields and enhanced confinement. Ge-
ometry provides additional control: reducing the spacing between
neighbouring islands softens the vertex mode when the vertex is
charged (increased instability) but stabilizes it in charge-neutral ver-
tices, whereas narrowing the islands (lower in-plane aspect ratio)
blue-shifts all modes due to stronger lateral confinement. The mode
profiles reveal a microstate-dependent displacement of nodal lines
toward the edge with the largest magnetization divergence, suggesting
a practical spectroscopic read-out of the ASI state for reconfigurable
filtering and mode selection.

Figure 1.3: The microstates considered in the investigation of the square ASI:
(a) four magnetic charges at vertex; (b) three magnetic charges
at vertex; (c) zero magnetic charges at vertex; (d) zero magnetic
charges at vertex with a closure distribution (vortex). The red
square frame encloses the primitive cell.

1.6 exchange energy

Now we discuss the first term of Eq. 1.8, which is the the exchange
energy density ϵex: it keeps the neighboring spins aligned and, as a
consequence, results in a spontaneous magnetization (if the temper-
ature of the system does not exceed the Curie temperature TC). ϵex,
being related to the short-range interactions between neighboring mag-
netic atoms or molecules, is preminently due to the Pauli exclusion
principle modification of Coulomb interaction between neighboring
electron spins (Pauli exclusion principle states that two fermions, like
electrons, cannot occupy the same quantum state [15]). Therefore,
two electrons with spins si and sj exhibit an energy difference that is
described by the well-known Heisenberg Hamiltonian [6]:

Ĥ = −
N

∑
i ̸=j

Jijsi · sj = −2
N

∑
i<j

Jijsi · sj, (1.9)

where Jij is the exchange integral between the electrons and it is posi-
tive in the case of ferromagnetic materials. If, on one hand, long-range
magnetostatic interactions typically display anti-parallel configura-
tions, on the other, ϵex, being responsible for pulling neighboring
magnetic dipole moments towards the same direction, can be re-
garded as a short-range interaction: in fact, electron wave functions
overlap only for atomic distances; this incidentally justifies the fact
that summation is performed exclusively on the first neighbors while
the influence of more distant electrons is neglected. ϵex, unlike other
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energy contributions (e.g., demagnetizing energy) is generally intense
and tends to produce uniform magnetization patterns since the energy
required to disalign neighboring strongly coupled spins is significant.
This fact has consequences also for the dynamics of magnetization.
ϵex can be computed as:

ϵex = Aex

∫︂
V
(∇mi)

2dV, i = x, y, z, (1.10)

where mi = Mi/MS is the magnetization along each direction normal-
ized for the saturation magnetization MS, Aex is the exchange coeffi-
cient that is linked to TC by the dependence relation Aex ≃ JkBTC/2a0

(kB is the Boltzmann constant, while a0 is the lattice parameter) and dV
is the volume element. The exchange constant can be also expressed in
terms of the number of atoms for unitary cell ZC as Aex ≃ JS2ZC/a0

with S the quantum angular momentum of spin for each atom (or
site). Since one wants to determine the total exchange energy of the
system, Eq. 1.10 is based on the substitution of the summation with
the volume integral and on the replacement of the spins with the
magnetization as described in [1].

1.7 demagnetizing energy

The demagnetizing energy density ϵdemag is originated from interac-
tions between dipoles caused by magnetic charges on the surface of
the material. In fact, the magnetization M produces charges that, while
acting like a dipole, generate a demagnetizing field Hdemag in opposite
direction to M, as can be seen in the sketch in Fig. 1.4.

Figure 1.4: Uniform magnetization in a ferromagnetic object. The curved
lines outside the object represent external fields while the positive
and negative charges indicate surface magnetic charges, which
generate the demagnetizing field Hdemag.

As a consequence, the demagnetizing energy tends to minimize
the global magnetization of a system. In other words, ϵdemag can be
regarded as the energy density of the magnetic moments in their
self-induced magnetic field. ϵdemag can be calculated as [6]:

ϵdemag = −µ0

2

∫︂
V

M · HdemagdV, (1.11)

where µ0 is the magnetic permeability of vacuum (µ0 = 4π · 10−7

H/m) and V is the volume of the system. One can express Hdemag in
terms of the scalar potential ϕm: in this way, the energy integral can
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be determined by means of the superficial and volume distributions
σM = M · n̂ and ρM = −∇ · M. Following Gauss’s law, we have:

Hdemag(r) =
1

4π

[︃
−
∫︂

V

(∇ · M)(r − r′)
(r − r′)3 dr′ +

∫︂
S

M · n̂(r − r′)
(r − r′)3 dr′

]︃
.

(1.12)
If we consider an uniformly magnetized ellipsoid, the volume integral
in Eq. (1.12) is zero, while the contribution of the surface integral is
given by −1/2µ0NM2

S. The relation between M and Hdemag is:

Hdemag = −NM, (1.13)

where N is the demagnetizing tensor that is represented by a 3 x 3

symmetric matrix. The energetic contribution related to the surface
integral is also determined by the shape of the material (especially
if the dimensions are smaller than the microscale): it can favour the
proximity of the superficial magnetic charges and, therefore, the ease
with which the magnetization can align with a certain axis. More
generally, the easy axis is defined as the direction in which a mag-
netic moment (or spin) in a ferromagnetic, antiferromagnetic or any
anisotropic magnetic material prefers to align under the influence of
an external magnetic field. This is the direction of lowest magnetic
anisotropy energy. Conversely, the hard axis identifies the most difficult
direction for the moment to align with an external magnetic field. In
the case of an ellipsoid, the long axis is the easy one (Fig. 1.5 (a)),
while the short axis is clearly the hard one (Fig. 1.5 (b)). We refer to
this situation as shape anisotropy, which is a pure magnetostatic effect
provided by the demagnetizing tensor N.

Figure 1.5: Easy axis (a) and hard axis (b) for an ellipsoid.

We now introduce the so-called exchange length λex, which reflects
the competition between the exchange energy and the demagnetizing
energy :

λex =

√︄
2Aex

µ0M2
S

. (1.14)

Typically of the order of nanometers, it is the distance below which
the spins tend to spontaneously align, hence, it is a key factor in
understanding the formation of magnetic domain structures.
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1.8 magneto-crystalline anisotropy energy

The spin-orbit coupling [16] is responsible for the creation of certain
preferred directions onto the magnetization in a crystal structure. This
phenomenon, known as anisotropy, is clearly detectable at the exper-
imental level: reasoning in terms of Cartesian axes, there is one of
them along which the magnetization tends to align more easily than
others, i.e., the easy axis. The alignment of the magnetization along
the hard axes is instead possible by means of external factors, e.g.. the
application of a magnetic field. We remark that anisotropy is a mea-
surable effect only in monocrystalline materials since in polycristalline
structures - materials constituted by several small crystals randomly
oriented - the different easy axes elide each other.

Magneto-crystalline anisotropy allows the occurrence of a privileged
magnetization direction even in geometries with perfect symmetric
distributions, like a sphere (Fig. 1.6).

Figure 1.6: Spherical distribution. The straight line represents the magnetiza-
tion axis, the dashed one the easy axis. Θ is the angle between
them.

In this case, the anisotropy energy density ϵα represents the tendency
of the magnetization to align along the easy axis and can be written
as:

ϵα = K1sin2θ, (1.15)

where K1 is the anisotropy constant and its dimensions are J/m3, θ

is the angle between the magnetization and the easy axis. It can be
shown that, after some calculations and neglecting higher order terms,
the anisotropy field turns out to be:

Hα =
2K1

MS
cosθ. (1.16)

1.9 zeeman energy

The application of an external magnetic field Hext makes the magne-
tization M subject to a torque. This tends to align M parallel to Hext

direction. Named after Pieter Zeeman, who first observed the splitting
of spectral lines in the presence of a magnetic field [17], the Zeeman
energy density ϵZ, dependent on the reciprocal orientation between
M and Hext and, hence, describing their interaction, is given by [6]:
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ϵZ = −µ0M · Hext. (1.17)

The Zeeman energy EZ can be expressed as the integral of ϵZ over the
volume of the magnetic structure as follows:

EZ = −µ0

∫︂
V

M · HextdV = −
∫︂

V
ϵZdV. (1.18)

In general, if Hext is weak, the anisotropy term dominates, and M
aligns along the easy axis defined by the material. Conversely, when
Hext is sufficiently strong, the Zeeman energy surpasses the anisotropy
energy, forcing M to align with Hext, regardless of the easy axis
direction. Fig. 1.7 illustrates the Zeeman effect and its consequences
on the atomic energy levels.

Figure 1.7: Schematic illustration of the Zeeman effect. In the absence of an
external magnetic field (left), the atomic 2p energy level remains
degenerate, resulting in a single spectral line for the 1s → 2p
transition. When a magnetic field is applied (right), the 2p level
splits into multiple sublevels according to the magnetic quan-
tum number, giving rise to several allowed transitions and the
corresponding multiplet structure in the spectrum.

1.10 magnetization dynamics . llg equation

We now turn to the derivation the derivation of the temporal evolu-
tion of the magnetization. As will be explained, the magnetization
does not align instantaneously with an applied field but undergoes
a gyroscopic-like precession. It then relaxes towards equilibrium
through dissipative processes. This process is at the heart of many
technological applications, from magnetic resonance [18] to spintronic
devices [19]. In performing the related calculations, we follow the
classic approach described in [20]. It is known that an electron in
an atom orbits the nucleus, hence it creates a circular movement of
charge: for this reason, an atom can be regarded as an atomic coil.
According to the definition of the magnetic (dipole) moment of a coil
with an arbitrary shape, we have:

µL = iSn̂, (1.19)
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where i is the current generated by the electron motion and S the
coil surface. The electron current can be written as i = e/T, with
T period of rotation. This is also expressed in terms of the orbital
radius r as T = 2πr/v (v is the orbital velocity). We are assuming
that the electron trajectory is circular, therefore the coil surface can be
computed as S = πr2. As a consequence, we obtain:

µL =
evr
2

n̂. (1.20)

Since the angular momentum is L ≡ r × mv, the magnetic moment µ

becomes:

µL = − e
2m

L. (1.21)

The generalization of Eq. 1.21 with the introduction of the Landé
factor [21] and the Bohr magneton µB = eh̄

2m leads to:

µL = − gLµB

h̄
L. (1.22)

The magnetic moment µL in presence of an external magnetic field
µ0Hext, experiences a torque τ = µL × µ0Hext. After recalling the
second cardinal equation, dL

dt = τ, we can write:

dL
dt

= τ = µL × µ0Hext. (1.23)

We now introduce the gyromagnetic ratio γ = − egL
2me

= − gµB
h̄ , which is

a crucial quantity for understanding magnetic dynamics in materials
and nanostructures, as its accurate determination directly affects the
response to time-varying fields, the design of resonance experiments,
and the development of spintronic devices [22]. Now Eq. (1.22) can
be written as µL = γL, therefore, recalling Eq. (1.23), we obtain:

dµL

dt
= γτ = γµ0[µL × Hext]. (1.24)

The spin contribution to the total magnetic momentum µtot is repre-
sented, as discussed previously, by:

µS = − gSµB

h̄
S. (1.25)

The total magnetic momentum µtot involves the orbital and the spin
momentum but, since the former is approximately 3 orders of mag-
nitude smaller than the latter, we can reasonably assume that µtot =

µ = γS. The macrospin approximation, introduced in Sec. 1.5, allows
the study of a sample in terms of the sum of the magnetic moments
per unit volume, i.e., M = ∑ µ

V . Therefore, in light of the previous
reasonings, we can express the time evolution of the magnetization as
follows:

dM
dt

= −γµ0[µ × Hext]. (1.26)

This is the Landau-Lifshitz (LL) equation, developed by Lev Davidovič
Landau and Evgeny Lifshitz in 1935 [23]. It is the cornerstone of
magnetism since it predicts the dynamic behavior of magnetization at
the nanoscale.
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The precessional motion of the magnetization vector M around
the effective field is originated from the torque exerted by Hext on
M, making it rotate without changing its magnitude. However, the
precessional motion usually involves dissipative effects that oppose
the motion of the magnetization and are described by a damping
torque τD. This torque causes M to align with Hext over time and can
be written as:

τD =
αG

MS

[︃
M × dM

dt

]︃
(1.27)

where αG, known as Gilbert damping (and introduced by Thomas
Gilbert in the mid-20th century [24]), is a purely phenomenological
dimensionless factor that can be determined experimentally, for in-
stance by means of ferromagnetic resonance (FMR) [22], Brillouin
light scattering (BLS) [25] or time-resolved magneto-optical Kerr effect
(TR-MOKE) [26]. Gilbert damping has a crucial role in governing the
temporal evolution of magnetic systems and their relaxation toward
equilibrium. Clearly, higher αG values correspond to faster relaxation,
and vice versa. We also notice that the damping torque is weak when
the saturation magnetization MS has a large value. The physical origin
of the damping lies in the interaction of the magnetization with its
surrounding environment that involves conduction electrons, phonons
and lattice vibrations. These interactions transfer the angular momen-
tum of the magnetization into the lattice, thus leading to relaxation.
In magnetic thin films, Gilbert damping is often increased by surface
effects and spin-orbit coupling.

In the case of a real material, both the contributions given by the
torque term and the damping torque term must be contemplated. This
is the assumption behind the general equation, called, for obvious
reasons, Landau-Lifshitz-Gilbert (LLG) equation:

dM
dt

= −γµ0[µ × Hext] +
αG

MS

[︃
M × dM

dt

]︃
(1.28)

The damping torque term couples the magnetization dynamics to itself
through its time derivative. This feedback-like structure, making the
equation inherently implicit, reflects the physical coupling between
the precession of the magnetization - driven by Hext - and its damping
dynamics - which drive the system toward equilibrium. The implicit
nature of the LLG equation represents a challenge for direct analytical
solutions, therefore numerical approaches are often required. For this
purpose, LLG equation can be recast in an explicit form [6], since its
resolution, though still complicated, is more manageable:

dM
dt

= −γL[µ × Hext] +
αL

MS
M × [M × Hext], (1.29)

where:

γL =
γµ0

1 + α2
G

, (1.30)

and:
αL =

αGγµ0

1 + α2
G

. (1.31)
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Sophisticated numerical solvers, such as Runge-Kutta methods [27] or
implicit solvers designed for stiff equations are particularly suitable
when applied to Eq. (1.29). An analytical solution is impracticable
in closed form - as a function of time - because of the complexity
of the system that depends on, e.g., spatial dependencies, variable
time or complex fields. Here we anticipate that, in the framework
of micromagnetic simulations, in order to study the time evolution
of the magnetization in a sample, it is necessary to solve a set of
LLG equations corresponding to each element into which the sample
volume is divided.

For the sake of completeness, we add to the discussion an extended
form of the traditional LLG equation, known as iLLG equation [28].
This includes an inertia term (hence the letter "i") to describe the
dynamics of magnetization on ultra-fast timescales, especially in the
presence of impulsive magnetic fields or inertial phenomena:

dM
dt

= −γµ0[µ × Hext] +
αG

MS

[︃
M × dM

dt

]︃
+ ξ

d2M
dt2 (1.32)

In Eq. (1.32), ξ measures the strength of inertial effects in magneti-
zation dynamics. The second-order time derivative of M makes Eq.
(1.32) analogous to Newton’s equations of motion (conversely, the
classical LLG equation involves a first-order time derivative only; as
a consequence, changes in magnetization are directly proportional
to the applied torque). This extension allows the iLLG equation to
capture richer dynamics that are inaccessible to the standard LLG
framework, even if the inertial term is meaningful only under the very
specific conditions discussed. Therefore, in this thesis work, we will
always consider the standard LLG equation and the corresponding
dynamics.

Typically, the generic field Hext is usually replaced by the effective
magnetic field He f f that is expressed by means of the total energy
density ϵtot, as anticipated in Sec. 1.4:

He f f = − 1
Ms

δϵtot

δm
. (1.33)

where m represents the unitary vector of the average magnetization.
Therefore, LLG equation (1.29) becomes:

dM
dt

= −γL[µ × He f f ] +
αL

MS
M × [M × He f f ] (1.34)

The effective magnetic field He f f is the field that is effectively experi-
enced by the magnetic moments in the material, therefore it depends
not only on the external field but also on the internal field, which
varies according to the changes in the external one. He f f arises from
the total energy contributions within the magnetic domains, with
the dominant terms coming from the dipolar interactions among all
magnetic moments and from the exchange interactions acting over the
exchange length. From. Eq. (1.34), we notice that the magnetization
vector M follows a spiral trajectory due to the combined effect of the
torque and the damping torque, as can be seen in Fig. 1.8.

It is crucial to stress that He f f is a variational construction aris-
ing from the functional derivative of ϵtot (Eq. (1.33)). He f f is not a
physical field in the Maxwellian sense; rather, it collects all energetic
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Figure 1.8: Effect of the damping torque that tends to align M toward He f f
creating a spiral.

contributions relevant to the Landau-Lifshitz-Gilbert dynamics. It
therefore includes both physical fields (such as the externally applied
and demagnetizing fields) and non-Maxwellian terms, notably the
exchange and anisotropy fields. As such, He f f should be interpreted
as the generalized force driving precession and damping. In contrast,
the magnetic field H appearing in Maxwell’s equations, which will
be discussed in Chapter 2, is a physical macroscopic field determined
by electric currents, magnetization and boundary conditions. It is a
single field obeying the magnetostatic and electrodynamic Maxwell
relations, without any decomposition into external, demagnetizing, or
internal components. Its role is fundamentally different from that of
He f f used in micromagnetic dynamics.

1.11 precession frequency. kittel formula

As already discussed in Sec. 1.10, the natural response of the magne-
tization M to He f f is a precession around He f f . The corresponding
precession frequency (Larmor frequency) is proportional to the magni-
tude of the effective field [22]:

ω = γµ0He f f , (1.35)

where He f f = |He f f |. In real ferromagnets, however, anisotropy and
demagnetizing fields alter the effective field, so that the resonance
condition of Eq. (1.35) is more generally described by the Kittel for-
mula [29], which relates the precession frequency ω to the applied
field, the anisotropy contributions and the effective magnetization
of the sample. We now present the derivation of the Kittel formula,
following the approach originally developed by Charles Kittel in the
1940s. We anticipate that ferromagnetic resonance corresponds to the
fundamental spin-wave excitation at zero wavevector (k = 0). At this
frequency, all spins precess coherently in phase around He f f , leading
to a uniform precession of the entire system. This collective mode is
commonly referred to as the Kittel mode.

As a first step of the derivation, let us consider an ellipsoid since
the corresponding demagnetizing tensor has the simplest form, i.e., it
is diagonal:

N̂ = N =

⎛⎝Nx 0 0
0 Ny 0
0 0 Nz

⎞⎠ . (1.36)
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Furthermore, in an ellipsoid, magnetic field lines are perpendicular to
the surface in any point.

The effective field He f f experienced by the ellipsoid is the sum of the
external field Hext and the demagnetizing field Hdemag, while exchange
interactions can be neglected without loss of generality. Hextis aligned
to the easy axis (z direction in this case) of the ellipsoid (the two
magnetic poles are far apart from each other). All spins are parallel
to each other, therefore we have the maximum magnetic moment
density (saturation magnetization MS). From now on, for notational
simplicity, the subscript ext denoting the external field will be omitted
in the calculations and in Fig. 1.9, which illustrates the ellipsoid, the
reference system and the physical quantities involved.

Figure 1.9: A thin-film sample (approximated as an oblate ellipsoid) is sub-
jected to a static field Hzẑ and a transverse radiofrequency (RF)
drive Hx(t)x̂, which excite the uniform (k = 0) precession of the
magnetization M about the ẑ axis (Kittel mode). The Cartesian
axes are indicated for reference.

Neglecting the dissipative contribution, our aim is to write ex-
plicitely the three components of the LL equation (1.26), so the cross
product must be developed:

dM
dt

= γ

⃓⃓⃓⃓
⃓⃓⃓ x̂ ŷ ẑ

Mx My Mz

Hx
e f f Hy

e f f Hz
e f f

⃓⃓⃓⃓
⃓⃓⃓ . (1.37)

Therefore, we have the following set of equations:

dMx

dt
= γµ0

[︁
MyHz

eff − MzHy
eff

]︁
= γµ0My

[︁
Hz + Mz

(︁
Ny − Nz

)︁]︁
,

dMy

dt
= −γµ0 [MzHx

eff − Mx Hz
eff]

= γµ0 [MzHz − Mz Mx (Nx − Nz)− Mx Hz] ,

dMz

dt
= γµ0

[︁
Mx Hy

eff − MyHx
eff
]︁

= γµ0
[︁
−Mx Ny My − My (Hx − Nx Mx)

]︁
.

(1.38)

Due to the ellipsoidal form considered, the third equation, which
involves the time derivative of the magnetization along the z direction,
is equal to zero. In fact, for such an ellipsoid Nx → Ny. Furthermore,
we also assumed that there is no magnetic field along x direction,
hence Hx → 0 and this justifies the previous passage.
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A small, temporary excitation along the x direction, Hexc(t) =

Hx(t) x̂, is applied to trigger spin precession; once the spins are set
in motion, the excitation is switched off. The excitation is a plane
wave along x, which drives the magnetic moments into a precessional
motion that traces a cone with base in the xy-plane. Consequently,
the magnetization has no z-component and only Mx and My oscillate,
consistent with Ṁz = 0.

Since Hx(t) = Hx0eiωt, the magnetization becomes:

M(t) =

⎛⎝Mx(t) = Mx0eiωt

My(t) = My0eiωt

Mz = MS

⎞⎠ . (1.39)

where Mx0 and My0 are the static components of the magnetization.
Combining Eqs. (1.38) and (1.39), we have:

⎧⎨⎩
Mx0(iω)eiωt = γµ0My0eiωt[Hz + MS(Ny − Nz),

My0(iω)eiωt = γµ0[MSHx0eiωt − MS Mx0eiωt(Nx − Nz)− Mx0eiωtHz],
0 = 0.

(1.40)
After some calculations and arrangements, we are left with:{︄

Mx0 = 1
(iω)

γµ0My0[Hz + MS(Ny − Nz),
My0 = 1

(iω)
γµ0[MSHx0 − MS Mx0(Nx − Nz)− Mx0Hz].

(1.41)

The substitution of the second equation into the first one leads to:

Mx0 =
1

(iω)
γµ0

(︃
1

iω
γµ0

[︁
MsHx0 − Ms Mx0(Nx − Nz)− Mx0Hz

]︁)︃
·
[︁
Hz + Ms(Ny − Nz)

]︁
.

(1.42)

Solving for ω, we get:

ω2 = γ2µ2
0

[︃
Hz −

MS

Mx0
Hx0 + MS(Nx − Nz)

]︃
[Hz + MS(Ny − Nz)].

(1.43)
Since the applied excitation field is small, we can assume Hx0 → 0,
therefore, after taking the square root, we have:

ω = γµ0

√︂[︁
Hz + Ms (Nx − Nz)

]︁[︁
Hz + Ms (Ny − Nz)

]︁
. (1.44)

Here Nx, Ny, and Nz are the demagnetizing factors, which satisfy
tr(N̂) ≡ Nx + Ny + Nz = 1. Because the trace is fixed, an increase of
Nz necessarily reduces Nx and Ny. Geometrically, this corresponds
to an ellipsoid that is more confined along z (e.g., a film patterned
with holes), which enhances the demagnetizing field, lowers the in-
ternal effective field, and therefore decreases ω. Within the dipolar
regime, Eq. (1.44) is independent of the absolute value of the spin-
wave wavevector k, although it depends on the direction of k, as will
be discussed in Chapter 2.

Restoring indices for the external field and moving to the most gen-
eral configuration, it is immediate to notice that the Kittel expression
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can be written in terms of demagnetizing factors along (and transverse
to) the field direction as:

ω = γµ0

√︂[︁
Hext + Ms(Nz − NH)

]︁[︁
Hext + Ms(NH,⊥ − NH)

]︁
. (1.45)

In Eq. (1.45), Hext denotes the magnitude of the applied field, Nz is the
demagnetizing factor along the z axis, NH is the demagnetizing factor
along the direction of Hext, and NH,⊥ is the demagnetizing factor along
an axis perpendicular to Hext.

Eq. (1.45) is routinely fitted - either to ferromagnetic resonance data
or to Kittel-mode frequencies from micromagnetic simulations - to
extract quantitative estimates of the gyromagnetic ratio γ and the
saturation magnetization Ms. A direct inspection shows a Zeeman-
like linear dependence of ω at large Hext, while at zero applied field
a finite frequency remains due to shape anisotropy. In the following,
especially in Chapter 5, we will make extensive use of the Kittel
formula and its framework.



19 bibliography

bibliography

[1] S. Blundell. Magnetism in Condensed Matter. Oxford Master Se-
ries in Condensed Matter Physics 4. OUP Oxford, 2001. isbn:
9780198505921. url: https://books.google.it/books?id=yr%
5C_-yAEACAAJ.

[2] C. Kittel. Introduction to Solid State Physics. Wiley, 2004. isbn:
9780471415268. url: https://books.google.it/books?id=
kym4QgAACAAJ.

[3] J.M.D. Coey. Magnetism and Magnetic Materials. Magnetism and
Magnetic Materials. Cambridge University Press, 2010. isbn:
9780521816144. url: https://books.google.it/books?id=
Ie72CFd-eSEC.

[4] K. B. Davis et al. “Bose-Einstein Condensation in a Gas of
Sodium Atoms”. In: Phys. Rev. Lett. 75 (22 Nov. 1995), pp. 3969–
3973. doi: 10.1103/PhysRevLett.75.3969. url: https://link.
aps.org/doi/10.1103/PhysRevLett.75.3969.

[5] A.H. Morrish. The Physical Principles of Magnetism. Wiley Series
on the Science and Technology of Materials. Wiley, 1965. isbn:
9780471615903. url: https://books.google.it/books?id=
vMzvAAAAMAAJ.

[6] Alberto Guimarães. Principles of Nanomagnetism. Jan. 2017. isbn:
978-3-319-59408-8. doi: 10.1007/978-3-319-59409-5.

[7] J.D. Jackson. Classical Electrodynamics. Wiley, 1998. isbn: 9780471309321.
url: https://books.google.it/books?id=FOBBEAAAQBAJ.

[8] R.C. O’Handley. Modern Magnetic Materials: Principles and Appli-
cations. Wiley, 1999. isbn: 9780471155669. url: https://books.
google.it/books?id=RKV1QgAACAAJ.

[9] W. F. Brown Jr. Micromagnetics. New York: Interscience Publish-
ers, John Wiley & Sons, 1963.

[10] R. F. Wang et al. “Artificial ‘spin ice’ in a geometrically frustrated
lattice of nanoscale ferromagnetic islands”. In: Nature 439.7074

(2006), pp. 303–306. doi: 10.1038/nature04447.

[11] Itiro Syôzi. “Statistics of Kagomé Lattice”. In: Progress of The-
oretical Physics 6.3 (June 1951), pp. 306–308. issn: 0033-068X.
doi: 10.1143/ptp/6.3.306. eprint: https://academic.oup.
com/ptp/article-pdf/6/3/306/5239621/6-3-306.pdf. url:
https://doi.org/10.1143/ptp/6.3.306.

[12] Steven T Bramwell and Mark J Harris. “The history of spin
ice”. In: Journal of Physics: Condensed Matter 32.37 (June 2020),
p. 374010. doi: 10.1088/1361-648X/ab8423. url: https://doi.
org/10.1088/1361-648X/ab8423.

[13] D. J. P. Morris et al. “Dirac Strings and Magnetic Monopoles in
the Spin Ice Dy2Ti2O7”. In: Science 326.5951 (2009), pp. 411–414.
doi: 10.1126/science.1178868.

https://books.google.it/books?id=yr%5C_-yAEACAAJ
https://books.google.it/books?id=yr%5C_-yAEACAAJ
https://books.google.it/books?id=kym4QgAACAAJ
https://books.google.it/books?id=kym4QgAACAAJ
https://books.google.it/books?id=Ie72CFd-eSEC
https://books.google.it/books?id=Ie72CFd-eSEC
https://doi.org/10.1103/PhysRevLett.75.3969
https://link.aps.org/doi/10.1103/PhysRevLett.75.3969
https://link.aps.org/doi/10.1103/PhysRevLett.75.3969
https://books.google.it/books?id=vMzvAAAAMAAJ
https://books.google.it/books?id=vMzvAAAAMAAJ
https://doi.org/10.1007/978-3-319-59409-5
https://books.google.it/books?id=FOBBEAAAQBAJ
https://books.google.it/books?id=RKV1QgAACAAJ
https://books.google.it/books?id=RKV1QgAACAAJ
https://doi.org/10.1038/nature04447
https://doi.org/10.1143/ptp/6.3.306
https://academic.oup.com/ptp/article-pdf/6/3/306/5239621/6-3-306.pdf
https://academic.oup.com/ptp/article-pdf/6/3/306/5239621/6-3-306.pdf
https://doi.org/10.1143/ptp/6.3.306
https://doi.org/10.1088/1361-648X/ab8423
https://doi.org/10.1088/1361-648X/ab8423
https://doi.org/10.1088/1361-648X/ab8423
https://doi.org/10.1126/science.1178868


1 introduction 20

[14] Pietro Micaletti and Federico Montoncello. “Dynamic Footprints
of the Specific Artificial Spin Ice Microstate on Its Spin Waves”.
In: Magnetochemistry 9.6 (2023). issn: 2312-7481. doi: 10.3390/
magnetochemistry9060158. url: https://www.mdpi.com/2312-
7481/9/6/158.

[15] W. Pauli. “Über den Zusammenhang des Abschlusses der Elek-
tronengruppen im Atom mit der Komplexstruktur der Spek-
tren”. In: Zeitschrift für Physik 31.1 (1925), pp. 765–783. doi: 10.
1007/BF02980631. url: https://doi.org/10.1007/BF02980631.

[16] R. J. Elliott. “Theory of the Effect of Spin-Orbit Coupling on
Magnetic Resonance in Some Semiconductors”. In: Phys. Rev. 96

(2 Oct. 1954), pp. 266–279. doi: 10.1103/PhysRev.96.266. url:
https://link.aps.org/doi/10.1103/PhysRev.96.266.

[17] Herbert M. Reese. “The Zeeman Effect”. In: Science 12.295 (1900),
pp. 293–297. issn: 00368075, 10959203. url: http://www.jstor.
org/stable/1628310 (visited on 10/18/2025).

[18] C.P. Slichter. Principles of Magnetic Resonance. Springer Series
in Solid-State Sciences. Springer Berlin Heidelberg, 1996. isbn:
9783540501572. url: https://books.google.it/books?id=
zgnrRkaIhFoC.

[19] K. Wang, M. Yang, and J. Luo. Spintronics: Materials, Devices, and
Applications. Wiley Series in Materials for Electronic & Opto-
electronic Applications. Wiley, 2022. isbn: 9781119698975. url:
https://books.google.it/books?id=W296EAAAQBAJ.

[20] Robert Martin Eisberg and Robert Resnick. Quantum physics of
atoms, molecules, solids, nuclei and particles. New York, NY: Wiley,
1985. url: https://cds.cern.ch/record/105889.

[21] Klaus Hentschel. “Landés g-factor and g-formula”. In: Com-
pendium of Quantum Physics. Ed. by Daniel Greenberger, Klaus
Hentschel, and Friedel Weinert. Berlin, Heidelberg: Springer
Berlin Heidelberg, 2009, pp. 336–337. isbn: 978-3-540-70626-7.
doi: 10.1007/978-3-540-70626-7_105. url: https://doi.org/
10.1007/978-3-540-70626-7_105.

[22] C. Kittel, P. McEuen, and John Wiley & Sons. Introduction to Solid
State Physics. John Wiley & Sons, 2015. isbn: 9788126535187. url:
https://books.google.it/books?id=rAMujwEACAAJ.

[23] Lev Davidovich Landau and E. Lifstatz. “On the Theory of the
Dispersion of Magnetic Permeability in Ferromagnetic Bodies”.
In: Phys. Z. Sowjetunion 8 (1935). Ed. by D. ter Haar. doi: 10.
1016/b978-0-08-010586-4.50023-7.

[24] T.L. Gilbert. “A phenomenological theory of damping in fer-
romagnetic materials”. In: IEEE Transactions on Magnetics 40.6
(2004), pp. 3443–3449. doi: 10.1109/TMAG.2004.836740.

[25] Thomas Sebastian et al. “Micro-focused Brillouin light scattering:
imaging spin waves at the nanoscale”. In: Frontiers in Physics
Volume 3 - 2015 (2015). issn: 2296-424X. doi: 10.3389/fphy.
2015.00035. url: https://www.frontiersin.org/journals/
physics/articles/10.3389/fphy.2015.00035.

https://doi.org/10.3390/magnetochemistry9060158
https://doi.org/10.3390/magnetochemistry9060158
https://www.mdpi.com/2312-7481/9/6/158
https://www.mdpi.com/2312-7481/9/6/158
https://doi.org/10.1007/BF02980631
https://doi.org/10.1007/BF02980631
https://doi.org/10.1007/BF02980631
https://doi.org/10.1103/PhysRev.96.266
https://link.aps.org/doi/10.1103/PhysRev.96.266
http://www.jstor.org/stable/1628310
http://www.jstor.org/stable/1628310
https://books.google.it/books?id=zgnrRkaIhFoC
https://books.google.it/books?id=zgnrRkaIhFoC
https://books.google.it/books?id=W296EAAAQBAJ
https://cds.cern.ch/record/105889
https://doi.org/10.1007/978-3-540-70626-7_105
https://doi.org/10.1007/978-3-540-70626-7_105
https://doi.org/10.1007/978-3-540-70626-7_105
https://books.google.it/books?id=rAMujwEACAAJ
https://doi.org/10.1016/b978-0-08-010586-4.50023-7
https://doi.org/10.1016/b978-0-08-010586-4.50023-7
https://doi.org/10.1109/TMAG.2004.836740
https://doi.org/10.3389/fphy.2015.00035
https://doi.org/10.3389/fphy.2015.00035
https://www.frontiersin.org/journals/physics/articles/10.3389/fphy.2015.00035
https://www.frontiersin.org/journals/physics/articles/10.3389/fphy.2015.00035


21 bibliography

[26] Paul S. Keatley et al. “A platform for time-resolved scanning
Kerr microscopy in the near-field”. In: Review of Scientific Instru-
ments 88.12 (Dec. 2017), p. 123708. issn: 0034-6748. doi: 10.1063/
1.4998016. eprint: https://pubs.aip.org/aip/rsi/article-
pdf/doi/10.1063/1.4998016/13478336/123708_1_online.pdf.
url: https://doi.org/10.1063/1.4998016.

[27] J.C. Butcher. Numerical Methods for Ordinary Differential Equations.
Wiley, 2008. isbn: 9780470753750. url: https://books.google.
it/books?id=opd2NkBmMxsC.

[28] E. Olive et al. “Deviation from the Landau-Lifshitz-Gilbert equa-
tion in the inertial regime of the magnetization”. In: Journal of
Applied Physics 117.21 (June 2015), p. 213904. issn: 0021-8979.
doi: 10.1063/1.4921908. eprint: https://pubs.aip.org/aip/
jap/article-pdf/doi/10.1063/1.4921908/15162431/213904_

1_online.pdf. url: https://doi.org/10.1063/1.4921908.

[29] C. Kittel. “On the Theory of Ferromagnetic Resonance Absorp-
tion”. In: Physical Review 73 (1948), p. 155. doi: 10.1103/PhysRev.
73.155.

https://doi.org/10.1063/1.4998016
https://doi.org/10.1063/1.4998016
https://pubs.aip.org/aip/rsi/article-pdf/doi/10.1063/1.4998016/13478336/123708_1_online.pdf
https://pubs.aip.org/aip/rsi/article-pdf/doi/10.1063/1.4998016/13478336/123708_1_online.pdf
https://doi.org/10.1063/1.4998016
https://books.google.it/books?id=opd2NkBmMxsC
https://books.google.it/books?id=opd2NkBmMxsC
https://doi.org/10.1063/1.4921908
https://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/1.4921908/15162431/213904_1_online.pdf
https://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/1.4921908/15162431/213904_1_online.pdf
https://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/1.4921908/15162431/213904_1_online.pdf
https://doi.org/10.1063/1.4921908
https://doi.org/10.1103/PhysRev.73.155
https://doi.org/10.1103/PhysRev.73.155




2
S P I N WAV E S

ABSTRACT

In this Chapter, a rigorous framework for magnon propagation in
ferromagnetic films - from the microscopic spin-wave model intro-
duced by Bloch to continuum electrodynamics in the magnetostatic
approximation - is developed. Starting from Maxwell’s equations
coupled with the Landau–Lifshitz dynamics, we include both dipolar
and exchange interactions to derive the Kalinikos–Slavin dispersion
relation, which provides a unified description of spin-wave modes in
thin films and confined geometries. Thickness/width quantization
and geometric form factors embed dipolar and exchange contributions
on equal footing. This framework naturally yields the characteristic
behaviors of backward volume, Damon–Eshbach, and forward vol-
ume waves, revealing how the interplay between field orientation
and propagation direction governs their localization, dispersion and
group-velocity trends.
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2.1 introduction

The concept of spin wave or magnon was introduced by Felix Bloch in
1930 in order to explain the reduction of spontaneous magnetization in
a ferrromagnetic material when its temperature is much lower than the
Curie temperature, i.e., T ≪ TC [1]. At that time, this effect could not
be explained by Stoner model [2] because of the great energy needed
to change the spin direction. It therefore became clear that a previously
neglected thermal excitation was responsible for this behavior. Later
on, in the 1950s, subsequent developments by Holstein, Primakoff [3]
and Dyson [4, 5] provided a quantum mechanical framework for spin
wave quantization, giving rise to the concept of magnons as quanta of
spin wave excitations.

The starting point in the procedure introduced by Bloch is the
Heisenberg model - Eq.(1.9) - that involves the exchange integral
in order to separate states with different spin. According to this
model, at low temperatures all spins aling in parallel resulting in
saturation for magnetization, as shown in Fig. 2.1 (a) and (b). When
the temperature is increased, thermal excitation is responsible for
reducing the spontaneuous magnetization since now the spins are
randomically deflected (internal energy is instead increased). The
change in spin orientation propagates like a wave in the material (Fig.
2.1 (c) and (d)) by means of a perturbation, which can be of various
kinds, e.g., external magnetic fields or optical excitation with laser
pulse. In real magnetic systems, the magnetization precession around
the effective magnetic field is not spatially homogeneous, hence the
change in the direction of magnetization is both a function of space
and time. This set of excited spins above the fundamental level can be
described, as already anticipated, in terms of wave propagation with
energies typically of only ~ 1µeV. These periodic oscillations in time of
magnetization at finite temperatures are named spin waves (SWs) and
their quanta magnons. As a consequence, magnons can be regarded as
quasi-particles, specifically bosons which obey Bose-Einstein statistics,
with energy h̄ω, momentum h̄k and angular momentum h̄.

Spin waves in ferromagnetic films are usually classified according
to two complementary criteria. First, depending on the dominant
interaction, one distinguishes between magnetostatic (or dipolar) spin
waves and exchange spin waves. A detailed discussion of this interaction-
based classification, starting from robust theoretical foundations, is
provided in Secs. 2.2 - 2.5. Second, spin waves can also be classified
according to their propagation geometry, namely the orientation of
the wave vector with respect to the static magnetization and to the
film plane. In this framework one distinguishes between backward
volume magnetostatic waves, Damon-Eshbach surface waves and forward
volume magnetostatic waves. This geometry-based classification will be
addressed in Secs. 2.7 - 2.9.

2.2 magnetostatic approximation

In general, for any geometric configuration and regardless of the type
of the SW, the dispersion relations, which relate the frequency to the
wavevector, are obtained by solving together the LL equation (1.26)
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Figure 2.1: (a, b): uniform (k = 0) precession of the magnetization M around
the effective field He f f : side view (a) and top view (b). The dashed
red circles indicate the precession cones. (c, d): finite-wavevector
spin wave: the local precession phase varies periodically along
the sample, producing a spin wave of wavelength λ (wavevector
k = 2π/λ); side view (c) and top view (d).

with the Maxwell’s equations [6] within the framework of the mag-
netostatic approximation. In the subsequent discussion, we provide
a detailed discussion of this topic, following and elaborating on the
strategy outlined in [7].

As a first step, the magnetization and the field vectors are typically
separated into time-independent static components M0 and H0 and
dynamic components m(t) and h(t): this splitting is allowed since the
fluctations in M(t) and H(t) associated with SWs are small compared
to the static parts. Therefore, the LL and Maxwell’s equations are
solved exclusively for the dynamic components; in doing so, appropri-
ate boundary conditions for surfaces and interfaces are considered.

Let us start by recalling Maxwell’s equations, i.e., the fundamental
equations that govern electromagnetic fields:

∇× H =
∂D
∂t

+ J, (2.1)

∇× E = −∂B
∂t

, (2.2)

∇ · D = ρ, (2.3)

∇ · B = 0, (2.4)

where H is the magnetic field intensity (measured in A/m), D the
electric flux density (C/m2), J the electric voume current density
(A/m2), E the electric field intensity (V/m), B the magnetic flux
density (T) and ρ the electric volume charge density (C/m3). We
assume that the field quantities depend explicitly on time. Fields that
are varying sinusoidally at a single frequency can be written in the
form A(t) = Re

{︁
A(ω)e−iωt}︁ where A(ω) is a complex quantity that
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contains the amplitude and phase information of the field. Therefore,
Maxwell’s equations can be recast in the frequency domain as follows:

∇× H = −iωD + J, (2.5)

∇× E = iωB, (2.6)

∇ · D = ρ, (2.7)

∇ · B = 0. (2.8)

It is known that the flux densities in free space can be expressed as a
linear function of the field intensities:

D = ϵ0E, (2.9)

B = µ0H, (2.10)

where ϵ0 denotes the vacuum permittivity, ϵ0 ≈ 8.85 × 10−12 F/m,
which characterizes the ability of free space to sustain electric fields,
while µ0, already introduced in Chapter 1, is the vacuum permeability,
µ0 = 4π × 10−7 H/m, which characterizes the response of free space
to magnetic fields. The above relations involve further terms when a
material medium is considered since it reacts to the presence of the
fields. The general expressions are:

D = ϵ0E + P, (2.11)

B = µ0(H + M), (2.12)

where P is the electric dipole moment per unit volume (C/m2). When
the response of a linear medium (i.e., a medium in which the depen-
dence of P and M on the fields is a first power) to an applied field is
instantaneous, we can write:

P(t) = ϵ0χ̄e · E(t), (2.13)

M(t) = χ̄m · H(t), (2.14)

where χ̄e and χ̄m are, respectively, the electric and magnetic suscepti-
bility tensors. A medium is called dispersive when its response to an
applied field is not instantaneous: in this case an integration over all
past excitations - in fact, the medium exhibits a "memory" - is needed.
Reasoning in the frequency domain instead, a steady state determined
by the amplitude of the excitation is always reached in response to a
sinusoidal field and it is possible to write:

P(ω) = ϵ0χ̄e(ω) · E(ω), (2.15)

M(ω) = χ̄m(ω) · H(ω). (2.16)

The substitution of Eqs. (2.15) and (2.16) into the general expressions
(2.11) and (2.12) leads to:
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D = ϵ̄ · E, (2.17)

and:
B = µ̄ · H, (2.18)

where:
ϵ̄ = ϵ0( Ī + χ̄e), (2.19)

and:
µ̄ = µ0( Ī + χ̄m), (2.20)

represent, respectively, the permittivity and the permeability tensor ( Ī
is the unit matrix). Eqs. (2.17), (2.18), (2.19) and (2.20) are known as
constitutive relations and represent their general forms. The material
is defined as electrically or magnetic isotropic if either permittivity or
permeability tensor reduces to a scalar constant times the unit matrix.
When the tensor representation with a 3 × 3 matrix is necessary the
medium is said to be electrically or magnetic anisotropic. In general,
vector fields have space and time dependence of the form exp(ik · r −
iωt). The spatial dependence allows us to replace the ∇ operator with
a factor ik, hence Maxwell’s equations (2.5) can be recast as:

ik × H = −iωD + J, (2.21)

ik × E = ωB, (2.22)

ik · D = ρ, (2.23)

ik · B = 0. (2.24)

Eqs. (2.21) and (2.22) can be rewritten in terms of E and H by means
of the constitutive relations (2.9) and (2.10) in the case of a source-free
non-conducting medium:

k × H = −ωϵ̄ · E, (2.25)

k × E = ωµ̄ · H. (2.26)

For an arbitrary propagation direction of uniform plane waves in
a ferromagnetic medium, we restrict the analysis to the dynamic
components of the fields, denoted, as partly anticipated, by e, h, and
m (while the static bias contributions are represented by H0 and M0).
Therefore, we can write:

k × h = −ωϵ̄ · e, (2.27)

k × e = ωµ0(h + m). (2.28)

By taking the cross product of k with both sides of Eq. (2.27), then
applying the vector identity a × (b × c) = b(a · c) − c(a · b), and
substituting Eq. (2.28) into Eq. (2.27), we obtain:

kk · h − k2h = −ω2µ0ϵ(h + m). (2.29)
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According to Maxwell’s equation (2.4), we have in this case k · b =

µ0k · (h + m) = 0, therefore k · h = −k · m. In light of this reasoning,
Eq. (2.29), becomes, after solving for h:

h =
k2

0m − kk · m
k2 − k2

0
, (2.30)

where k2
0 = ω2µ0ϵ. Similarly, one can derive the following equation

for e:

e =
ωµ0k × m

k2
0 − k2

. (2.31)

Therefore, by virtue of Eq. (2.27), we have:

∇× h = − k2
0k × m
k2

0 − k2
. (2.32)

For large |k|, we can notice that h remains finite in Eq. (2.30), provided
k · m ̸= 0. Conversely, Eqs. (2.31) for e and (2.32) for ∇× h vanish as
1/k in the same limit. Therefore, to the lowest order, we can describe
the waves by the magnetostatic equations:

∇× h = 0, (2.33)

∇ · b = 0, (2.34)

which, together with Eq. (2.6), i.e., ∇× e = iωb, constitute the so-
called magnetoquasistatic approximation to Maxwell’s equations, which,
however, is also valid in the opposit limit, i.e., |k| ≪ |k0|. These
equations describe the behavior of magnetoquasistatic waves, more
commonly known as magnetostatic waves. For these waves, the coupling
between the spins, dominated by the dipolar fields from the magnetic
moments rather than the exchange interaction, occurs when k0 ≪ k ≪
π/a, where a is the spacing between spins.

2.3 walker’s equation and dipolar spin waves

Magnetostatic modes are the solution of Walker’s equation, which de-
rives from the magnetostatic Eqs. (2.33) and (2.34). Let us start by
writing the permeability tensor (without considering the exchange
and anisotropy contributions) as:

µ̄ = µ0

⎡⎣1 + χ −iκ 0
iκ 1 + χ 0
0 0 1

⎤⎦ , (2.35)

where χ = ω0ωM
ω2

0−ω2 and κ = ωωM
ω2

0−ω2 , with ωM ≡ −γµ0MS and ω0 ≡
−γµ0H0. These are the building blocks of the Polder susceptibility
tensor, defined as:

χ̄ =

[︃
χ −iκ
iκ χ

]︃
. (2.36)

Polder susceptibility tensor χ̄ is a specific variant of the magnetic sus-
ceptibility tensor χ̄m, already introduced in the constitutive relation
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(2.16). In fact, χ̄ describes the dynamic response of a uniformly mag-
netized ferromagnet biased by a static field along the z direction. By
virtue of Eq. (2.33), we can introduce a magnetostatic scalar potential,
i.e.:

h = −∇Ψ, (2.37)

where the choice of the minus sign, in any case arbitrary, is made in
analogy with the electrostatic equation E = −∇V, with V electrical
potential. The combination of Eqs. (2.34) and (2.37), together with the
constitutive relation (2.18) leads to:

∇ · (µ̄ · ∇Ψ) = 0, (2.38)

which can be expanded, using Eqs. (2.20) and (2.35), as:

(1 + χ)

[︃
∂2ψ

∂x2 +
∂2ψ

∂y2

]︃
+

∂2ψ

∂z2 = 0, (2.39)

which is the aformentioned Walker’s equation.
Starting from (2.39), in the case of an uniform plane wave propaga-

tion in an infinite medium we have, assuming Ψ ∼ exp(ik · r):

(1 + χ)(k2
x + k2

y) + k2
z = 0. (2.40)

If the propagation angle with respect to z direction - as well as the
direction of the bias field - is θ, we get k2

x + k2
y = k2sin2θ and k2

z =

k2cos2θ, which, substituted in (2.40), lead to, after simplification:

χsin2θ = −1. (2.41)

We have already shown that k · h = −k · m, which can be recast as:

h = −kk · m
k2 . (2.42)

The substitution of the constitutive relation m = χ̄h (i.e., the specific
version of Eq. (2.16) in this case) into Eq. (2.42) leads to:

h = −k(k · χ̄ · h)
k2 , (2.43)

that can be rewritten as follows:

(k2 Ī + kk · χ̄·)h = 0. (2.44)

Now we can assume k = k(ŷsinθ + ẑcosθ) without loss of generality.
Therefore:

kk = k2

⎡⎣ 0 sin θ 0
sin θ sin2 θ cos θ sin θ

0 cos θ sin θ cos2 θ

⎤⎦ , (2.45)

which allows us to compute:

kk · χ̄ = k2

⎡⎣ 0 χ sin θ 0
χ sin θ χ sin2 θ χ cos θ sin θ

0 χ cos θ sin θ χ cos2 θ

⎤⎦ . (2.46)

Finally, we can write Eq. (2.44) in the following matrix form:
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k2I + kk · χ̄ = k2

⎡⎣ 1 χ sin θ 0
χ sin θ 1 + χ sin2 θ χ cos θ sin θ

0 χ cos θ sin θ 1 + χ cos2 θ

⎤⎦ . (2.47)

For a nontrivial solution for h to exist, the determinant of the matrix
must be set equal to zero, i.e., det(k2 Ī + kk · χ̄) = 0. Solving for ω and
performing the square root, we get:

ω =
√︂

ω0(ω0 + ωMsin2θ). (2.48)

Since θ is the angle between the direction of the magnetization and the
given propagation direction, Eq. (2.48) shows that the Kittel formula
(1.44), introduced in Chapter 1 is dependent on k direction and not on
its absolute value, as already claimed.

2.4 exchange spin waves

Up to this point, exchange interactions have been neglected; once they
are included, however, the situation changes significantly. At reduced
dimensionalities - typically below 1 µm - exchange becomes dominant
and the previous reasoning no longer applies. We therefore derive the
expression that replaces Eq. (2.48) when exchange is considered. We
anticipate that the contribution given to magnetocristalline anistropy
is not included in the following derivation but the reasoning can be
easily extended. As done previously, we assume that the fields can
be divided into static and time-varying parts, i.e., M = M0 + m(t),
H = H0 + h(t) and Hex = H0ex + hex(t). Therefore, LL equation (1.26)
can be rewritten as:

1
γµ0

dm
dt

= M0 × [H0 + H0ex] + M0 × [h + hex]

+ m × [H0 + H0ex] + m × [h0 + hex].
(2.49)

Being interested in single-domain materials, we consider configura-
tions in which M0 is spatially uniform and H0ex vanishes according
to the exchange field density expression (1.10). We also notice that
the remaining part of the first term on the r.h.s vanishes since the
equilibrium configuration implies M0 × H0 = 0. It is convenient to
assume M0||H0, which is true only for directions of high-crystal sym-
metry. Under these assumptions, it is possible to write (after assuming
harmonic time dependence, neglecting terms of second-order in small
quantities and choosing the coordinate system so that the equilibrium
magnetization points along the z direction) Eq. (2.49) in the following
linearized form:

i
ω

ωM
m = ẑ ×

[︃
h + λex∇2m − H0

MS
m
]︃

. (2.50)

which yields, after solving for m:

h = Aop · m, (2.51)

where:
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Aop =
1

ωM

[︃
ω0 − ωMλex∇2 iω

−iω ω0 − ωMλex∇2

]︃
. (2.52)

Since in the case of uniform plane wave propagation the spatial de-
pendence of m and h is of the form exp(ik · r), the Laplacian operator
∇2 is replaced by the factor -k2. Therefore, it is possible to write:

h = Aop · m =
1

ωM

[︃
ω0 + ωMλexk2 iω

−iω ω0 + ωMλexk2

]︃ [︃
mx

my

]︃
. (2.53)

It can be noted that the occurrence of ωMλexk2, i.e., the exchange term,
is always accompanied by ω0; as a consequence, in the presence of the
exchange interaction, the previous dispersion relation (2.48) can be
recast as:

ω =
√︂[︁

(ω0 + ωMλexk2)
(︁
ω0 + ωM

(︁
λexk2 + sin2 θ

)︁)︁]︁
, (2.54)

since ω0 is substituted by ω0 + ωMλexk2 in the plane wave analy-
sis. Eq. (2.54) is the Kittel formula including exchange interactions
and, unlike Eq. (2.48), it establishes a one-to-one correspondence
between the frequency ω and the wavenumber k. When the exchange
term dominates, i.e., when ωMλexk2 ≫ ω0, the resulting excitations
are termed exchange spin waves. In this limit, the dispersion rela-
tion reduces to limk→∞ ω ≈ ωMλexk2. Conversely, when exchange
is negligible, the excitations correspond to dipolar spin waves, dis-
cussed in Sec. 2.3. For small wavevectors, the dispersion approaches

limk→0 ω ≈
√︂

ω0
(︁
ω0 + ωM sin2 θ

)︁
, which is precisely Eq. (2.48).

These two limiting forms make it clear that only in the dipolar regime
does the frequency depend on the magnetization orientation (through
the angle θ); anisotropy in this context therefore originates from the
dipolar interaction.

2.5 kalinikos-slavin relation

Summarizing the main results derived in Secs. 2.3 and 2.4, if an
unbound system is considered with both exchange and dipolar in-
teractions, at low k the dispersion curve is rather independent of
k (prevalence of dipolar interaction), while at high k the trend is
quadratic (prevalence of exchange interaction). However, for practical
purposes, the main interest revolves around small magnetic waveg-
uides which were investigated by Kalinikos and Slavin [8]. They
developed dispersion relations which consistently incorporate both
exchange and dipolar interactions, thereby offering a comprehensive
framework for arbitrary wavevectors and propagation angles. An
exhaustive derivation of the Kalinikos–Slavin relation is provided in
Appendix 2.11 at the end of this chapter. Here, the general idea is
discussed.

Typically, in real scenarios, spin waves are confined in a 1-dimensional
structure, i.e., their propagation direction, while the spin wave beam
is confined in length, width and height. In this sense, the confinement
takes place in width and height, therefore the wave vector can be
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assumed quantized (and not continuous) along these two dimensions.
The usual waveguides, such as the ones investigated in this thesis
work, have small thickness, hence it is possible to assume that only
the zero order thickness mode is present (higher order thickness mode
appear at higher frequencies). Under these conditions, the spin-wave
amplitude can be assumed uniform across the film thickness. As a
result, being the thickness profile effectively constant, the analysis
can focus on the mode structure along the width of the waveguide.
Although the quantization of the wavevector in the width direction
depends on the specific boundary conditions applied at the edges, a
widely used approximation becomes valid when the waveguide width
is much larger than its thickness. In this case, the lateral wavevec-
tor can be expressed as kn = nπ

w , where n is an integer number,
more precisely the transverse mode index. Based on this assumption,
the total wavevector magnitude for each quantized mode is given by
ktot =

√︁
k2 + k2

n where k is the wavevector component along the waveg-
uide length (propagation direction) while kn represents the quantized
component along the width. By applying perturbation theory under
specific boundary conditions, i.e., assuming unpinned surfaces (where
the surface spins are completely free to precess), one can derive the
corresponding dispersion relations for the confined spin wave modes:

ωn =
√︂(︁

ω0 + ωM λex k2
tot
)︁ (︁

ω0 + ωM λex k2
tot + ωM Fnn

)︁
, (2.55)

where Fnn is a geometric dipolar factor that encodes how magnetostatic
interactions, via film thickness and propagation angle, modify the spin-
wave dispersion (for futher details, see Appendix 2.11, Eq. (2.A2)).

Eq. (2.55) is the Kalinikos-Slavin relation and refers to different
modes depending on the number n and each mode has its own
dispersion as well as a specific waveform given by mn

z (x, y, t) ∼
cos(kny) ei(kx−ω(k)t), with x, y and z representing the longitudinal,
the width and the out-of-plane directions, respectively.

We precise that the dispersion relations obtained so far are valid only
for uniformly magnetized waveguide. In the case of departure from a
non uniform scenario, e.g., for a sinusoidal pattern, which represents
the core of this thesis work, an exhaustive theoretical discussion is a
great challenge. Therefore, micromagnetic simulations and analytical
models, which are the most suitable way to investigate such peculiar
systems, are pursued.

2.6 geometric classification of spin waves

In thin ferromagnetic films subjected to a static external field Hext, the
equilibrium magnetization M defines a preferential axis that governs
the propagation characteristics of spin waves. As anticipated, a classi-
fication of magnetostatic modes can be established according to the
relative orientation between the wavevector k and the magnetization
M. Three fundamental geometries are distinguished (see Fig. 2.2 for a
pictorial representation):

1. Backward Volume Spin Waves (BVSW). The wavevector is
collinear with the magnetization, k ∥ M (parallel or antiparallel,
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in-plane, Fig. 2.2(a)). The mode extends throughout the volume
of the film, with a nearly uniform amplitude distribution across
the thickness. Its hallmark is the backward dispersion: the
frequency decreases with increasing k, resulting in opposite
signs of phase and group velocities.

2. Damon-Eshbach (DE) or Surface Spin Waves (SSW). The wavevec-
tor is orthogonal to the in-plane magnetization, k ⊥ M (Fig.
2.2(b)). The spin-wave amplitude is localized near one surface
of the film, decaying exponentially towards the interior. These
modes are intrinsically non-reciprocal, as the surface of local-
ization depends on the sign of k. Their dispersion relation is
typically increasing with k.

3. Forward Volume Spin Waves (FVSW). The wavevector is collinear
with the magnetization, k ∥ M, with M oriented perpendicu-
lar to the film plane (out-of-plane magnetization, Fig. 2.2(c)).
These are volume modes, uniformly distributed across the thick-
ness, characterized by a forward dispersion, i.e., the frequency
increases with increasing k. Unlike the DE case, FV modes
are fully reciprocal, exhibiting identical properties for +k and
−k. This is due to symmetry: when a field is applied normal
to the film plane, the propagation characteristics of FVSW are
independent of direction in the plane of the film.

This classification, originally developed in the framework of the mag-
netostatic approximation, constitutes the standard scheme for identi-
fying spin-wave modes in ferromagnetic films and serves as the basis
for the analysis of more complex geometries and interaction regimes.

Figure 2.2: Sketch of the three possible configurations of spin waves, accord-
ing to the relative orientation between k and M. (a): k ∥ M
(parallel or antiparallel, in-plane). (b): k ⊥ M (in-plane). (c):
k ∥ M (out-of-plane).

2.7 backward volume waves

Let us consider a ferromagnetic film of thickness d, bounded by planes
y = ±d/2, with a static bias field Hext applied along +ẑ, so that the
system is tangentially magnetized (see Fig. 2.3).

We focus on guided magnetostatic waves that propagate along ±ẑ,
therefore a harmonic dependence of the type eiνkzz with ν = ±1 can
be considered (the temporal factor e−iωt is common to all fields and
is therefore omitted for compactness). Inside the film (Region II), the
potential varies across the thickness with a transverse wavenumber
ky. The field inside the film can be built from two counterpropagating
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Figure 2.3: System considered for the analysis of spin wave geometry.

plane waves whose normal components have opposite sign but share
the same tangential phase constant kz:

ψ
(+)
I I (r) = A e i(νkzz+kyy), ψ

(−)
I I (r) = B e i(νkzz−kyy). (2.56)

To obtain the odd thickness symmetry (a node at the midplane
y = 0), we form the antisymmetric combination of the two counter-
propagating waves. This choice yields the lowest-order backward
volume wave mode. Up to an overall phase/convention:

ψI I(r) =
1
2i

[︂
ψ
(+)
I I (r)− ψ

(−)
I I (r)

]︂
. (2.57)

Choosing equal magnitudes A = B = ψ0 and absorbing any common
phase into ψ0, Eqs. 2.56 and 2.57 lead to:

ψI I(r) =
ψ0

2i
e iνkzz

(︂
eikyy − e−ikyy

)︂
= ψ0 e iνkzz sin(kyy). (2.58)

This is precisely the odd-parity (antisymmetric) thickness profile with
a node at y = 0. As for the regions outside the film, the medium
is nonmagnetic and isotropic to an excellent approximation with
B ≃ µ0H. In the magnetostatic regime it is possible to write:

∇× H = 0 → H = −∇ψd, (2.59)

∇ · B = 0 → ∇ · H = 0 → ∇2ψd = 0, (2.60)

where ψd is the magnetostatic scalar potential. Since there is no x-
variation for the guided waves, i.e., ∂/∂x = 0, Laplace’s equation in
this case reduces to: (︃

∂2

∂y2 +
∂2

∂z2

)︃
ψd(y, z) = 0. (2.61)

We seek separated solutions of the form ψd(y, z) = Y(y) Z(z). Eq. 2.61

yields:
Z′′(z)
Z(z)

= −Y′′(y)
Y(y)

= −λ2, (2.62)

hence:
Z′′ + λ2Z = 0 → Z(z) = e±iλz, (2.63)

Y′′ − λ2Y = 0 → Y(y) = A e+λy + B e−λy. (2.64)
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Because fields in the film vary as eiνkzz, continuity of ψ across y =

±d/2 for all z enforces the same z-phase constant in the outside
regions (tangential phase matching):

λ = kz,out = kz. (2.65)

Therefore, the general dielectric solution compatible with the back-
ward z-dependence is:

ψd(y, z) =
(︁

A e+kzy + B e−kzy)︁ eiνkzz. (2.66)

Physical admissibility requires the fields to remain bounded (and in
practice to decay) as |y| → ∞ outside the film. Let us examine the two
different spatial regions.

• Region I (above the film): y > +d/2 and y → +∞. The term
e+kzy diverges, so its coefficient must vanish. Only the decaying
branch e−kzy is physically admissible, therefore:

ΨI(r) = Ce−kzy eiνkzz. (2.67)

• Region III (below the film): y < −d/2 and y → −∞. The term
e−kzy diverges, so its coefficient must vanish. Only the decaying
branch e+kzy is physically admissible, therefore:

ΨI I I(r) = D e+kzy eiνkzz. (2.68)

The constants C and D are complex amplitudes that are determined
by boundary matching. Eqs. (2.67), (2.58) and (2.68) represent the trial
potential functions in each region of the considered system. In the
ferromagnetic film, ky and kz are related by Walker’s equation (2.39):

(1 + χ)k2
y + k2

z = 0. (2.69)

It must be noted that solutions for real ky and kz require (1 + χ) <

0. Thus, guided modes, which can be separated into plane waves
bouncing back and forth in the film, can only occur for frequencies
within the volume wave manifold (i.e., the set of frequencies ω0 ≤
ω ≤

√︁
ω0(ω0 + ωM) - bounded below by the Larmor frequency and

above by the ferromagnetic-resonance limit - over which multiple
magnetostatic plane-wave modes exist and can propagate for nonzero
in–plane wave numbers). The following step consists in implementing
the boundary conditions at y = ±d/2. First, we require ψ to be
continuous. This yields:

C e−kzd/2 = ψ0 sin(kyd/2), (2.70)

D e−kzd/2 = −ψ0 sin(kyd/2). (2.71)

From Eqs. (2.70) and (2.71) we see that C = −D, as expected for an
odd function. The other boundary condition involves the continuity of
normal b at y = ±d/2. The normal component of b in this geometry
is by. From the constitutive relation (2.10), we have:

by = iµ0κhx + µ0(1 + χ)hy. (2.72)
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The first term is suppressed because the potential is independent of x.
Therefore, the requirement that by has to be continuous at y = ±d/2
leads to:

−kzC e−kzd/2 = ky(1 + χ)ψ0 cos(kyd/2), (2.73)

kzD e−kzd/2 = ky(1 + χ)ψ0 cos(kyd/2). (2.74)

Since C = −D, Eqs. (2.73) and (2.74) are equivalent. Combining them
with the previous boundary conditions, i.e., Eqs. (2.70) and (2.71)
yields:

tan(kyd/2) = −(1 + χ)
ky

kz
. (2.75)

Walker’s equation (2.69) allows one to eliminate ky. Therefore, we can
write:

tan
[︃

kzd
2

√︂
−(1 + χ)

]︃
=
√︂
−(1 + χ). (2.76)

Eq. 2.76 is the dispersion relation for modes with odd potential
functions. In the case of an even potential we would have had
− cot

[︂
kzd
2

√︁
−(1 + χ)

]︂
=
√︁
−(1 + χ)). However, by means of the

identity tan
(︁
θ − π

2

)︁
= − cot θ we can combine even and odd mode so-

lutions. In fact, although we start with the odd ansatz for convenience,
the even symmetry is not excluded; it completes the alternating parity
ladder of thickness modes and is required to express the dispersion in
the unified form:

tan
[︃

kzd
2

√︂
−(1 + χ)− (n − 1)π

2

]︃
=
√︂
−(1 + χ), n = 1, 2, 3, ....

(2.77)
An approximation of Eq. (2.77) that can be solved for ω was obtained
by Kalinikos for the lowest-order mode (n = 1) [9]. Here we summa-
rize the key points of his reasoning. First of all, it is convenient to

operate the substitution: tan
(︂

kzd
2

√︁
− (1 + χ)

)︂
=
√︁
− (1 + χ) ≡ u, so

that kzd
2 = arctan u

u . Together with the Polder susceptibility (recall the
building blocks of Eq. (2.36)), one gets:

ω2 = ω0

[︃
ω0 + ωM

1
1 + u2

]︃
.

Now, Fourier-transforming along z (eikzz) reduces the magnetostatic
coupling across the film thickness to a 1D convolution with the Green
kernel Gkz(y− y′) ∝ e−kz|y−y′|. The projection of the dipolar field onto
a trial odd-thickness eigenfunction f (y) (first antisymmetric thickness
harmonic) yields a dynamic demagnetizing factor:

Neff(kzd) =

∫︂ d/2

−d/2

∫︂ d/2

−d/2
f (y) e−kz|y−y′| f (y′) dy dy′∫︂ d/2

−d/2
f 2(y) dy

, (2.78)

which, evaluated for the fundamental odd profile, gives the ana-
lytic form factor FBVSW(kzd) ≡ Neff(kzd) = 1 − e−kzd

kzd . Operationally,
Kalinikos replaced 1

1+u2 with FBVW(kzd), which leads to the explicit
dispersion:
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ω2 = ω0

[︃
ω0 + ωM

(︃
1 − e−kzd

kzd

)︃]︃
. (2.79)

The closed form of Eq. (2.79) captures the thickness-averaged dipolar
coupling of the fundamental mode over the engineering-relevant range
of kzd, while avoiding the inversion of the tangent in Eq. (2.77).

The solutions of Eq. (2.77) are shown in Fig. 2.4.

Figure 2.4: Dispersion diagram for backward volume waves with ω0/ωM =
0.5. The n = 1 solution is the closed form found by Kalinikos.
Image reproduced from [7].

These modes can be decomposed into plane waves bouncing back
and forth between the top and bottom surfaces of the film while
propagating along the z-direction. When kz = 0, the plane waves
are propagating perpendicular to Bext. Referring to Eq. (2.54), this
corresponds to the limit θ = π/2 so that the frequency is that on top
of the magnetostatic wave manifold. As kz increases, the angle of the
total k vector of the constituent plane waves decreases. In the limit of
large kz, the plane waves are propagating parallel to Bext (θ = 0) and
the frequency approaches a lower manifold edge.

The group velocity is obtained by differentiating the dispersion
relation (2.77) with respect to ω. We have:

1
vg

=
χ κ

ωMd

[︃
2
χ
+

kzd
1 + χ

]︃
. (2.80)

For n = 1, kzd ≪ 1, the result is:

1
vg

⃓⃓⃓⃓
kd=0

= − 4
ωMd

√︁
ω0(ω0 + ωM)

ω0
. (2.81)

The initial slope of the present dispersion relation depends on the
field as well as geometrical and material parameters. In the absence
of exchange, all thickness modes in a tangentially magnetized film
share the same cutoff frequency; consequently, there exists no fre-
quency interval in which only a single mode propagates. Moreover,
the dispersion relation is independent of the direction parameter ν, so
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reversing the propagation direction does not alter the modal charac-
teristics (within the validity of the present analysis, which assumes k
parallel or antiparallel to H). At any point (ω1, kz1) on the dispersion
curves of Fig. 2.4, the phase velocity is vp = ω1/kz1 > 0, whereas
the group velocity, given by the local slope vg = ∂ω/∂kz, is negative.
Hence, phase and energy flow in opposite directions, which is the
defining signature of a backward wave. The modal amplitude exhibits
a sinusoidal distribution across the film thickness. Taken together,
these features motivate the terminology magnetostatic backward volume
wave (or backward volume spin wave).

2.8 surface spin waves (damon-eshbach)

Let us now consider propagation perpendicular to an in-plane bias
field, or along the ±x direction for the same configuration system
(see Fig. 2.3). As anticipated, this configuration is also known as
Damon–Eshbach geometry. [10]. We can assume for a trial solution an
even potenial without loss of generality, so the wavefunctions read as:

ψI(r) = Ce−kxy+iνkxx, (2.82)

ψI I(r) = ψ0 cos(kyy)eiνkxx, (2.83)

ψI I I(r) = Dekxy+iνkxx. (2.84)

In the ferromagnetic film, Walker’s equation (2.39) becomes:

(1 + χ)(k2
x + k2

y) = 0. (2.85)

One possible solution to this equation is 1 + χ = 0, however this
only occurs for one specific frequency. The alternative is to require
k2

y = −k2
x. If kx is required to be real for propagating waves, then ky

is necessarily imaginary; hence, ψI I must consist of growing and de-
caying exponentials. As a consequence, the potential (2.83) is replaced
with:

ψI I =
[︂
ψ+

0 eky + ψ−
0 e−ky

]︂
eiνkx (2.86)

where the wave number subscripts have been eliminated because
|ky| = kx ≡ k. As done previously, the boundary conditions at
y = ±d/2 must be applied. The imposition of the continuity to ψ

leads to:
Ce−kd/2 = ψ+

0 ekd/2 + ψ−
0 e−kd/2, (2.87)

De−kd/2 = ψ+
0 e−kd/2 + ψ−

0 ekd/2. (2.88)

It can be noted that Eqs. (2.87) and (2.88) do not imply even or odd
mode symmetry. The other boundary condition requires by to be
continuous. From (2.72) for by and the potential functions (2.82), (2.86)
and (2.84), we have:

Ce−kd/2 = νκ
[︂
ψ+

0 ekd/2 + ψ−
0 e−kd/2

]︂
− (1 + χ)

[︂
ψ+

0 ekd/2 − ψ−
0 e−kd/2

]︂
,

(2.89)

De−kd/2 = −νκ
[︂
ψ+

0 e−kd/2 + ψ−
0 ekd/2

]︂
+(1+χ)

[︂
ψ+

0 e−kd/2 − ψ−
0 ekd/2

]︂
.

(2.90)
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At this stage, the boundary conditions (2.87) and (2.88) are substituted
for the left sides of (2.89) and (2.90) and the terms collected. This leads
to: [︃

(χ + 2 − νκ)ekd/2 −(χ + νκ)e−kd/2

−(χ − νκ)e−kd/2 (χ + 2 + νκ)ekd/2

]︃ [︃
ψ+

0
ψ−

0

]︃
= 0. (2.91)

The determinant of the coefficient matrix (2.91) must be set to zero to
obtain the dispersion relation. After simplifications, we have:

e−2kd =
(χ + 2)2 − κ2

χ2 − κ2 . (2.92)

As evident from (2.92), there is no more dependence on ν: this means
the dispersion relation is not altered if the direction of propagation is
reversed. The substitution for χ and κ (recall the building blocks of
the Polder’s susceptibility tensor (2.36)) gives, solving for ω:

ω2 = ω0(ω0 + ωM) +
ω2

M
4

[︂
1 − e−2kd

]︂
. (2.93)

Solving instead for k results in:

k = − 1
2d

ln
[︃

1 +
4

ω2
M

[︁
ω0(ω0 + ωM)− ω2 ]︁]︃ . (2.94)

It is important to stress that k can only take on positive values in both
Eqs. (2.93) and (2.94). The dispersion relation is plotted in Fig. 2.5.

Figure 2.5: Dispersion diagram for surface spin waves with ω0/ωM = 0.5.
Image reproduced from [7].

We can obtain the group velocity by differentiating Eq. (2.93)

1
vg

=
4ω

ω2
Md

e2kd. (2.95)

Near kd = 0 the group velocity is:

1
vg

⃓⃓⃓⃓
kd=0

=
4

ωMd

√︄
ω0(ω0 + ωM)

ωM
. (2.96)
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Again the initial group velocity is found to depend on the field as well
as on geometrical and material parameters.

In contrast to backward volume waves (but also forward waves, as
we will be shown in Sec. 2.9), the tangentially magnetized surface-
wave configuration supports only a single propagating mode; there is
no ladder of thickness harmonics. While the dispersion curve itself
is independent of the direction parameter ν, the field distribution
is not: reversing the propagation direction shifts the energy density
from one interface to the opposite. This phenomenon is known as
field–displacement nonreciprocity. The reason the dispersion remains un-
changed is the symmetry of the electromagnetic boundary conditions
at the two film surfaces; if that symmetry were broken (for example,
by placing a conducting plane on only one side), the dispersion would
acquire an explicit ν dependence.

2.9 forward volume waves

We now consider forward volume waves using the same coordinate
system adopted in the backward and surface-wave analyses (Fig. 2.3).
The film occupies |y| ≤ d/2 (film plane x–z, thickness along y), and
the bias field is taken normal to the film, i.e., Hext ∥ ŷ. The in–plane
wavevector is kt = kx x̂ + kzẑ with magnitude kt =

√︁
k2

x + k2
z. We

invoke the two results already established in the preceding sections: (i)
outside the ferromagnetic film, ∇2ψ = 0 so that, with no x–z curvature,
the normal wavenumber equals the in-plane one, ky,d = ±kt,d; (ii)
tangential phase matching enforces kt,d = kt. Choosing decay away
from the film leads to the standard evanescent forms:

ψI = C e−kty eikt·rt , ψI I I = D e+kty eikt·rt , rt ≡ (x, 0, z). (2.97)

Inside the ferromagnetic film, guided waves are constructed from
plane waves bouncing between the interfaces, yielding even/odd
thickness profiles in y:

ψ
(e)
I I = ψ0 cos(kyy) eikt·rt , ψ

(o)
I I = ψ0 sin(kyy) eikt·rt . (2.98)

For a normally magnetized film, Walker’s equation (2.39) relates ky

and kt as:

k2
y + (1 + χ) k2

t = 0 → kt

ky
=

1√︁
− (1 + χ)

, (2.99)

with 1+χ < 0 in the manifold. Continuity of ψ and of the normal flux
density by at the two interfaces gives, for the even trial:

C e−ktd/2 = ψ0 cos(kyd/2), (2.100)

D e−ktd/2 = ψ0 cos(kyd/2), (2.101)

ktC e−ktd/2 = ψ0ky sin(kyd/2), (2.102)

− ktD e−ktd/2 = −ψ0ky sin(kyd/2). (2.103)

From the previous relations, we notice immediately C = D. Further-
more, the amplitudes can be eliminated so that:

tan
(︂ kyd

2

)︂
=

kt

ky
. (2.104)
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Using (2.99) this becomes the even dispersion relation:

tan
[︃

ktd
2

√︂
− (1 + χ)

]︃
=

1√︁
− (1 + χ)

. (2.105)

Repeating the steps with the odd trial ψ
(o)
I I yields:

− cot
[︃

ktd
2

√︂
− (1 + χ)

]︃
=

1√︁
− (1 + χ)

. (2.106)

Now we combine (2.105)–(2.106) using tan(θ − π/2) = − cot θ in
order to obtain the unified thickness–mode family:

tan
[︃

ktd
2

√︂
− (1 + χ)− nπ

2

]︃
=

1√︁
− (1 + χ)

, n = 0, 1, 2, ....

(2.107)
Following the same projection argument used previously (now for the
fundamental even profile in y) by Kalinikos [9], it is possible to obtain
the explicit approximation:

ω2 = ω0

[︃
ω0 + ωM

(︃
1 − 1 − e−ktd

ktd

)︃]︃
, (2.108)

which is the forward–volume analogue of the backward wave closed
form, with kt playing the role of the in–plane wavenumber in the x–z
film plane. In Fig. 2.6 the solutions of (2.107) are plotted.

Figure 2.6: Dispersion diagram for forward volume waves with ω0/ωM =
0.5. Image reproduced from [7].

Differentiating (2.107) with respect to ω gives the usual expression
for the inverse group velocity:

1
vg

=
χ κ

(1 + χ)ωMd

(︃
2
χ
− ktd

)︃
, (2.109)

1
vg

⃓⃓⃓⃓
ktd≪1,n=0

=
4

ωMd
. (2.110)

The complete mode shapes in Regions I/II/III follow directly from
the boundary matching: once the interface conditions fix the ampli-
tudes, one inserts the solved coefficients into the piecewise potentials,
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yielding C = D for the even family and C = −D for the odd family.
In the absence of exchange, all thickness harmonics share a common
cutoff frequency; consequently, there is no spectral interval in which
only a single mode propagates (this degeneracy is lifted in sufficiently
thin films by the exchange interaction). The dispersion depends on the
magnitude of the in–plane wavevector, |kt|, but not on its azimuthal
angle (propagation is therefore isotropic within the film plane, unless
magnetocrystalline anisotropy is present). Although phase and group
velocities generally differ in magnitude, they are co–directed, which
establishes the forward character of these waves; the field amplitude,
moreover, exhibits a sinusoidal variation across the film thickness.
For these reasons, and within the magnetostatic approximation un-
der which they are derived, the modes are referred to collectively as
magnetostatic forward volume waves (or forward volume spin waves).

2.10 summary on spin wave dispersion relations

In the previous sections, we have shown how spin waves in a ferro-
magnetic film of thickness d display different dispersions depending
on the propagation direction of the in-plane wavevector k with respect
to the magnetization M and on whether the dynamics is dominated
by long-range dipolar fields or by short-range exchange. Reasoning in
broad terms and within a standard notational framework, the dimen-
sionless parameter kd conveniently separates the regimes: for kd≲1
the spectrum is dipole dominated, whereas for kd≫1 the exchange
term controls the dispersion. A convenient schematic form of the
fundamental-mode dispersion is represented by the Kalinikos-Slavin
relation (2.55). As shown in Appendix 2.11, the factor Fnn is dependent
on kd and φ, which is the in-plane angle between k and M (in the case
of forward waves, φ is not defined). In the exchange limit kd→∞ one
has Fnn →0, recovering the quadratic law discussed in Sec. 2.4. More
precisely, we have:

• Backward volume waves (k ∥ M): all geometries converge to
the common exchange parabola: f (k) ≃ fFMR + γ

2π λ2
ex, k2, so the

group velocity is positive and scales as vg ∝ k.

• Damon-Eshbach surface wave (k ⊥ M): same quadratic disper-
sion as above; vg > 0 with vg ∝ k.

• Forward volume waves (M out of plane): same quadratic dis-
persion as above; vg > 0 with vg ∝ k. Because their monotonic
increase is steeper, the forward-volume branch can cross the
Damon-Eshbach or backward-volume branches before all geome-
tries converge to the same exchange parabola at large k.

For kd ≪ 1 instead, the factor Fnn is of order unity and encodes the
qualitative differences:

• Backward volume waves (k ∥ M, φ = 0): Fnn leads to a negative
initial slope, vg < 0 at small k.

• Damon-Eshbach surface wave (k ⊥ M0, φ = π/2): Fnn yields
a positive slope, vg > 0, and surface localization with depth
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∼ 1/k; the amplitude is non-reciprocal for ±k in asymmetric
stacks.

• Forward volume waves (M out of plane): Fnn gives a forward-
like, monotonic increase with k and no surface localization.

Fig. 2.7 provides an overview of the main features of the dispersion
relations discussed above.

Figure 2.7: Dispersion relations of backward volume spin waves (BV),
Damon-Eshbach waves (DE) and forward volume spin waves (FV)
in a 15-nm-thick permalloy waveguide. The external magnetic
field is B = 100 mT. The grey vertical line marks the crossover
at kd = 1, separating the dipole-dominated and exchange-
dominated regimes, whose distinct dispersive behaviors have
been discussed above.

For the sake of completeness, we conclude this section with some
brief remarks. The rigorous crossover between the dipolar and the
exchange regime follows from λexk2 ∼ Fnn(kd, φ) and thus depends
on both kλex and kd; the kd rule is quantitatively reliable mainly when
t/λex = O(1).

In all cases, the k→0 limit reduces to the uniform precession at fFMR,
and at large k the spectra collapse onto the exchange parabola. Effects
beyond this picture (e.g. interfacial Dzyaloshinskii-Moriya interaction
[11], perpendicular anisotropies [12], or pinning of higher thickness
modes [13]) introduce asymmetries or mode splittings but do not alter
the basic dipolar/exchange classification presented here.
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2.11 appendix

Derivation of the Kalinikos-Slavin relation

Here, the intermediate steps leading to the derivation of the Kalinikos–
Slavin relation are presented. We consider a laterally infinite ferro-
magnetic film of thickness d (surfaces at x = ±d/2, surface normal x̂),
uniformly magnetized by a static internal field Hi; the in–plane axis ẑ
is chosen along the in–plane projection of Hi. The equilibrium mag-
netization is collinear with the field, i.e., M0 = Ms

(︁
sin θ ẑ + cos θ x̂

)︁
,

where Ms is the saturation magnetization and θ is the polar tilt of Hi

from the film normal. Small transverse oscillations m(r, t)⊥M0 obey
the undamped, linearized Landau–Lifshitz equation (appropriate for
eigenfrequency problems):

∂m
∂t

= − γ µ0

(︂
M0 × heff + m × Hi

)︂
→ iω m = ˆ︁Lm,

where ˆ︁L is the linear operator that collects the (precession) cross
products with the static fields and the dynamic effective field heff. The
dynamic effective field contains exchange and dipolar (magnetostatic)
parts:

heff = λex∇2m −∇
∫︂

G(r − r′)∇′ · m(r′)d3r′,

where G(r) = 1/(4π|r|) is the magnetostatic Green kernel (−∇2G =

δ). We assume plane–wave propagation in the film plane and factorize
the thickness profile:

m(r, t) = ˜︁m(x) ei(k·r−ωt), k = (0, ky, kz), k = |k|,

where the azimuth φ is measured from ẑ. Mixed pinning models
surface anisotropy at x = ±d/2:

∂mx,y

∂x

⃓⃓⃓⃓
x=±d/2

= ± p1,2 mx,y
⃓⃓

x=±d/2,

with p1 and p2 (m−1) quantifying the degree of pinning at each surface
(p = 0 free, p → ∞ rigid; symmetric pinning: p1 = p2 = p). To
diagonalize the exchange along x we solve:

−λexψ′′
n = λnψn,

where λn = λexK2
n. We apply the same boundary conditions and

obtain:
ψn(x) = An cos(Knx) + Bn sin(Knx),(︁
K2

n − p1 p2
)︁

tan(KnL) = Kn(p1 + p2),

and the length normalization
∫︁ d/2
−d/2 ψ2

ndx = d. We expand the dynamic
magnetization on this basis:

m(x) = ∑
n

[︁
an ψn(x) êy + bn ψn(x) êx

]︁
, k2

tot = k2 + K2
n,

where an, bn are the complex modal amplitudes and ktot combines
the in–plane and quantized thickness wave numbers. Projecting the
linearised equation onto ψn yields an infinite matrix system:

∑
n′

[︁
Dnn′(ω) + Rnn′

]︁(︄an′

bn′

)︄
= 0,
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where D is block-diagonal in n (Zeeman + exchange + longitudinal
dipolar self-energies) and R contains off-diagonal transverse dipolar
couplings between different thickness modes. Treating R as a per-
turbation, the zero-order dispersion of a non–degenerate branch n
follows from det Dnn(ω) = 0:

ω2
n =

(︂
ωH + ωMλexk2

tot

)︂(︂
ωH + ωMλexk2

tot + ωMFnn

)︂
. (2.A1)

All dipolar geometry and angular dependence is contained in the
dimensionless factor Fnn:

Fnn = Pnn + sin2θ
[︂
1 − Pnn

(︁
1 + cos2φ

)︁]︂
+ Unn, (2.A2)

where Pnn = Pnn(k; Kn, p1,2, d) ∈ [0, 1) is the mode–resolved dynamic
demagnetizing element (diagonal dipolar self-energy projected on ψn)
and:

Unn =
ωM Pnn

(︁
1 − Pnn

)︁
sin2φ

ωH + ωMλexk2
tot

,

is the ellipticity correction due to noncircular precession.
In the magnetostatic long-wavelength limit kd ≪ 1 with unpinned

surfaces (p1,2 = 0), one finds:

Pnn ≃

⎧⎪⎪⎨⎪⎪⎩
kd
2

, n = 0,

(kd)2

n2π2 , n ≥ 1,

which recovers the above limits for kd≪1 and approaches P→1 for
kd≫1. Non-degenerate branches acquire only O(R2) frequency shifts
from off-diagonal dipolar couplings. Near degeneracy of two branches
{n, n′} requires diagonalizing the 2 × 2 secular subspace, leading to
an avoided crossing set by the effective coupling matrix element and
the modal overlaps. Collecting all pieces, the compact dispersion is:

ωn =

√︃(︂
ω0 + ωMλexk2

tot

)︂
·
√︃(︂

ω0 + ωMλexk2
tot + ωM

[︁
Pnn + sin2θ

(︁
1 − Pnn(1 + cos2φ)

)︁
+ Unn

]︁)︂
.

(2.A3)
In the magnetostatic limit λex → 0 this reproduces the standard

magnetostatic dispersions (e.g. Damon-Eshbach for θ = π/2, φ =

π/2) upon using the appropriate Pnn; in the kd ≪ 1 limit the above
asymptotics recover the known slopes of the fundamental (n = 0) and
higher (n ≥ 1) branches.
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3
M I C R O M A G N E T I C S I M U L AT I O N S

ABSTRACT

This Chapter motivates and systematizes the use of micromagnetic
simulations as an essential complement to analytics and experiment
when realistic, non-ideal magnetic nanostructures are considered. In
using the GPU-accelerated software MuMax3 as the core simulation
platform, we discuss the discretization process, the exchange-length–
based convergence criteria and the simulation protocols adopted for
energy minimization, broadband excitation, and frequency-domain
analysis. Post-processing yields amplitude/phase maps, FMR/BLS-
like spectra, and dispersion relations (through space–time Fourier
transforms). The role of boundary conditions in shaping demagne-
tizing fields, mode profiles, and switching dynamics is highlighted,
together with guidelines for parameter sweeps and runtime–accuracy
trade-offs. These elements define a robust and efficient simulation
methodology used throughout this thesis work.
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3.1 the necessity of numerical simulators in modern

research

Even the most elegant pen-and-paper derivations fall short as soon
as one leaves the realm of textbook simplicity and tries to tackle real-
world systems. In fact, the governing equations of physics - whether it
is the Navier–Stokes equations of fluid dynamics or, not surprisingly,
the Landau–Lifshitz–Gilbert equation (1.34) - are inherently nonlinear
partial differential equations whose exact, closed-form solutions ex-
ist only for the most idealized geometries and boundary conditions.
The investigation of a patterned nanostructure, an irregular device
interface or a material with varying properties from one region to
another cannot be solved by hand calculations since the problem, due
to its complexity, rapidly outstrips our mental resources. Further-
more, to make matters worse, a pen-and-paper-only analysis has to
sacrifice either spatial resolution or physical realism, glossing over
localized phenomena such as domain-wall pinning at defects or the
precise shape of spin-wave modes in three-dimensional networks.
On the contrary, practical devices span an enormous range of length
scales, from the nanometer-scale exchange length in a magnetic film to
millimeter-scale structures in integrated circuits. Despite not covered
in this thesis work, the addition of thermal effects represents another
challenge for our capabilities: the introduction of stochastic thermal
noise converts a deterministic dynamical equation into a stochastic
differential equation whose full probability distributions can only be
obtained by running thousands, even millions, of Monte Carlo or
Langevin trajectories. Such extensive sampling is computationally
intensive and cannot realistically be performed without automated
numerical methods.

Beyond the mathematical issues mentioned above, modern research
usually demands the exploration of several parameter as well as their
combinations - varying magnetic field strengths, anisotropy constants,
temperature, geometry and material properties - in order to optimize
device performance. The automation of these continuous parame-
ter changes on CPUs (Central Processing Units) or GPUs (Graphics
Processing Units) makes it possible to handle a combinatorial work-
load that would be unattainable with old school procedures. At the
same time, numerical simulators deliver powerful visualization and
post-processing tools: time-resolved three-dimensional magnetiza-
tion textures, frequency-domain spectra via fast Fourier transforms,
animated propagation of waves or switching events. Such massive
graphical output is essential both for interpreting physical mecha-
nisms and for presenting results in the best guise; no hand-drawn
sketch could ever convey the same level of details to any extent. The
iterative loop - design, simulate, compare with experiment, refine, and
re-simulate - is now standard practice in device engineering. Whether
the development of spin-transfer-torque memories, magnonic crystals
or skyrmion-based logic gates, only a numerical simulator can validate
theoretical concepts, benchmark against known analytic limits and
ensure close agreement with experimental observations, all within
a timescale compatible with academic research as well as industrial
sector. Computational simulators combine mathematical generality,
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computational speed, geometric flexibility [1, 2] and the ability to
treat complex, multiscale and stochastic phenomena in a way that
pen and paper alone, despite still fascinating, worthy of consideration
and often representing the starting point of a thorough investigation,
simply cannot match. In this regard, all the investigations within this
thesis work have been conducted by using the software MuMax3; its
principles of operation will be explained in Sec. 3.2. As for post-
processing and data analysis, the software package MATLAB (The
MathWorks, Natick, MA, USA) [3] was employed.

3.2 mumax3

MuMax3 is an open source program devoted to micromagnetic simu-
lations [4]. It has been developed at Ghent University by the DyNaMat
group leaded by Prof. Van Waeyenberge. Unlike the widely-applicable
OOMMF (Objected Oriented MicroMagnetic Framework) [5], which
is a CPU-based micromagnetic solver, MuMax3 is a GPU-accelerate
program based on NVIDIA GPU architecture. It is capable of the
speedup of computation compared to OOMMF and suits the demand-
ing numerical evaluation of magnetization dynamics in the present
work. MuMax3 makes use of a finite-difference discretization approach
to solve the magnetization dynamics given by the time evolution of
the Landau-Lifshitz-Gilbert equation (1.34) and represents a suitable
framework to study ferromagnetic resonance as well as propagating
spin waves. When the focus instead is on static problems and, as
a consequence, one wants to obtain the magnetization ground state,
MuMax3 provides a function to minimize the system energy while
disabling the precession term of Landau-Lifshitz-Gilbert equation,
thus recovering Landau-Lifshitz equation (1.26).

The finite-difference discretization method, used to compute the
spatial and temporal dynamics of the magnetization, consists in di-
viding the system volume into a set of orthorhombic (or cuboidal)
cells whose typical dimensions are on the order of a few nanometers.
For completeness, an alternative is the finite-element discretization, in
which the computational domain is partitioned into a large number
of discretization elements forming an arbitrarily shaped volumetric
mesh. Although feasible, this method is generally less efficient than
the finite-difference approach in terms of computational cost, ease
of setup and implementation, and with respect to the typical target
applications of MuMax3, which usually rely on cells of uniform size.
For these reasons, MuMax3 and its finite-difference-based strategy
are generally preferred. The main limitation of this approach lies in
the more complicated treatment of curved structures: in fact, due
to the discretization procedure, the so-called staircasing occurs (see
Fig. 3.1). It is an effect resulting in a spurious local anisotropy at the
curved sections. In order to mitigate the staircase phenomenon, one
may use smaller cell sizes or finite element discretization at the cost of
introducing more computational burdens. However, since the effort
in terms of memory and time would be almost impracticable in some
cases, a reasonable compromise between the complete attenuation of
the artifact and the onerous demand for the machine is often sought,
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as indeed done systematically in this work, e.g., in Chapter 5 with
regard to the discretization of the primitive cell.

Figure 3.1: Illustration of the staircase effect arising from layer-wise dis-
cretization of a curved geometry.

MuMax3 offers a broad suite of tunable parameters. Consequently,
the fidelity of any study hinges on understanding how each input
choice propagates into the final result. This is especially true when
adopting settings that shorten runtimes: if a given strategy produces
negligible changes in the outcome, then one can justify more cost-
effective simulation design decisions. Such trade-offs become decisive
in campaigns that repeat nominally identical runs over wide sweeps of
field magnitude and orientation, while maintaining the frequency and
spatial resolution required to resolve subtle structure in, e.g., ferro-
magnetic resonance spectra. Delineating the solver regime of validity
is also crucial. For exchange-dominated dynamics, the discretization
must be chosen with cell dimensions smaller than the material ex-
change length; otherwise, short-wavelength physics is under-resolved.
Conversely, studies targeting edge-localized states often demand even
finer meshing near boundaries to capture geometry faithfully. In short,
systematic parameter exploration should proceed hand-in-hand with
convergence checks and problem-specific mesh criteria to ensure that
speedups do not come at the expense of physical accuracy.

Material parameters are assigned, by means of look up tables, to
each cell based on a region number between 0 and 255. This means
that the maximum number of distinct regions that can be defined is
256, indexed from 0 to 255. Volumetric quantities (e.g. saturation mag-
netization, effective field) are stored in a matrix of 256 entries, while
coupling parameters (such as the exchange interaction) are organized
in a triangular matrix. This design provides an efficient strategy for
memory conservation. Such a limitation is not arbitrary but arises
from the internal data structure of the code since each simulation
cell stores only an 8-bit integer as its region identifier, which allows
for 28 = 256 possible values. In practice, this number is generally
sufficient, since even complex geometries rarely require more than a
few dozen distinct material types (for example, in this thesis work,
even if the systems investigated are complex, especially the directional
coupler with the implementation of the STIRAP protocol in Chapter 7,
we never exceeded 30 regions). For cases involving larger variations,
one typically consolidates similar materials within the same region
and introduces parameter gradients or spatial masks to reproduce
the desired inhomogeneity without exceeding the region limit. In
general, in MuMax3, the different types of geometries are realized by
means of functions that undergo translations, rotations and Boolean
operations in order to form the desired samples. Furthermore, the
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user can import image files, also known as bitmaps, to set a specific ge-
ometry: the advantage is concrete when running multiple simulations,
as the geometry calculation needs to be performed only once. An
example of this approach is shown in Fig. 3.2. In this case, a complex
geometry that would be difficult to define analytically, is generated
directly from a bitmap. The imported image is first converted into the
corresponding discretized sample in MuMax3, and then the system is
relaxed to obtain the ground state configuration of the magnetization.

Figure 3.2: Ground state magnetization configuration in MuMax3 for a com-
plex geometry defined via bitmap. The different elements of the
structure are entirely specified by the input image. The arrows are
averages of the magnetization out of 3 elemental cells, indicating
the direction of the local magnetization.

Before delving into the details related to simulations, let us shortly
discuss the management of simulation outputs. After performing mi-
cromagnetic simulations, data are typically saved in "OVF" data format
and are converted to a MATLAB readable format using different codes
and scripts depending on the physical quantity under investigation.
According to the specific needs, different post-processing strategies
can be employed in order to visualize the resulting dynamics. For
instance, by evaluating the complex response on a pixel-by-pixel basis
at each excitation frequency, one obtains spatial maps of amplitude
and phase. These maps reveal the mode profiles [6], i.e., how the
oscillations are distributed across the sample at a given frequency. It
is also possible to integrate the power density over the entire sample
in order to obtain a single spectral value per frequency [7]. This pro-
cedure yields resonance spectra that can be directly compared with
experimental measurements such as FMR [8] or BLS [9]. Furthermore,
if the data are spatiotermporal Fourier-transformed [10], one can also
extract dispersion relations ω(k).

Since in this thesis work different systems are investigated, we refer
the reader to Chapters 4, 5, 6 and 7 for detailed information on each
numerical investigation. Here, the general aspects related to micro-
magnetic simulations are discussed, which serve as a background for
subsequent considerations.
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The numerical micromagnetic simulations carried out in this thesis
work were performed on high-performance computing (HPC) facilities
provided by the University of Ferrara, the Consorzio Interuniversitario
del Nord-Est per il Calcolo Automatico, also known as CINECA (at
the Bologna technopole) and the University of Colorado | Colorado
Springs. See Sec. 3.3 for further information.

3.2.1 Energy minimization procedure

As anticipated in 3.2, in order to obtain the ground state of a system,
MuMax3 seeks the configuration of minimum energy. This is achieved
by suppressing the precessional dynamics in Eq. (1.34) through the
choice of a damping parameter equal (or close) to unity, thereby forc-
ing the magnetization to relax directly along the gradient of decreasing
energy until convergence at the numerical noise floor. Near equilib-
rium, the torque magnitude decays monotonically and, since torque
provides a less noisy indicator than the energy itself, the minimization
routine uses it as the primary convergence criterion. It is worth briefly
discussing the possible convergence of the minimization procedure
to a saddle point or a flat region of the energy landscape. This is
particularly relevant in hysteresis simulations where the minimize()

command is employed to relax the system into a local minimum, es-
pecially if the applied field is aligned with a high-symmetry axis of
the geometry. A common strategy to mitigate this issue is to tilt the
applied field slightly away from the symmetry axis. In some cases, the
algorithm may produce an unphysical antiferromagnetic arrangement,
with neighboring cells aligned antiparallel. Although this configura-
tion reduces the overall energy due to vanishing net magnetization, it
is clearly spurious in simulations of purely ferromagnetic materials
without interlayer antiferromagnetic coupling (e.g. RKKY interactions).
Re-running the simulation typically restores a physically consistent
ferromagnetic state. Other instances of convergence to spurious local
minima or saddle points may be less apparent. These can manifest
during angular-dependent hysteresis loops, where the magnetization
reversal occurs unexpectedly earlier or later compared to adjacent
angles. Such discrepancies often originate from stochastic numerical
fluctuations in the energy evaluation. In these situations, repeating
the simulation multiple times remains the most reliable method to
ensure robust results.

3.2.2 Excitation

In our investigation, after the assegnation of geometry and material
parameters, the sample is relaxed to a ground state or static magneti-
zation at a specific field or after some applied field protocol in order
to simulate FMR. Very often, a varying external field is applied to the
system as a temporal sinc pulse in order to excite a broadband range
of frequencies. In general, we have:

b(t) = b0
sin 2π fcuto f f (t − t0)

2π fcuto f f (t − t0)
, (3.1)

where each term has a specific physical meaning:
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• b(t): it is the instantaneous value (T) of the external magnetic
field applied to the system. In MuMax3, it typically enters
through the time-dependent vector Bext, for example as Bext =

Vector(0, 0, b(t)) if the field is applied along the z axis.

• b0: this parameter sets the amplitude of the excitation. At t = t0,
the sinc function satisfies limx→0 sin(x)/x = 1, so that b(t0) = b0.
Therefore b0 determines the peak strength of the applied field.
For linear-response FMR measurements one usually keeps b0 in
the mT range (or smaller) in order to avoid nonlinear effects.

• sin(2π fcutoff(t − t0)): the sinusoidal numerator provides the os-
cillatory structure of the sinc pulse. Unlike a monochromatic
drive, the sinc function contains multiple oscillations whose
envelope decays as 1/|t − t0|.

• fcutoff: the cutoff frequency defines the effective bandwidth of
the excitation. In the Fourier domain, the transform of the sinc
pulse is (up to scaling factors) a rectangular function,

F{b(t)}( f ) ∝ b0 rect
(︃

f
2 fcutoff

)︃
,

which is flat for | f | < fcutoff and zero beyond.

• 2π: this factor converts the frequency fcutoff into an angular
frequency ω = 2π f , ensuring that the argument of the sine
function is dimensionless.

• (t − t0): this temporal shift centers the main lobe of the pulse at
t0. In practice, choosing t0 slightly greater than zero ensures that
the dominant peak of the excitation occurs after the solver has
initialized, thus avoiding artifacts associated with the simulation
start.

• 2π fcutoff(t − t0): the denominator normalizes the argument and
produces the characteristic 1/(t − t0) decay of the side lobes. It
guarantees that the function is finite at t = t0 (where the value
is set by the limiting process) and that the total spectral energy
of the excitation remains bounded.

It can be noted that Eq. (3.1) vanishes whenever t = t0 ± n/ fcutoff with
n ∈ N, marking the boundaries between side lobes in the time domain.
In the frequency domain, these correspond exactly to the sharp edges
of the rectangular spectrum. From a physical perspective, the sinc
pulse represents an ideally broadband, band-limited excitation: it is
temporally localized around t0 while efficiently exciting all modes up
to the chosen cutoff frequency. This makes it particularly powerful for
micromagnetic simulations: instead of running multiple simulations
with single-frequency sinusoidal drives, one can apply a single sinc
pulse and subsequently Fourier transform the system response to
extract the resonance modes. In MuMax3 this approach is widely used
to compute FMR spectra, spin-wave dispersion relations, or to probe
localized eigenmodes of nontrivial textures such as skyrmions and
domain walls.
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3.2.3 Sampling, Nyquist constraint and the choice of dt and ttot

In micromagnetic simulations, as well as in time-domain micromag-
netic spectroscopy, the magnetization signal is recorded as a discrete
time series in order to estimate its frequency content via Fourier trans-
form. Let s(t) denote a scalar observable extracted from the simulation
(for instance, the spatial average ⟨mx(t)⟩). MuMax3 produces samples
of the type:

s[n] ≡ s(n dt), n = 0, 1, . . . , N − 1,

at regular intervals dt for a total observation time ttot = N dt. The
sampling frequency is fs = 1/dt and the associated Nyquist frequency
is fNyq = fs

2 = 1
2 dt . According to the sampling theorem, first in-

troduced by Nyquist and later rigorously formalized by Shannon
[11], if the continuous-time spectrum S( f ) of s(t) is strictly limited
to | f | ≤ fmax, then perfect reconstruction from samples is possible
provided fs > 2 fmax, i.e. fNyq > fmax. Since, as already explained in
Sec. 3.2.2, in the broadband excitation protocol described in Eq. (3.1)
the ideal drive has a rectangular spectrum which is flat for | f | < fcutoff
and zero beyond, it is convenient to choose the sampling interval dt so
that the Nyquist frequency equals or exceeds the excitation bandwidth,
namely:

fNyq ≡ 1
2 dt

≳ fcutoff. → dt ≲
1

2 fcutoff
.

In this way, at the level of the recorded time series, no spectral content
intentionally injected by the source will alias back into the baseband.
Instead, any content above the Nyquist frequency fNyq = 1/(2dt) will
fold back as aliasing. Since a sinc excitation ideally limits the drive
to fcutoff, one must enforce fNyq ≳ fcutoff. In practice, truncation of the
sinc in time and weak nonlinear responses introduce small spectral
weight beyond fcutoff. It is therefore preferable to adopt a guard factor
β > 1 so that:

dt ≲
1

2β fcutoff
, fNyq = β fcutoff,

thereby reducing aliasing at negligible computational cost.
It is important to distinguish between the internal integration step

dtint, controlled by MaxDt, and the output sampling step dt set by
TableAutoSave. The Nyquist criterion applies to the latter, while the
former must remain much smaller than the fastest torque timescale
∼ 1/(γµ0Hmax) to guarantee accurate trajectories. In practice, the in-
tegration of the Landau-Lifshitz-Gilbert equation (1.29) is carried out
by the Dormand-Prince solver [12], an explicit Runge-Kutta method of
order 5(4) (meaning that a fifth-order accurate solution is computed to-
gether with a fourth-order estimate, the latter being used to assess the
local error and adapt the integration step). This high–order integrator
provides both a solution estimate and an embedded error estimate at
each step. While in adaptive mode the solver can vary its step size
according to the local torque amplitude, in the context of spectral
analysis one often disables adaptivity and enforces a fixed integration
step dtint. This ensures that the recorded time trace is equispaced
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without the need for interpolation, which is essential for a mathemati-
cally consistent Fourier transform. The choice of a fixed step, however,
must satisfy two conditions simultaneously: (i) dtint must be small
enough to resolve the fastest precessional motion, and (ii) dtint must
be consistent with the Nyquist requirement set by the chosen fcuto f f .
In this sense, the Dormand-Prince method in fixed-step mode repre-
sents a compromise: one sacrifices some of the efficiency of adaptive
stepping in exchange for the strict regularity of sampling required for
frequency-domain analysis, while still retaining the superior accuracy
per step of a high-order Runge-Kutta scheme.

The total observation time ttot = N dt sets the frequency bin width
∆ f = 1/ttot, which determines spectral resolution. To resolve reso-
nances of linewidth Γ, one requires ∆ f ≪ Γ; hence ttot must be several
times larger than the inverse linewidth. Windowing reduces spectral
leakage introduced by the finite observation interval, while zero-
padding merely interpolates the discrete Fourier spectrum, increasing
visual smoothness without altering the actual frequency resolution. A
concrete guideline is the following:

• choose dt from the bandwidth requirement with β ≃ 1.2–2;

• set ttot such that ∆ f is comfortably below the expected linewidth;

• verify that the integrator step dtint chosen for the Dormand–
Prince solver is at least one order of magnitude smaller than
1/(2π fcutoff), ensuring both numerical stability and spectral fi-
delity.

With this combination, the recorded magnetization time series pro-
vides an alias-free, well-resolved basis for Fourier analysis of FMR
spectra and spin-wave modes.

Let us conclude this section with an illustrative numerical example:
suppose the excitation bandwidth is fcutoff = 20 GHz. The borderline
choice dt = 1/(2 fcutoff) = 25 ps yields fNyq = 20 GHz and only two
samples per oscillation at the band edge, which is fragile against
leakage. A safer choice with β = 1.5 sets dt = 1/(2β fcutoff) ≈ 16.7 ps
and fNyq = 30 GHz. If the expected resonance linewidth is Γ ≈
50 MHz, does it make sense to take, e.g., ttot ≥ 0.1 ms? No, that
would be excessive. Since ∆ f = 1/ttot, it is reasonable to choose
ttot = 50 ns to achieve ∆ f = 20 MHz, comfortably smaller than Γ and
compatible with typical GPU runtimes. This produces N = ttot/dt ≈
3,000 samples, sufficient to obtain a smooth, reliable spectrum when
combined with the fixed-step Dormand-Prince integration scheme.

3.2.4 Cell size

The spatial discretization of the magnetization field on a regular mesh
is a crucial aspect of micromagnetic simulations since all effective
fields are ultimately evaluated on cell averages. In particular, phenom-
ena dominated by exchange interactions impose strict requirements
on the cell size. The relevant length scale is the exchange length
λex, already introduced in Chapter 1 and defined as λex =

√︂
2Aex
µ0 M2

s
.

It sets the natural length over which magnetization textures vary
smoothly. In order for the numerical discretization to provide an
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accurate representation of the continuum theory, the linear cell size
∆r must remain smaller than the characteristic exchange length λex:
in fact, if ∆r > λex, the discretized exchange field may fail to connect
smoothly across adjacent cells, producing artificial discontinuities or
suppressing short-wavelength modes. Hence, the conservative crite-
rion is: ∆x, ∆y, ∆z ≲ λex, so that the mesh can resolve the intrinsic
exchange-driven curvature of M(r) (an even stricter criterion, i.e.,
∆r ≤ 1

2 λex, is sometimes adopted when simulating strongly inhomo-
geneous structures such as domain walls and skyrmions, ensuring
that these textures span at least several cells). These considerations
apply in particular for exchange-dominated phenomena, such as short-
wavelength spin waves, vortex core dynamics, or domain-wall internal
structure. The failure to resolve λex in such cases would suppress key
modes and distort the energy balance. However, not all excitations
require the same spatial resolution. Magnetostatic spin waves and
FMR are largely governed by dipole–dipole interactions, which act
on micrometer scales. In such dipolar-dominated regimes, it is ac-
ceptable to use cell sizes somewhat larger than λex, thus alleviating
computational cost, without significant loss of accuracy, because the
critical features of the magnetization vary slowly. As can be inferred
from the definition, λex is material dependent because it involves the
exchange stiffness Aex and the saturation magnetization MS. For in-
stance, this work focuses on two widely used soft magnetic materials,
i.e., permalloy (Ni80Fe20), abbreviated as Py, and yttrium iron garnet
(Y3F5 O12), abbreviated as YIG; the corresponding exchange lenghts
are λ

Py
ex ≈ 5.7 nm and λYIG

ex ≈ 12 nm. These values imply that, for
accurate simulations, the cell size must be chosen accordingly. For
example, simulating Py nanostructures with ∆r = 10 nm would be
inadequate for exchange-dominated dynamics, while the same dis-
cretization is acceptable for YIG due to its larger exchange length, and
this is exactly what has been done in the investigation regarding the
directional coupler in Chapter 7.

Clearly, the choice of discretization cannot be separated from the
assessment of computational feasibility. The number of cells scales as
N = Nx NyNz and the cost per integration step scales approximately
as O(N log N) because the demagnetizing field is computed via Fast
Fourier Transforms (FFTs). Reducing the cell size by a factor of two
in all dimensions increases the number of cells by a factor of 23 =

8, quickly inflating memory and runtime requirements. For large
samples or long-time dynamics, it is compulsory to balance accuracy
against tractability. Before submitting large-scale jobs to HPC clusters,
it is essential to estimate runtimes and memory footprints, possibly
via smaller test runs, to ensure resources are used efficiently.

3.2.5 Periodic boundary conditions

Periodic boundary conditions (PBC) replace a finite sample by an
infinite tiling of identical simulation boxes along one, two, or three
directions, restoring translational invariance and suppressing edge
effects in those directions. In other words, they treat the magnetization
as continuous across opposite boundaries In MuMax3. This is imple-
mented by accounting for the dipolar fields generated by a finite set of
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replicated cells beyond the simulation domain. PBC are requested via
SetPBC(nx,ny,nz), where the integers (nx,ny,nz) control the number
of periodic repetitions accounted for in the demagnetostatic lattice
sum. If SetPBC(0,0,0) is set, the system is left open with no periodic
copies, which is appropriate for finite devices where edges and shape
anisotropy are essential.

The demagnetizing field is computed as the convolution of the
magnetization M(r) with a demagnetizing tensor kernel N(r). On a
uniform mesh this becomes a discrete convolution that is evaluated
efficiently in Fourier space using FFTs. In systems without PBC, i.e.,
with open boundaries, N is the free-space demagnetizing kernel of
a single, isolated computational box. Under PBC, N is replaced by a
lattice-summed kernel that accounts for the magnetostatic field created
by all periodic replicas of the simulation box. Operationally, MuMax3

precomputes the appropriate ˆ︁N(k) for the chosen periodicity and then
uses it in the usual k-space multiplication.

The integers (nx,ny,nz) specify how many periodic image boxes
are included in this lattice sum along each direction. They do not
change the physical periodicity, they only control the convergence
of the demagnetizing field toward the infinite lattice limit. Conver-
gence must always be checked by increasing (nx,ny,nz) until relevant
observables (e.g., energy density, equilibrium state, resonance frequen-
cies) stop changing within the desired tolerance. If the simulation box
is too small under PBC, artificial self-interaction between a texture
and its own periodic images can occur.

Short-range micromagnetic fields such as exchange are treated differ-
ently. With PBC, spatial derivatives are evaluated using wrap-around
finite differences: a neighbor across a periodic boundary is taken
from the corresponding cell in the replicated box. With open bound-
aries, the finite-difference stencil is truncated at the sample edge, so
derivatives do not probe beyond the physical domain. In this way free
boundary conditions are imposed. Therefore, "open" and "periodic"
boundaries are not merely numerical choices: they represent distinct
physical situations (isolated finite element vs. infinite repetition of a
unit cell).

In practice, PBC are typically used to model extended media and
bulk-like physics (e.g., an effectively infinite film, an infinitely long
strip or wire, a skyrmion crystal without edge pinning), while open
boundaries are essential to capture device edges, end charges and
nucleation at physical terminations. Some recurring situations are
presented below.

• Magnetostatics. For an isolated (open) body, surface and edge
magnetic charges generate stray fields that favor flux closure and
give rise to shape anisotropy. For instance, a long and narrow
strip with open ends tends to align M along its axis to avoid
creating magnetic poles at the two ends; its effective demagne-
tizing tensor is strongly geometry dependent. Under PBC along
the strip direction (x), those end charges are removed by con-
struction, and the system mimics an infinitely long waveguide
with translational symmetry along x. Similarly, applying PBC
in x and y emulates an extended film; in the ultrathin limit the
demagnetizing factors approach (Nx, Ny, Nz) → (0, 0, 1), i.e. in-
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plane components are weakly penalized while the out-of-plane
component is strongly opposed. In that case, edge-induced flux-
closure domains are suppressed because there are no physical
edges in-plane.

• Equilibrium states and magnetic textures. Open boundaries
allow for closure patterns at the sample edges, curling at corners,
and the chiral boundary canting imposed by interfacial DMI
through its natural boundary conditions. PBC remove these
edge-specific features: a domain wall does not terminate at a
free surface but instead repeats periodically, skyrmions do not
“feel” a literal device edge, and DMI-induced edge twists are
suppressed. As a consequence, PBC are well suited to study
bulk textures such as Bloch or Néel walls in the middle of a
track, helices, and skyrmion lattices, as well as intrinsic domain
periods unperturbed by edges. Conversely, open boundaries
are mandatory to capture nucleation at real notches or corners,
depinning at device edges, and other edge-localized phenomena.

• Spin waves and spectroscopy. With PBC along a direction of
length Lα, translational invariance enforces discrete wavevectors
kα = 2πnα/Lα with nα ∈ Z. This enables a clean extraction of
dispersion relations after performing space-time FFTs; the sys-
tem behaves as an infinite waveguide or film along that periodic
direction. In contrast, an open system supports standing-wave
modes and edge modes. Its spectrum reflects reflections at
the boundaries and the free-boundary quantization of the dy-
namic magnetization. Practically, the FMR spectrum of a PBC
film resembles the familiar Kittel-like uniform mode plus bulk
Damon-Eshbach / backward-volume branches, whereas an open
platelet exhibits additional edge-localized resonances and in-
homogeneous broadening due to nonuniform demagnetizing
fields.

• Coercivity and switching. PBC eliminate end charges and re-
move obvious nucleation sites. As a result, switching fields
computed under PBC probe intrinsic barriers such as coherent
rotation or the propagation of a domain wall along an infinitely
long track. Open boundaries generally lower the switching bar-
rier, because reversal can start at an edge via curling or wall
nucleation and then propagate inward; this better represents
patterned devices with finite length, notches, or corners. Thus,
PBC may overestimate coercivity and underestimate depinning
from lithographic defects, while purely open simulations may
underestimate the mobility of walls in truly extended media
(due to reflections from the finite ends).

To sum up, the boundary condition must mirror the experimental
geometry and the magnetic phenomenon of interest. PBC in-plane
are appropriate when modeling extended films for FMR or spin-wave
dispersion, infinite waveguides for guided magnonics, or periodic
textures such as helices and skyrmion lattices. Open boundaries
are essential whenever device edges, corners, and terminations play
a direct role, e.g., in switching by edge nucleation, depinning at
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notches, or edge-localized chiral twists (interfacial DMI), as well as
when modeling magnetostatic coupling to nearby structures with
non-periodic spacing.

A common practical compromise in strip/waveguide geometries
is to impose mixed boundary conditions, e.g., SetPBC(1,0,0): the
system is periodic along the nominal propagation direction (avoid-
ing artificial end reflections and enforcing a well-defined kx), but
open across the confined width, so that the lateral quantization and
demagnetizing pinning at the physical edges are retained. This repro-
duces the correct width-dependent mode profiles without introducing
spurious standing waves at the waveguide ends.

3.3 acknowledgement of computational resources

The author gratefully acknowledges the availability of advanced high-
performance computing facilities that have been essential for the
development, testing, and optimization of the numerical simulations
and algorithms discussed in this thesis work.

• In particular, the Computing On Kepler Architectures (COKA)
cluster, funded by the University of Ferrara with the support
of Istituto Nazionale di Fisica Nucleare (INFN), has provided
fundamental computational support. COKA consists of four
computing nodes, each equipped with dual 8-core Intel Xeon
processors and eight NVIDIA K80 accelerator cards, with two
GPUs per card. The nodes are tightly interconnected through
two high-bandwidth interfaces to an InfiniBand switched net-
work, enabling efficient low-latency communication. The theo-
retical peak performance of the system is on the order of 100

Tflops. The cluster is primarily devoted to supporting research
activities in computational physics, large-scale numerical simu-
lations, and the design and optimization of parallel algorithms,
and has been a critical resource for the work carried out by the
research groups of the University of Ferrara and INFN.

• Additional computational resources have been provided by the
LEONARDO supercomputer, a pre-exascale Tier-0 EuroHPC sys-
tem hosted by Cineca at the Bologna Technopole. LEONARDO
is ranked seventh among the most powerful supercomputers
worldwide according to the Top500 list. Supplied by ATOS, the
system is organized into two main partitions: the Booster Module
and the Data-centric Module. The Booster Module is based on
BullSequana XH2135 nodes, each equipped with four NVIDIA
Tensor Core GPUs and a single Intel CPU, while the Data-centric
Module is built on BullSequana X2140 three-node CPU blades,
each featuring two Intel Sapphire Rapids CPUs with 56 cores per
processor. The overall architecture employs NVIDIA Mellanox
HDR 200 Gb/s InfiniBand connectivity, enhanced with smart
in-network computing acceleration engines. This infrastructure
ensures extremely low latency and high throughput, thereby
delivering outstanding performance and scalability for both
high-performance computing and artificial intelligence work-
loads.
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• Finally, complementary simulations have been carried out on
Prof. Ezio Iacocca’s local high-performance computing cluster
at the University of Colorado | Colorado Springs. This system
is based on a set of compute nodes each hosting an NVIDIA
RTX 3090 Ti GPU with 24 GB of GDDR6X memory, paired with
high-frequency multi-core CPUs and 128 GB of system RAM.
The nodes are interconnected via a high-speed Ethernet fabric,
ensuring efficient data transfer for medium-scale workloads.
This cluster has been particularly valuable for code debugging,
preliminary testing, and parameter sweeps, thereby serving as an
essential complement to large-scale production runs on COKA
and LEONARDO.
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4
S I N U S O I D A L M A G N E T I Z AT I O N D I S T R I B U T I O N
F O R E F F I C I E N T M A G N O N P R O PA G AT I O N

ABSTRACT

Manipulating the magnetization of a thin film at the nanoscale is
among the most effective routes to real-time control of spin-wave
propagation. Within 3D Magnonics, vertical or interfacial coupling
to patterned layers can drive the film magnetization away from uni-
formity; in general, this introduces additional spin-wave modes and
thus extra degrees of freedom for signal manipulation. In this work,
we propose a sinusoidal magnetization distribution as an original and
effective means to create a magnonic crystal and steer its magnon
dynamics. Together with a uniform bias field, we apply a sinusoidal
bias field within the film layer to emulate vertical/interfacial interac-
tions with adjacent layers; after relaxation, the film attains a sinusoidal
equilibrium magnetization. Using micromagnetic simulations fol-
lowed by Fourier analysis, we demonstrate control of the magnon
dynamics by tuning the amplitude and symmetry of the magnetiza-
tion undulation. We compute magnon dispersion relations and spatial
profiles, reveal the emergence of new degrees of freedom for signal
processing, and observe localized and stationary magnon modes. We
elucidate the physical mechanisms governing the onset and evolution
of the zone-boundary frequency gap. Finally, we outline a practical
implementation of a sinusoidal field (and the resulting magnetization)
when the vertical coupling is provided by the inverse magnetoelastic
interaction between ferroelectric and ferromagnetic films. Our results
introduce a new mechanism for controlling magnon propagation, no-
table for its wide range of tunable effects on magnon dynamics, with
particular relevance to engineered signal filtering, information storage
and delivery, and sensing.
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4.1 state of the art. overview

The study of spin-wave dynamics in periodically modulated ferromag-
netic systems, known as magnonic crystals, can definitely be considered
a central topic of interest in contemporary condensed matter physics
and spintronics [1, 2]. The analogy with photonic crystals, where
spatially periodic variations in refractive index lead to frequency gaps
and tailored propagation of electromagnetic waves, has inspired sev-
eral strategies to impose similar periodicity on magnonic systems
[3]. Early work in this field investigated geometric patterning of thin
films, typically through lithographic techniques, in order to realize
periodic arrays of magnetic wires, thickness-modulated strips and
antidot lattices [4]. The study of these systems revealed the existence
of magnonic band gaps, mode folding at the Brillouin zone bound-
aries as well as the possibility of tailoring spin-wave propagation by
structural design [5]. However, in this preliminary stage, there was
an intrinsic lack of reconfigurability since, once patterned, the mag-
netic microstructure was frozen and the band structure essentially
immutable.

Later, a different line of research has explored the possibility of
inducing periodicity in alternative ways: the sample geometry was
no longer changed, but instead external fields or interfacial interac-
tions were superimposed on the system [6]. In other words, in such
"field/texture-imprinted" magnonic crystals, the underlying magnetic
medium remains physically continuous and unpatterned, while the
equilibrium magnetization adopts a periodically modulated configu-
ration under the action of some external or interfacial agent. In this
regard, some examples include the use of standing magnetic fields
generated by current lines, periodic strain fields coupled through
magnetoelastic interactions and shape-induced magnetic anisotropy to
stabilize remanent states [7]. These approaches are extremely flexible
because the periodic modulation can in principle be switched, tuned,
or reoriented dynamically, thereby enabling reconfigurable magnonic
devices.

Within this general context, our recent proposal of employing a
sinusoidal magnetization distribution as the equilibrium state of a fer-
romagnetic film represents a conceptually significant step forward.
Rather than patterning the magnetic layer into a physically periodic
structure, the magnetization itself is allowed to relax into a smoothly
varying, nearly sinusoidal profile along one spatial direction. This
texture can be stabilized by applying a weak but spatially periodic bias
field, for instance arising from interfacial interactions with an adjacent
layer [8]. The crucial point is that such a sinusoidal configuration
naturally produces a periodic modulation of the internal effective field
experienced by magnons. As a result, propagating spin waves un-
dergo Bragg scattering at reciprocal lattice vectors of the modulation,
which in turn opens band gaps at the Brillouin-zone edges. In other
words, the sinusoidal state defines a magnonic crystal in which the
undulated magnetization plays the role of the periodic background.
Crucially, we identify the amplitude of the undulated magnetization
as an independent, continuously tunable parameter that functions as
a new degree of freedom for magnon manipulation. The amplitude
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control is achieved by adjusting the strength and phase of the stabi-
lizing sinusoidal field which engineer the magnonic response. This
continuous parameter space makes it possible to reshape the magnonic
band structure in a smooth and predictable manner: band gaps can
be widened or closed, mode hybridization enhanced or suppressed
and propagation directed - all within what is nominally still a uniform
ferromagnetic film. The engineered magnetization texture thus acts
as an effective potential for magnons, influencing their dispersion,
scattering channels and transmission properties.

From a theoretical standpoint, the sinusoidal state provides a par-
ticularly clean and analytically tractable background. The sinusoidal
character of the modulation also limits the complexity of inter-mode
coupling, thereby offering a controlled playground for fundamental
studies. In addition, it furnishes an ideal reference limit against which
more complex or distorted periodic textures can be compared. Once
this reference is understood, one can systematically incorporate fur-
ther features - such as interfacial Dzyaloshinskii–Moriya interaction,
non-collinear anisotropies, or weak field gradients - and directly assess
how they deform the underlying magnonic band structure.

Building on this idea, this thesis work investigates, proposes, and
validates a versatile strategy to tailor and control magnon transport in
ferromagnetic thin films by imprinting a spatially periodic, nanoscale
undulation of the equilibrium magnetization. One may view the peri-
odic bias field used to stabilize the sinusoidal state as the first prac-
tical route to create such a modulated ground state. This aspect is
addressed in this Chapter, which revisits and presents the results
reported in [9], and in Chapter 5. Then, in Chapters 6 and 7, we
extend that philosophy by exploring vertical coupling mechanisms -
in particular, multiferroic coupling - as a means to impose the same type
of sinusoidal (or more generally periodic) magnetization landscape
directly on an otherwise uniform ferromagnet. The ultimate purpose
is to conceive magnonic devices with advanced functionalities, such
as adaptive waveguides, tunable filters, and programmable spin-wave
logic elements, operating entirely through engineered magnetization
landscapes.

For completeness, we briefly summarize an alternative approach
for controlling magnon transport, in particular through frequency-gap
manipulation, that we have recently introduced, in which a magnonic
system is engineered by a nanoscale sinusoidal modulation of the ex-
change stiffness [10]. The exchange modulation opens a magnonic band
gap whose center frequency is shifted by an external magnetic field.
A uniform field displaces the gap approximately linearly, whereas a
localized offset applied to a central section realizes a reconfigurable
"magnonic heterojunction" that selectively attenuates or transmits spin
waves at a fixed carrier. Making the localized offset time dependent
turns the heterojunction into a dynamic barrier that generates spin-
wave packets and, in the nonlinear regime, a magnonic frequency
comb.
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4.2 introduction

A key challenge in contemporary research is conceiving portable, mul-
tifunctional, and environmentally friendly devices [11, 12]. While
miniaturization remains pivotal, over the past two decades it has
become evident that below a certain scale the gains are offset by
nanoscale chip overheating (due to electron scattering), which un-
dermines efficiency and portability [13]. This, in particular, helps
explain why current processor clock rates are nearly the same as
twenty years ago [12]. Moreover, mounting concerns about the carbon
footprint of everyday devices underscore the urgency of alternatives
to conventional electronics [14].

One promising route is to achieve data transfer and manipulation
via SWs, which do not entail charge motion and therefore generate
minimal waste heat [15, 16, 17]. In the GHz regime, SWs possess
nanometric wavelengths and are thus well suited to miniaturized
architectures. In practice, SW propagation can be tailored through
Bragg diffraction by designing appropriate geometries in the ferro-
magnetic medium confining the waves [18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28]. More recently, thanks to improved fabrication methods,
the study of SW physics has expanded to 3D platforms - periodic
arrangements or stacks of layers with different geometries [29, 30,
31, 32] - revealing new possibilities such as reconfigurable SW mi-
crostate fingerprinting [33, 34, 35] and interlayer dynamic coupling [36,
37, 38, 39], both especially promising for controlling magnons at the
nanoscale. The Dzyaloshinskii-Moriya interaction, which forms at
interfaces with metal layers, can likewise be regarded as a vertical
(interfacial) interaction [19, 40, 41]. This interfacial mechanism is par-
ticularly appealing because it can furnish a magnonic frequency comb
for signal multiplexing [42] and can induce non-reciprocal dispersions
and magnonic mode localization [43]. Furthermore, its dependence on
electric fields enables a strain-mediated magnetoelectric coupling be-
tween layers [44], which is promising for voltage-driven SW dynamics.
Of particular interest, in recent years several works have demonstrated
the creation of a temperature-activated magnonic crystal in the film
layer of a ferromagnet/superconductor hybrid metamaterial (e.g., an
Nb/Permalloy/Nb trilayer), owing to stray fields (vertical coupling)
generated by periodic superconducting structures upon entering the
Meissner (diamagnetic) state at temperature T < Tc ≡ 9 K. The in-
duced periodicity has been confirmed experimentally through the
observation of band gaps at the zone boundary [45, 46, 47, 48].

In summary, within a 3D magnonic structure the top layer can act
as a gate to control the periodicity, group velocity and phase of SWs.
Among the various 3D configurations, a particularly attractive class
consists of a ferromagnetic waveguide capped with a different layer
that imprints and modifies SW properties via vertical coupling [43,
49]. In this context, computing the SW dispersion in a film with a
non-uniform magnetization - arising from vertical interaction - is crucial:
depending on the group velocity at a given wavevector and on the
widths of allowed and forbidden bands, one can design devices with
enhanced functionalities.
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Our work addresses precisely this objective: we introduce a si-
nusoidal magnetization distribution as an original way to generate a
magnonic crystal, and we show how its symmetry and amplitude gov-
ern key features of magnon dynamics - such as dispersion slope and
curvature, the widths of allowed and forbidden bands, and the emer-
gence of localized and stationary modes. We consider a film with a
sinusoidal magnetization (Fig. 4.1) determined by an equally sinusoidal
bias field [50], which we view as a simulation of a vertical (or interfacial)
interaction resulting from the film being part of a 3D system with
suitable geometry.

Figure 4.1: Generic ground state with a sinusoidal magnetization and the
reference system. The angle θ ≡ ΘF/2 is the slope of the magne-
tization at x = 0, while Y0 is the spatial amplitude of the undu-
lation, namely the maximum deflection from the ideal straight
magnetization direction of an isolated film.

We present simulated dispersion relations f (k) (i.e., frequency vs.
wavevector) as a function of the sinusoidal field magnitude BS and
discuss the appearance of frequency gaps and stationary solutions as
the magnetization undulation amplitude increases. Note that, in the
sinusoidal field BS of Fig. 4.2(a), the fan angle (i.e., the angular spread
of the vector field) is fixed to ΘF = π/2. In Chapter 5, the fan angle
will be examined in detail as a controllable degree of freedom for
magnon manipulation and propagation. The corresponding relaxed
magnetization (Fig. 4.2(b)) instead exhibits a reduced fan angle, due to
the constant presence of the uniform bias field B0 in addition to BS. We
also examine magnetization distributions obtained after relaxation to
a chiral field, namely a vector field with a fan angle ΘF = 2π, covering
the full angle along a period (Fig. 4.2(c)). This modifies the symmetry
of the relaxed magnetization but not the sign of its x-component; hence
the resulting state remains sinusoidal, albeit asymmetric (Fig. 4.2(d)).
We will show that this case yields a richer dispersion diagram with
localized, stationary modes that are highly sensitive - in both number
and frequency - to variations in the sinusoidal field magnitude. The
simultaneous presence of localized and propagating modes separated
by only a few MHz, and with similar profile symmetry, is especially
attractive for signal processing in magnonics and spin-wave computing
[15, 16, 51].
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Figure 4.2: Sketches of the vector field distributions subject of the investiga-
tion (the color marks the background, the arrows are only illustra-
tive of the undulation). Panel (a): sine field which, combined with
the uniform one, results, after relaxation, in the magnetization
shown in panel (b). Panel (c): chiral field which, combined with
the uniform one, results, after relaxation, in the magnetization
shown in panel (d). In (d) the magnetization curvature is more
pronounced in the second half of the primitive cell.

A sinusoidal distribution of static magnetization in thin films was
first observed by electron microscopy in 1960 by Fuller and Hale
[52]. Many subsequent efforts sought a theoretical description of this
natural effect and proposed various physical origins - e.g., surface
roughness and magnetic anisotropy due to inverse magnetostriction
[53, 54, 55]. In our study, we not only consider shorter undulation
wavelengths (approaching the exchange-dominated limit), but we also
focus on the induced effects on spin-wave dynamics. In particular, we
make a conceptual leap: we propose deliberately creating the mag-
netization undulation with a tunable amplitude to control magnons
at the nanoscale. This is clearly a new concept that brings along new
physics.

Achieving a sinusoidal magnetization in a film has practical implica-
tions, especially in the realm of 3D Magnonics [30, 56, 57]. In stacks of
layers with different geometries or material properties, an appropriate
distribution of macrospins or ferroelectric domains could generate a
periodic, non-uniform interaction field that imprints in the film layer a
corresponding sinusoidal, non-uniform magnetization. Control of the
sinusoidal field amplitude by manipulating macrospin orientation in
the ASI layer sets the magnetization amplitude, which in turn reshapes
the magnonic band diagrams and the spin dynamics. Our results shed
light on the complexity of dynamics in 3D magnonic architectures
and directly support the engineering of signal filtering, information
storage and delivery, and sensing. The ultimate purpose of our work
is to highlight the potential of magnon dynamics emerging from the
undulation itself, providing motivation for both the practical realiza-
tion of such a magnetic configuration and its experimental/applicative
investigation.
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4.3 methodology and ground states

Micromagnetic simulations are performed using the GPU-accelerated
software MuMax3 [58]. We adopt permalloy parameters, namely
the saturation magnetization Ms = 800 kA/m, the exchange constant
Aex = 10 pJ/m and the gyromagnetic ratio γ = 185 rad GHz/T.
We consider a 5 nm-thick film with a periodic magnetization, lattice
constant (period) a = 256 nm, and primitive cell volume 256 × 256 ×
5 nm3. The geometric Brillouin zone (BZ) width is therefore ∆k =

2π/a = 0.0245 rad/nm, and in the following we will also address a
wider BZ, ∆k = 0.0490 rad/nm, due to an additional magnetization
symmetry. Since our goal is to compute dispersion curves by Fourier
analysis, we replicate the volume 200 times along the x direction so
that the supercell is 51200 × 256 × 5 nm3. The latter is discretized into
4 × 4 × 5 nm3 micromagnetic cells. Consequently, each primitive cell
contains 64 × 64 × 1 cells. With the above parameters, the exchange
length below which spins align spontaneously is λex = 4.99 nm, which
justifies our choice of a 4 nm elemental cell. We employ quasi-periodic
boundary conditions [59], namely 800 copies of the primitive cell along
the x and y coordinates to mimic an extended, realistic thin film.

In our study, we account for both in-plane and out-of-plane undu-
lations, as well as dispersions with k parallel and perpendicular to
the average magnetization (assumed along the x-axis), corresponding
to backward-volume (BV or BA) and Damon-Eshbach (DE) surface
spin waves, respectively [60]. With reference to Fig. 4.1, to quantify
the undulation amplitude Y0 we consider the relative amplitude of the
magnetization components A = m0

y/m0
x taken at x = 0. Hence Y0 can

be viewed as the spatial deflection from the uniform case (A = 0).
Using the metric relation:

y(x) = Y0 sin
(︃

2π

a
x
)︃

, (4.1)

and the slope θ = arctan(A), which is half the fan angle (ΘF = 2θ),
we obtain

Y0 =
A a
2π

.

Although in what follows we will refer only to A, it is useful for prac-
tical applications to correlate the ratio of magnetization components
with the actual spatial deflection along y (i.e., Y0). For example, in our
geometry A = 0.5 implies Y0 ≈ 20.4 nm. This information is valuable
not only during fabrication, to design the geometry and cover the
desired amplitudes (e.g., if stripes, and not just films, are involved),
but also during characterization, when magnetic-force microscopy or
space-resolved Kerr magnetometry are used to analyze real samples.

The plan of the investigation is as follows. First, we isolate the effects
on SW dynamics arising solely from a sinusoidal periodicity of the film
magnetization (Fig. 4.1) with a period equal to the primitive cell length.
We consider different amplitudes (A = m0

y/m0
x = 0, 0.1, 0.2, 0.3 . . .).

Such states, however, are not at equilibrium, particularly when a
uniform bias field B0 = 0.1 T is applied. Therefore, we perform
conservative simulations (eliminating damping), which is unrealistic
but artificially preserves the undulated magnetization in a (fictitious)
stable state. This allows comparison with the dynamics of a uniformly
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magnetized film. We remark that, by keeping zero damping, our
simulations indirectly assume the existence of a "physical cause" for
such a non-uniform distribution, which we take, at this stage, to have
no (or too little) influence on the spin-wave modes. For instance, an
interaction (say, inverse magnetostriction) could be strong enough to
create a slight magnetization undulation and thus induce periodicity,
yet not strong enough to lift the degeneracy of stationary modes
forming at the zone boundary beyond measurement resolution. As we
will see, this step is necessary to understand that magnonic frequency
gaps originate from the interaction of SW modes with the "physical
cause" of the magnetization curvature.

In a second and more realistic approach, we generate the sinusoidal
magnetization by relaxing an initially uniform state under a sinu-
soidal bias field BS(x, y) (Fig. 4.2, panel (a)), added to the uniform
field B0 = 0.1 T. This method is particularly interesting because the
sine-field keeps the undulated magnetization at equilibrium in the
presence of non-vanishing damping. Moreover, the sine-field realisti-
cally mimics a possible vertical (or interfacial) interaction with another
layer which, due to its geometry or material, can be responsible for
such a non-uniform distribution. Here, we expect to observe the
effects of the dynamic interaction with the physical cause of the non-
uniform magnetization. After relaxation, the magnetization reaches a
sinusoidal equilibrium distribution (Fig. 4.2, panel (b)). We will refer
to this case as a magnetization undulation polarized in the xy-plane.
Note that BS can be seen as a non-chiral vector field, in the sense that
the rotation of the field vector is incomplete (i.e., smaller than 2π, Fig.
4.2(a)) [61]. Based on this observation, we consider in a third step
a chiral vector field BC, namely a field whose flux completes a 2π

rotation along the x-axis (Fig. 4.2, panel (c)). The resulting relaxed
magnetization (Fig. 4.2, panel (d)) remains sinusoidal (i.e., not chiral);
however, the left–right symmetry of the primitive cell is broken, since
magnetization and BC point locally either in the same (panels (c-d),
left half) or opposite (panels (c-d), right half) directions. Hence, the
magnetization undulation in the two halves of the primitive cell is no
longer equivalent. Finally, we investigate the effects of an undulation
polarized in the xz plane (i.e., an out-of-plane undulation).

We observe that even when applying a chiral vector field, the result-
ing magnetization is not chiral (see, for example, Fig. 4.2(d)), nor is
any of the involved interaction; careful inspection of the dispersion
relations across k = 0 shows that the results are reciprocal, regardless
of the undulation polarization or wavevector direction [62].

To calculate, by Fourier analysis, the dispersion curves and SW
space profiles [63], we apply a sinc microwave field for a total time
of 100 ns, defining the frequency resolution δ f = 0.01 GHz. We
record time-resolved spatial maps at intervals δt = 25 ps, giving the
Nyquist-limited frequency fmax = 1/(2δt) = 20 GHz. The simulations
are performed on a supercell of 200 replicas of the primitive cell,
defining the wavevector resolution δk = 2π

200 a = 0.123 × 107 rad/m ≡
0.0123 rad/nm. The plots we show are limited to slightly more than
a BZ, sufficient to identify, through their dispersion curves, either
propagating or stationary modes.
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For the spatial dependence, we adopt a wavevector kx = 0.0490 rad/nm,
i.e., twice the BZ. For the temporal dependence, we use:

b(t) =
b0 sin

(︁
2π fcuto f f (t − t0)

)︁
2π fcuto f f (t − t0)

, (4.2)

with b0 = 1 mT, cutoff frequency fcuto f f = 40 GHz, and delay time
t0 = 50 ns. Eq. (4.2) is precisely the type of excitation discussed in
Chapter 3, Sec. 3.2.2. Once the time-resolved 2D magnetization maps
are recorded, we apply the Fast Fourier Transform (FFT) to obtain the
SW dispersion relations [64]. We also determine SW spatial profiles by
performing simulations on a single primitive cell (rather than a 200-
cell supercell), retaining the previous periodic boundary conditions
to mimic a realistic film. This technique limits the results to k = 0;
hence, we obtain the profiles as the real part of the FFT coefficients of
each micromagnetic cell in the primitive cell. Such profiles must be
understood within the Bloch picture, whereby the spin wavefunction
(i.e., the magnetization fluctuation) in periodic magnetic systems is
expressed as [65]:

δmk(r) = δm̃k(r)eik·r, (4.3)

where δm̃k(r) is the SW cell function (which extends over the primitive
cell and has the periodicity of the system), k is the wavevector and r
is the position across the lattice. Hence, the profiles we show are the
real part of the z-component of the SW cell function (always relevant
to experiments) [66, 67, 68, 69].

4.4 results and discussion

We now present micromagnetic simulation results that track how the
BV and DE dispersions evolve as the film magnetization changes
from a uniform to an undulated state. Recall that the undulation
is aligned with the applied field (magnetic moments in a head-to-
tail arrangement), namely along the x-axis. After identifying the
physical mechanism responsible for opening frequency gaps at the
zone boundary, we examine the spin-wave dynamics of undulated
magnetization distributions generated by either a sine or a chiral bias
field. In all simulations, we include an additional uniform field fixed
at 0.1 T. Because the magnetization undulation propagates along a
fixed direction (x-axis, Fig. 4.1), we expect a band structure only along
this axis, i.e., for the BV configuration (k ∥ M), while no periodicity
is expected along the other in-plane direction (y-axis, corresponding
to the DE configuration with k ⊥ M). Nevertheless, we will show
that the mere presence of periodicity in one direction influences the
dynamics in the orthogonal direction, introducing new solutions.
For completeness, we note that the alternative case, with magnetic
moments perpendicular to the undulation direction and therefore
parallel to each other in any in-plane direction, would correspond to a
uniformly magnetized film.
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4.4.1 Spin wave dispersions under an in-plane sinusoidal magnetization
distribution: "non-interacting" case

Following the plan of the investigation outlined in Sec. 4.3, we pre-
pared an in-plane sine magnetization with period a, with undulation
at different relative amplitudes A, and subject to a uniform bias field
B0. However, no relaxation was allowed, nor was any external periodic
field introduced; we may refer to this as the "non-interacting" case. As
previously mentioned, in the simulation we set this distribution as
an artificial equilibrium point (ground state) by fixing the damping
parameter to zero (αG = 0). The application of an excitation to this
artificial ground state produces small fluctuations around it, arising
solely from spin waves.

In Fig. 4.3 we show the dispersion relations for the cases (a) A = 0,
(b) A = 0.2 and (c) A = 0.5. We recall that the direction of the
magnetization undulation is parallel to the direction of the wavevector,
so the dispersions correspond to the BV mode [60, 70]. In thicker films
at low k, this volume mode is usually characterized by a negative slope
in its dispersion relation, resulting in a negative group velocity. In
our case, due to the very small thickness (5 nm), exchange interaction
dominates and only a positive slope is observed at low k.

Figure 4.3: Magnonic dispersion relations for BA waves in the non-interacting
case of a film with in-plane sinusoidal magnetization prepared
at different relative amplitude A = m0

y/m0
x: (a) A = 0, i.e., the

reference, uniformly magnetized film; (b) A = 0.2; (c) A = 0.5.
Note in (b) and (c) the occurrence of the mirroring to the first BZ
due to periodicity, and the remarkable absence of any frequency
gap at the BZB, i.e., k = 0.0245 rad/nm, as demonstrated in the
inset by the crossing of the curves (in the inset the image is mag-
nified and saturated). The color-bar is in arbitrary units, chosen
to highlight the tiny lines mirroring in the reduced BZ to prove
periodicity. Panels on the right: cell function profiles (real part of
the z-component of the dynamic magnetization) of (d) the funda-
mental (F) mode, (e) the 1-BV mode, crossing the F mode curve
at the BZB, and (f) the 2-BV mode. The magnetization undulation
underlying these mode profiles qualitatively corresponds to the
one shown in Fig. 4.2(b).

Despite being unrealistic due to the vanishing damping, the re-
sulting SW dispersion relations reveal two interesting features. First,
the Brillouin zone boundary (BZB) occurs at kBZB = 0.0245 rad/nm,
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twice the expected value of 0.01225 rad/nm. This implies that the
actual lattice constant d is half of the geometric one a, and thus that
the SW dynamics is invariant under a mirror operation σh in the mag-
netization (across the horizontal axis, namely a change of sign of
the my component) [71]. As a consequence, the BZB wavevector is
kBZB = π/d ≡ 2π/a = 0.0245 rad/nm. Second, no gap emerges at
the zone boundary, independent of the relative amplitude A. This is
illustrated in the inset of Fig. 4.3(c), where the dispersion of the funda-
mental mode F is crossed by its reflection, 1-BV, with opposite group
velocity. Because the bias field is uniform, the modes responsible for
the dispersion curves at the BZB are invariant under translations of
half a period (d/2) [70]. The cell function (k = 0) of these SW modes
is shown in Fig. 4.3. In panel (d) we display the fundamental mode
(F), occurring at 9.81 GHz; in panel (e) the backward mode with one
nodal line in the cell function (1-BV), at 12.2 GHz; and in panel (f) the
2-BV mode, almost degenerate in frequency with 1-BV. According to
Eq. (2), at the BZB the F and 1-BV modes are indistinguishable and
therefore degenerate in frequency, since the medium is continuous
and homogeneous and only a uniform field is applied. Of course, in
the case of dot or antidot lattices, or even multi-material systems [72],
the two modes cannot remain degenerate and a gap opens. In fact, in
Sec. 4.4.2 we will illustrate in detail how the band gap arises as a con-
sequence of translational symmetry breaking, achieved by introducing a
sinusoidal bias field with period a ("interacting case"). We emphasize
here that periodicity is a necessary, but not sufficient, condition for the
opening of a gap [73]. It is also worth noting that the crossing of the F
and 1-BA dispersions at the BZB is linear, reminiscent of the behavior
of topological Dirac magnons with gapless metallic character [74, 75,
76], which will be the focus of Chapter 6.

4.4.2 "Interacting" case: Relaxation to in-plane periodic bias fields

As mentioned in the investigation plan (Sec. 4.3), a more realistic way
to obtain a sinusoidal magnetization is to relax an initially uniform
magnetization under the action of a periodic bias field BP, in addition
to the uniform field B0 = 0.1 T, with BP/B0 ≤ 1. We apply first
a sine oscillation (BP ≡ BS) and then a chiral oscillation (BP ≡ BC)
(Fig. 4.2(a, c)). It is worth recalling that the fan angle is partial in the
former, ΘF = π/2, while it is complete in the latter, ΘF = 2π. In both
cases, we consider an in-plane field oscillation, namely BP = BP(x, y),
which affects the resulting magnetization distribution and can be
interpreted as a simulation of the vertical interaction with another
layer in the context of 3D Magnonics. The application of BP with a
given magnitude and symmetry determines the relative amplitude
of the equilibrium magnetization distribution and, hence, the fan
angle of M(x, y). Since BP is a bounded function, the total vector sum
Btot = BP + B0 has a fan angle that is always smaller than that of
BP alone. For this reason, the apparent amplitude of the resulting
magnetization oscillation (Fig. 4.2(b, d)) appears less pronounced
compared with the corresponding sine or chiral fields (Fig. 4.2(a, c)).

In this case, we compute a relaxed equilibrium magnetization before
applying the excitation. Thus, a non-vanishing damping parameter
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αG had to be used. However, in order to both reach equilibrium and
obtain well-defined dispersion curves within reasonable times, we use
only 1% of the real damping (i.e., αG = 0.0001), allowing long-lasting
precession and consequently larger Fourier coefficients. We emphasize
that in the linear (low-power) regime, the damping parameter does
not influence the relation between frequency and wavevector; it only
attenuates and possibly broadens the intensity of the corresponding
curve at high k [72, 77, 78].

4.4.3 Sine field

First we investigate the effects on the SWs of a periodic sinusoidal field,
BP ≡ BS. As shown previously, after relaxation the magnetization
varies along the x-direction as a sine function with amplitude Y0 ∝ A.
The relative amplitude A of the magnetization undulation as a function
of the magnitude of BS is plotted in Fig. 4.4, so that it is possible to
establish a correspondence with the cases of Sec. 4.4.1, where only A
was given.

Figure 4.4: Relative amplitude A = m0
y/m0

x between the y and x components
of the magnetization at x = 0 as a function of the BS magnitude
(in tesla). The red line is a guide for the eye. For a correspondence
with Fig. 4.3, we obtain A = 0.2 for BS = 0.0227 T and A = 0.5
for BS = 0.06 T.

The resulting SW dispersion curves, as a function of the magnitude
of BS, are shown in Fig. 4.5.

In general, we observe that the frequency increases with the magni-
tude of BS, namely as the undulation amplitude of the magnetization
increases. Indeed, by increasing BS, the overall bias field (superpo-
sition of BS(x, y) and B0) also increases, thus the Zeeman potential
energy increases, making the magnetization stiffer against deflec-
tions from equilibrium; consequently, the frequency (at a given k)
rises as well. This effect is general and independent of the prop-
agation direction of the wave. Accordingly, it is also observed for
DE waves, as shown in Fig. 4.6. As in the previous case without a
sine-field, the dynamics is invariant under the change of sign of the
my component, and the primitive unit cell corresponds to half the
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Figure 4.5: Magnonic dispersion curves for BV waves (intensity in arbitrary
units) at different values of the sine field magnitude BS (polar-
ization in the xy plane). Panel (a): 0.01 T. Panel (b): 0.03 T. Panel
(c): 0.05 T. Panel (d): 0.07 T. Panel (e): 0.09 T. In (c) the inset
highlights by magnification the opening of a gap at the BZB.

geometric one, with lattice constant d = a/2. Hence, the BZB occurs
at kBZB = π/d ≡ 2π/a = 0.0245 rad/nm (Fig. 4.5).

Figure 4.6: Magnonic dispersion curves for DE waves (intensity in arbitrary
units) at different values of BS (polarization in the xy plane).
Panel (a): 0.01 T. Panel (b): 0.03 T. Panel (c): 0.05 T. Panel (d): 0.07
T. Panel (e): 0.09 T.

In contrast to the previous non-interacting case, here a frequency gap
arises at the BZB for sufficiently large BS. The two spin-wavefunctions
F and 1-BV (Fig. 4.7 (b, c)) are no longer degenerate in frequency
(energy) because of the sinusoidal bias field BS with period a. Con-
sequently, the frequency gap originates from the dynamic interaction
with the vector field BS(x, y) that drives the undulation.

The mechanism behind the origin of frequency gap is the following.
Due to Bragg diffraction, two stationary wavefunctions form at the
zone boundary: one with nodes coinciding with the nodes of the sine
field (i.e., at d = a/2), and the other with nodes coinciding with its
maxima (i.e., at d/2 ≡ a/4). This is illustrated in Fig. 4.8.

The two waves interact differently with BS: the former acquires
the lowest frequency (top of the lower band), while the latter attains
the highest frequency (bottom of the upper band), thereby producing
a visible frequency gap (inset of Fig. 4.5(c)). By contrast, in Fig. 4.3
no gap exists at the zone boundary (degeneracy). In that case, the
absence of the non-uniform sine field BS restores translational sym-
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Figure 4.7: (a) Effective field Beff profile for in-plane polarized magnetization
at BS = 0.03 T (color bar in tesla). (b-d) Real part of the out-of-
plane (z) component of the dynamic magnetization at k = 0 at
the frequencies giving non-vanishing signal in the dispersions
at BS = 0.03 T: (b) F-mode (11.13 GHz); (c) 1-BV mode (13.14
GHz); (d) 2-BV mode (13.14 GHz). Intensity in arbitrary units.
The magnetization undulation underlying these mode profiles
qualitatively corresponds to the one shown in Fig. 4.2(b).

Figure 4.8: Illustration of the origin of the frequency gap at the BZB: at the
center, the (indicative) dispersion diagram taken from panel (c)
of Fig. 4.5. On the left, the mode profiles F and 1-BV at k = 0,
referred to the actual primitive cell which is demonstrated to be
d = a/2. On the right, the two reconstructed profiles (colors in
arbitrary units) as must appear at the BZB following Eq. (4.3),
superimposed to the sine-field BS(x) (black curves) which has
a period a. at the BZB the two wavefunctions F and 1-BV differ
only for the translation of a/4 ≡ d/2 and lead to the emergence
of the frequency gap because of the different phase relationship
with BS(x).
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metry and invariance under translations of d/2, making it impossible
to distinguish between the F and 1-BA wavefunctions (Fig. 4.3(d, e)).
As the undulation amplitude increases, the deviation between the
local magnetization direction and the overall bias field BS + B0 grows,
particularly at the center and ends of the primitive cell. Consequently,
the energy difference between F and 1-BV increases, i.e., the frequency
gap widens (Fig. 4.9).

Figure 4.9: Evolution of the frequency gap as the amplitude of the sine
field (in tesla) is varied (magnetization in xy plane). Blue dot:
data. Red line: linear fit (y = 5x in the range [0, 0.03 T], then
y = const = 0.15).

More precisely, starting from BS = 0, and with increasing BS, the y
component of the magnetization progressively increases at the nodes
of BS (i.e., at x = 0, a/2, a), while remaining nearly zero at the crests
(where the derivative vanishes, x = a/4, 3a/4). In other words, the
average angle θk between the local magnetization and the propagation
direction (x) becomes increasingly larger in the first regions, where
1-BV has maxima, but remains nearly constant in the second regions,
where F has maxima. This divergence causes the corresponding fre-
quencies to separate further (as can be understood, for example, using
the Herring-Kittel formula [79] or its thin-film counterpart[80]). Thus,
as BS grows, the transverse magnetization component my follows,
driving the gap increase. This increase is found to be linear up to
BS = 0.03 T, after which it saturates. Apparently, once my reaches a
critical value, the energy difference between the two regions no longer
increases. By linear interpolation we estimate the growth rate (up to
BS = 0.03 T) as approximately 5.00 rad GHz/T.

The Bloch wave profiles underlying the dispersion of Fig. 4.5(b),
with BS = 0.03 T, are shown in Fig. 4.7: panel (a) corresponds to the
lowest-frequency curve (fundamental mode), panel (b) to the 1-BV
mode, responsible for a negative dispersion curve that terminates in
a gap at the BZB, and panel (c) to the 2-BV mode, nearly degenerate
with 1-BV at kx = 0 but displaying a positive slope. These curves are
very similar to the non-interacting case (BS = 0) shown in Fig. 4.3.

Furthermore, we assess how periodicity in one direction (x) affects
the dynamics in the perpendicular direction (y). This is a direct
consequence of Bloch’s theorem: due to periodicity, the dispersion
along kx folds into the reduced BZ, intersecting the kx = 0 axis at many
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points. Hence, while a uniform film has a single solution at kx = 0,
a periodic system has many (higher-order modes, labeled as F or
0-BV, 1-BV, 2-BV, 3-BV, etc.). Each of these new solutions corresponds
to a distinct cell function for a new Bloch wave (Eq. (4.3)) traveling
also along the y-axis, and showing a single-valued dispersion curve
analogous to magnetostatic waves in uniformly magnetized films.
Along the y-axis no periodicity exists, explaining why only single-
valued curves are found. This is also valid for the xz polarization
(Sec. 4.4.5). Thus, periodicity along x introduces additional spin-wave
degrees of freedom also along y, visible as multiple dispersion curves.

4.4.4 Chiral field

The application of a chiral field BC(x, y) (Fig. 4.2(c)) to a film with
saturated magnetization breaks the mirror symmetry observed in
the previous case, so that the physical primitive cell now coincides
with the geometric one (i.e., the lattice constant is a). The change
of sign of the Bx

C component, occurring at a/2, divides the primitive
cell into two nonequivalent regions. Since the x-component of BC
is always smaller or equal to that of B0, its sign change cannot alter
the corresponding mx component. Thus, it cannot induce a chiral
magnetization but it effectively enhances the demagnetizing field in
the second half of the primitive cell due to its antiparallel orientation.
This effect, combined with the persistent negative my component
across the turning point, allows the magnetization flux to complete its
sinusoidal profile, though with stronger curvature in the second half.
As we will see, this asymmetry transfers to the effective internal field
and, consequently, to the SW dynamics (mode profile and frequency).

In Fig. 4.10 the ratio A = m0
y/m0

x of the magnetization components,
taken at x = 0, is plotted as a function of BC for direct comparison
with the analogous Fig. 4.4. In the first half of the primitive cell, both
the average chiral field and the magnetization vectors point in the
same direction, making the comparison straightforward. Because of
the larger fan angle inherent to the chiral field, the magnetization
relative amplitude A is larger than in the sine-field case (BS).

Figure 4.10: Relative amplitude A = m0
y/m0

x between the y and x components
at x = 0 as a function of the BC magnitude (in tesla). The red
line is a guide for the eye.
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In Fig. 4.11 we show the evolution of the dispersion curves as the
chiral field magnitude BC increases. More than one BZ is included in
the figure to identify both stationary and propagating modes.

Figure 4.11: Magnonic dispersion curves for BV waves (intensity in arbitrary
units) at different values of the chiral field BC. Panel (a): 0.01
T. Panel (b): 0.03 T. Panel (c): 0.05 T. Panel (d): 0.07 T. Panel
(e): 0.09 T. Note that, due to a reduced magnetization symmetry,
when a chiral field is applied the BZB occurs at kx = 0.01225
rad/nm.

The first observation is that the BZ boundary now occurs at kBZB =

π/a ≡ 0.01225 rad/nm, consistent with the fact that the physical
primitive cell coincides with the geometric one. Similar to the BS
case, increasing BC shifts the dispersion structures toward higher
frequencies. Ultimately, BC acts as an additional bias field, just as
BS does, and its increase enhances the overall Zeeman interaction,
thereby raising the frequencies [15]. However, the frequency increase
is smaller under a chiral field than under a sine field. This is because
dipolar (demagnetizing) fields are on average stronger in the chiral
case, and these fields oppose the Zeeman interaction, limiting the
frequency rise [81, 80, 82].

Unlike the sine-field case, here we observe the emergence of flat
dispersions (stationary modes) even at low BC, with the first one
appearing around 9.5 GHz for BC = 0.01 T (Fig. 4.11(a)). Not only
does its frequency decrease as BC grows, but also the number of flat
dispersions increases with BC. These features, distinctive of the chiral
field, can be explained by examining Be f f (Fig. 4.12(a)).

Figure 4.12: (a) Beff along the x direction (color bar in tesla) when BC =
0.05 T, and (b) its behavior as a function of the chiral field
amplitude (magnetization undulation polarized in the xz plane,
BV configuration). The red line is a guide for the eye.



4 sinusoidal magnetization distribution for efficient

magnon propagation

82

In contrast with the previous case, the application of a chiral field
breaks the mirror symmetry σv [71], and on the right side of the
primitive cell Beff reaches a deep absolute minimum, acting as a
well for SWs. Thus, even at low BC, the lowest-frequency mode
localizes in this well, with its spin-wavefunction rapidly decaying
outside (Fig. 4.13(a)).

Figure 4.13: Real part of the out-of-plane (z) component of the dynamic
magnetization at kx = 0 at the frequencies giving non-vanishing
signal in the dispersions (intensity in arbitrary units). For BC =
0.05 T: (a) localized F-mode Floc, 8.23 GHz; (b): 1-BV mode,
10.34 GHz; (c): 2-BV mode, 11.58 GHz; (d) 3-BV mode, 13.17
GHz; (e) 4-BV mode, 13.17 GHz. The magnetization undulation
underlying these mode profiles qualitatively corresponds to the
one shown in Fig. 4.2(d).

The localization of the lowest-frequency mode in the minimum of
Be f f (Fig. 4.12(a)) is a well-known phenomenon [23, 83, 84, 85, 86, 87,
88]. Because of the strong localization (limited spatial extension), its
dynamic stray fields are too weak to produce a significant bandwidth,
so the mode becomes stationary (zero group velocity vg = ∂ω/∂k)
[87]. Moreover, as BC increases, Beff becomes progressively deeper
(Fig. 4.12(b)) on the right side of the primitive cell, where the mag-
netization is antiparallel to the chiral field. On the one hand, this
allows the well to host additional localized modes, yielding more
flat dispersions. On the other, it explains the progressive frequency
decrease of these localized modes with increasing BC, as seen in the
dispersions.

The dependence of this localized mode on BC is shown in Fig. 4.14:
by linear interpolation, we obtain a slope d f /dB = −35.2 GHz/T,
corresponding to an effective gyromagnetic ratio [24]:

γeff = 2π d f /dB = −221 rad GHz/T, (4.4)

significantly larger in magnitude than that of permalloy (185 rad GHz/T).
The negative sign indicates the increasing instability of the magnetiza-
tion on the right side of the primitive cell, where the chiral field and
the magnetization are antiparallel.
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Figure 4.14: Evolution of the frequency of the localized mode as the am-
plitude of the chiral field is varied (magnetization undulation
polarized in xy plane). Blue dot: data. Red line: linear fit
(y = −35.2x + 9.9)

Remarkably, the periodicity of the magnetization endows the film
with effective properties, such as γe f f , that the base material does
not possess. This is a hallmark of metamaterials, which exhibit en-
hanced properties arising from structural design [89]. The possibility
of tailoring γe f f by engineering the magnetization distribution is par-
ticularly appealing for realizing indirect measurements of magnetic
field variations in next-generation sensing devices [90, 91, 92].

We highlight the importance of having, in a single system, multiple
solutions within a few hundred MHz that display opposite dynamic
behavior (stationary vs. propagating), yet possess compatible cell-
function symmetries (Fig. 4.13(b, c)). Under such conditions, the same
antenna can excite one or the other simply by applying a small fre-
quency shift. As a result, information can be stored or transmitted on
the same physical device in real time. Our results clearly demonstrate
that applying a chiral field provides a ferromagnetic film with this
capability.

4.4.5 Out-of-plane magnetization oscillation

We apply the relaxation approach to compute the dispersions in a film
with an out-of-plane oscillation of the magnetization (i.e., polarized
in the xz-plane), extending along the x-axis. Such an undulation is
obtained after applying a sine field BS with the same polarization and
modulation, to which the magnetization relaxes. We again consider
both BV and DE waves, whose dispersions are shown in Figs. 4.15 and
4.16, respectively.

Clearly, the periodic structure is noticeable only for BV waves,
while DE waves behave as if they were propagating in a homogeneous
medium. Nevertheless, the folding of the BV dispersion to the reduced
BZ introduces new solutions even for the DE waves, in particular the
DE wave with a 1-BV cell function, visible in the dispersions as an
additional sister curve crossing the k = 0 axis at higher frequency.
In principle, any DE wave with an n-BV (n > 1) cell-function profile
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Figure 4.15: Magnonic dispersion curves for BV waves (intensity in arbitrary
units) at different values of the sine field BS polarized in the xz
plane. Panel (a): BS = 0.01 T. Panel (b): BS = 0.03 T. Panel (c):
BS = 0.05 T. Panel (d): BS = 0.07 T. Panel (e): BS = 0.09 T.

Figure 4.16: Magnonic dispersion curves for DE waves (intensity in arbitrary
units) at different values of the sine field BS polarized in xz
plane. Panel (a): BS = 0.01 T. Panel (b): BS = 0.03 T. Panel (c):
BS = 0.05 T. Panel (d): BS = 0.07 T. Panel (e): BS = 0.09 T.

generates its own dispersion, although its intensity decreases rapidly
with increasing n. We also observe that the slope of the DE dispersion
is much steeper for an out-of-plane undulation (Fig. 4.16) than for the
in-plane case (Fig. 4.6). This can be ascribed to the different orientation
of the magnon wavevector with respect to the polarization plane
of the magnetization undulation, even though k is always directed
along the y-axis. In the in-plane case, k lies within the polarization
plane of the magnetization and therefore truly corresponds to the DE
configuration. In contrast, in the out-of-plane case, k is perpendicular
to the polarization plane of the magnetization, corresponding more
appropriately to forward volume spin wave modes (FVSW), discussed in
Chapter 2, Sec. 2.9. In uniformly magnetized films, FVSW dispersions
generally exhibit a steeper slope than DE dispersions, owing to the
different roles of the demagnetizing field [93]. The mode profiles
responsible for the out-of-plane dispersion curves are displayed in
Fig. 4.17 and resemble those found in the in-plane case of Sec. 4.4.3.

The fundamental (F) mode is characterized by an in-phase ampli-
tude (no phase changes) throughout the primitive cell, with stronger
values at the nodes of the sine field BS(x), following the behavior
of Be f f (Fig. 17(a)). The F mode produces the most intense curve,
with positive slope, in both BV and DE configurations. The 1-BV and
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Figure 4.17: (a) Space profile of the x-component of Beff when BS = 0.05 T,
where the color bar units are in tesla; (b-d) Spatial profiles, in
arbitrary units, of the modes giving the dispersions of Fig. 4.15(c)
with BS = 0.05 T (magnetization undulation polarized in xz
plane, BA configuration): (b): FM (12.03 GHz); (c): 1-BV mode
forming a gap at the BZB with the FM (13.97 GHz); (d): 2-BV
mode (13.97 GHz).

2-BV modes are responsible for the folding of the dispersion into the
reduced BZ along the x direction. As noted above, the 1-BV mode
also produces the second most intense curve in the DE configuration,
where k ⊥ x̂ (Fig. 4.16).

Similar to the in-plane case, a frequency gap appears at the BZB as
BS is increased. The dependence of this gap on the applied sine field
BS(x, z) is shown in Fig. 4.18.

Interestingly, unlike the in-plane case, the curve does not saturate
but maintains its linear growth independently of BS. This behavior can
be attributed to the limited increase of the transverse magnetization
component mz in the out-of-plane case, compared with my in the
in-plane case, thereby constraining the energy difference between the
complementary regions of the primitive cell where F and 1-BV modes
have their maxima (see Sec. 4.4.3). The strong demagnetizing fields
in the thin film significantly restrict the growth of the out-of-plane
magnetization component mz for any given BS. This is confirmed by
comparing Fig. 4.4 with Fig. 4.19: at a fixed BS, the relative amplitude
in the out-of-plane case is about one order of magnitude smaller
than in the in-plane case. Thus, the critical value of the transverse
component is barely reached when this component is oriented along
the film thickness, due to strong dipolar fields, and consequently the
curve does not saturate. From linear interpolation, we determined
the average growth rate to be about 5.30 rad GHz/T, which is close to
the rate found in the in-plane case (limited to the interval [0, 0.03] T
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Figure 4.18: Evolution of the gap as the amplitude of the sine field is varied
(polarization in xz plane). Blue dot: data. Red line: linear fit
(y = 5.3x)

before saturation) and thus provides strong validation of the proposed
theory. Once again, the linear sensitivity of the gap to fine variations
of the applied BS is highly promising for sensing applications [91, 92].

Figure 4.19: Relative amplitude A = m0
z/m0

x between the z and x components
of the magnetization at x = 0 as a function of the out-of-plane
BS magnitude (in tesla). Here BS is polarized in the xz plane.
The red line is a guide for the eye.

In summary, in a system with undulated magnetization, progres-
sively increasing BS, whether in in-plane or out-of-plane geometry,
results in a general rise of both the dispersion curves and the frequency
gap at the BZ boundary. The increase of the gap is directly linked to
the enhancement of the transverse magnetization component through
its relative amplitude A. In contrast with the chiral case, however,
no evidence of localized modes was found in either the in-plane or
out-of-plane configurations.
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4.4.6 Conclusions

We devised an original method to control SW propagation along a
ferromagnetic film by manipulating the spatial undulation (both am-
plitude and symmetry) of its magnetization. First, we identified the
frequency gaps, emerging after the introduction of periodicity, as the
result of the interaction between the SW modes and the magnetic
field responsible for the non-uniform magnetization. This interaction
can be interpreted as a vertical or interfacial coupling in a multilayer
system, where the sinusoidal distribution is conveyed by an overlayer
with appropriate symmetry (e.g., macrospin chains, artificial spin ice,
Dzyaloshinskii-Moriya interaction or ferroelectric domains in multi-
ferroics). To implement this dynamic interaction, we introduced a
sinusoidal magnetic bias field BS, in addition to the uniform field B0,
leading the magnetization to relax into a sinusoidal distribution. The
amplitude of this distribution can be finely tuned by adjusting the mag-
nitude of the sinusoidal field. The interaction of the SW modes with
BS produces frequency gaps whose magnitude and frequency range
can be controlled by properly tuning BS. From a dynamic perspective,
the physical primitive cell corresponds to half of the geometric one,
since the orientation of the magnetization crests is ineffective and only
the absolute value matters. We also considered the magnetization
distribution obtained after relaxation under a chiral field. In this case,
the primitive cell divides into two inequivalent halves: one where
the magnetization and chiral field are on average parallel, and the
other almost antiparallel. In the latter, the demagnetizing interaction
is stronger, due to the greater divergence of the magnetization, which
creates a deeper effective field well where low-frequency SWs become
localized. This asymmetry is reflected in every magnon space profile.
In particular, even at small BC, an additional solution arises at low
frequencies: it is uniform but localized within the second half of the
primitive cell. Interestingly, its frequency decreases as BC increases,
but its dispersion remains flat, meaning this mode is localized and
stationary regardless of BC. Localized modes are absent in uniformly
magnetized films and do not appear under a sinusoidal field. They
arise only under a chiral field, and being simultaneous with prop-
agating modes of similar symmetry and separated by only a few
MHz, they provide an additional channel to store and sort dynamic
information. This implies that a waveguide can be switched into a
dynamic memory without altering the physical ferromagnetic system.
Moreover, we found that the effective gyromagnetic ratio of this local-
ized mode exceeds that of FMR in permalloy, which is promising for
next-generation magnetic sensor design.

In conclusion, we conceived and characterized a system where spin-
wave propagation properties can be modified on demand by tuning
the amplitude of the sinusoidal spatial distribution of magnetization.
This result is particularly relevant in 3D magnonics, where suitable
macrospin distributions, magnetic domains, or ferroelectric domain
orientations in a layer can, via vertical interaction, induce such a
sinusoidal distribution in the magnetization of the underlying ferro-
magnetic film. The ultimate goal is not only to provide insights into
the complexity of dynamics in 3D magnonic architectures but also
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to offer and characterize new degrees of freedom for signal filtering,
manipulation, information storage, and delivery. Furthermore, the
enhanced properties arising from the sinusoidal distribution (e.g., the
effective gyromagnetic ratio) make our system a strong candidate for
metamaterial-based sensing. For these reasons, we hope to stimulate
interest in this subject and encourage its practical realization through
dedicated experimental investigations.
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5
C O N T R O L L I N G M A G N O N P R O PA G AT I O N A N D
F R E Q U E N C Y G A P T H R O U G H T H E FA N A N G L E O F A
S I N U S O I D A L B I A S F I E L D

ABSTRACT

Continuing the investigation of the system discussed in the Chapter
4, we investigate, by means of micromagnetic simulations, the spin
dynamics of a ferromagnetic film to which a sinusoidal magnetic field
is applied with magnitude BS and a variable fan angle ΘF. Such a
field configuration can be realized through a meander-type geometry
or, in multiferroic bilayers, by means of the vertical coupling to a
periodically polarized ferroelectric layer, thereby generating a relaxed
sinusoidal magnetization distribution depending on BS and ΘF. We
illustrate in detail how the dispersion curves and the frequency gap at
the zone boundary vary with ΘF, highlighting the sensitivity of the
system to the modulation parameters. In particular, we demonstrate
an almost parabolic functional behavior of the frequency gap with
ΘF, which provides valuable insight into the tunability of spin-wave
spectra in engineered magnetic structures. Therefore, alongside with
BS magnitude, ΘF represents a further degree of freedom for the
control of magnon propagation.
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5.1 introduction

3D Magnonics [1] explores the manipulation and propagation of spin
waves in 3D nanostructures, enabling an advanced control of the
information transfer at the nanoscale, for applications in magnon-
spintronic devices [2] and next-generation computing technologies [3,
4, 5]. A magnetic film layer generally maintains a uniform magnetic
distribution unless it is physically corrugated [6, 7, 8, 9, 10] or coupled
with a patterned overlayer. Such a pattern might be irregular though
produced by a deterministic rules, like Fibonacci or Penrose tiling
structures [11, 12, 13, 14], or regular and periodic, like artificial spin
ice systems [15, 16, 17, 18, 19], periodic ferroelectric domain polar-
ization in multiferroics [20, 21], and even periodic superconducting
structures [22, 23, 24]. The presence of a non-uniform magnetization
in a ferromagnetic film produces confinement effects typical of pat-
terned structures, in particular numerous spin wave modes, which
provide additional degrees of freedom, with respect to the single one
of the uniform film, extremely useful for signal manipulation. In the
investigation carried out in Chapter 4, we studied the evolution of
magnonic band structures in a ferromagnetic film when a sinusoidal
field is applied with variable amplitude [25]. In the experiments, this
field can be directly applied to the system through a meander-type
geometry, through which a current flows: the geometry of the mean-
der determines the period and amplitude of the sinusoidal field [26,
27]. In the context of a multilayer geometry, the sinusoidal field can be
produced by the vertical coupling with an overlayer with a periodic
pattern (ferromagnetic, ferroelectric, superconducting and so on [20]).
Hence, the sinusoidal field we used is ultimately the simulation of
any of the above periodic mechanisms. In the same study we focused
on the effect on the magnonic band structure of an increasing mag-
nitude of such a sinusoidal field. In the present Chapter, instead, we
study the influence of its fan angle (i.e., its angular spread) at a fixed
magnitude. It is not trivial to devise a good degree of freedom to
manipulate the spin wave dynamics (group velocity, frequency gap,
effective mass etc.) without the help of any magnetic field or electric
current variations. We demonstrate that varying the fan angle (hence,
geometry) at a fixed (and possibly small) magnetic field magnitude
can produce the same results that strong field magnitude variations
would have produced, with interesting consequences in the mitigation
of the Joule effect [28]. The experimental realization of this geometric
variation might be challenging, nevertheless we will suggest a few
possibilities, keeping in mind that our very purpose is to present a
potential scenario, indicating a path for further experimental investi-
gations. We observe that our approach, based on the implementation
of a sinusoidal spin pattern, could be easily extended to the case of a
fan angle equal to 2π, namely to spin cycloid structures [29, 30]: these
special spin textures could be also obtained through appropriate fer-
roelectric domain distributions and can give origin to non-reciprocal
effects which are outside the scope of the present investigation.
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5.2 methodology

By means of the GPU-accelerated software MuMax3 [31] we perform
micromagnetic simulations . The system studied is the same as in
Chapter 4. However, for convenience, we summarize the parameter
values again below. In order to simulate an extended, realistic square
system, quasi-periodic boundary conditions [32] are applied, with
800 copies of the primitive cell along each coordinate axis. Unless
otherwise specified, in general we apply a uniform bias field B0 = 0.1
T, along the x direction, to obtain at k = 0 a frequency around 10 GHz,
but, under some circumstances that will be explained later on, we
consider different values for B0, from 0.03 to 0.15 T. Furthermore, we
add a sine-like magnetic field BS, and consider either a magnitude
(BS) or fan angle (ΘF) variation. BS varies from 0 to 0.1 T with steps
of 0.01 T, ΘF varies from 0 to π with steps of π/6. We consider a
5-nm-thick magnetic film layer made of permalloy, with the following
magnetic parameters: saturation magnetization MS = 800 kA/m,
exchange stiffness Aex = 10 pJ/m, and gyromagnetic ratio γ = 185
rad GHz/T. The primitive cell of the system (Fig. 5.1, panel (a)) is a
square with side a = 256 nm (lattice constant) and thickness 5 nm.
The system is discretized into micromagnetic cells with dimension
4 × 4 × 5 nm3. Being x the oscillation direction, we consider two
polarization planes for BS: xy (in-plane polarization) and xz (out-of-
plane polarization): after the application of BS, the film magnetization
relaxes at equilibrium to a sinusoidal distribution, the amplitude of
which depends on both BS and ΘF. As an example, in Fig. 5.3 we show
the equilibrium magnetization when ΘF = π/2 (panel (a)), and when
ΘF = π (panel (b)), and visibly in the second case the undulation
amplitude of the magnetization is larger.

In order to calculate the dispersion curves by means of Fourier
analysis, we replicate the primitive cell 200 times along the x-axis,
creating a supercell of dimensions 51200 × 256 × 5 nm3. This allows a
wavevector resolution of 0.122 · 10−3 rad/nm.

To the relaxed magnetization (a stable equilibrium configuration),
we apply a non-uniform sinc microwave field for 100 ns and save the
time resolved magnetization maps at intervals of dt = 25 ps. This
allows a frequency resolution of 0.01 GHz and a maximum frequency
of 20 GHz. On those magnetization maps, we perform a space-time
Fast Fourier Transform to get the dispersion relations. Additional
details regarding the sinc and the simulations can be found in Chapter
4, Sec. 4.3.

Furthermore, since we are interested in the comparison of the film
with a sinusoidal magnetization to an effective film with a uniform
magnetization, we focus on the equivalence between the relaxed mag-
netization under B ≡ BS + B0 and the relaxed magnetization under a
uniform field applied to the system. In particular, we aim to determine
the value B∗ of the uniform field that, applied alone to an uniformly
magnetized film, would give the same energy density of the simulated
system with a sinusoidal magnetization subject to the magnetic field
B (equivalence).

Therefore, we make use of the Kittel formula for a thin film [33]:

ω = γ
√︂

B∗(B∗ + µ0MS), (5.1)
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Figure 5.1: Panel (a): scheme of the primitive unit cell and corresponding
reference system. Panels (b) and (c): sketches of the vector field
distributions subject of the investigation (the color marks the
background, the arrows are only illustrative of the undulation).
BS with ΘF = π/2 and BS with ΘF = π, respectively. In the
second case the correspondent undulation amplitude is larger.
Panel (d): fan angles considered throughout the investigation.

where γ is the gyromagnetic ratio, B∗ is the uniform field applied
to the system, µ0 the magnetic permeability of the vacuum, and MS
the saturation magnetization. Eq. (5.1) is the particular form of the
general Kittel formula (1.45) introduced in Chapter 1.

The magnetic energy density is given by:

u = −∑
i
(Mi

xBi
x + Mi

yBi
y + Mi

zBi
z), (5.2)

where the summation index goes over all the micromagnetic cells in the
primitive cell, the magnetization components Mx, My, Mz are obtained
after the relaxation process and the magnetic field components Bx,
By, Bz represent the contributions of BS and B0. Clearly, the better
the discretization of the micromagnetic cell, the more accurate the
computed energy density: this aspect will be addressed in Sec. 5.3
and represents an important validation of the simulations. The energy
density can also be expressed in terms of the saturation magnetization
MS as follows:

u = −MsB∗. (5.3)

In this approach, B∗ reproduces in the uniform film what B does in
the sinusoidally magnetized one to provide the same energy density,
within a certain accuracy. By requiring the equivalence between the
energy densities of Eqs. (5.2) and (5.3), we obtain the fictitious field
B∗, which should enter the Kittel formula 5.1 to determine the exact
resonance frequency found by the micromagnetic simulations, for each
value of BS or ΘF.

5.3 results

The application of BS makes the film magnetization relax into a like-
wise sinusoidal distribution, with a spatial amplitude correlated to the
magnitude BS and the fan angle ΘF. Being in our case the oscillation
only along a single direction (x-axis), the induced periodicity turns
the film into a one-dimensional (1-D) magnonic crystal, as already
explained. Therefore, along that direction, magnons undergo Bragg
diffraction and their dispersion curve shows the distinctive marks:
periodic folding to the reduced Brillouin zone and frequency gaps at the
Brillouin zone boundary. In Chapter 4, we observed that in undulated
systems the actual (physical) lattice constant d governing the spin-
wave dynamics is a half of the geometric one, i.e., d = a/2. Hence,
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the actual Brillouin zone boundary occurs at k = 0.0245 rad/nm, i.e.,
twice the geometric one (0.01225 rad/nm). The underlying reason is
that the spin-wave spectrum is invariant under a horizontal mirror
operation σy on the magnetization, and that corresponds to a sign
inversion of its y component. This additional symmetry is respon-
sible for the doubling of the actual Brillouin zone boundary. The
application of a bias field that is periodic along a direction (x-axis)
influences the dynamics also in the transverse direction (y-axis), since
new modes arise as Bloch waves, additional to the film spin-wave. In
our case, since the magnetization vector flux is oriented parallel to
the x-direction, the backward volume (BV) mode dispersion shows
the typical band structure, and the folding to the reduced Brillouin
zone determines new modes at k = 0 which were not present in the
uniformly magnetized film. These modes have a cell function with a
progressively increasing number n of backward nodes, i.e., nodal lines
perpendicular to the propagation direction: n-BV. Hence, these new
modes, generated by the folding of the BV dispersion, are also the
cell function of new Bloch waves (propagating along y), and produce
their individual dispersion. In Fig. 5.2 we show the band structure
for sinusoidal magnetized films with BS = 0.03 T (ΘF = π) in the two
undulation polarizations xy (left panel) and xz (right panel). The right
half of each panel shows the band structure of BV modes (character-
ized by periodicity), while the left half shows the DE dispersions of the
first two modes, specifically the fundamental one, also named 0-BV,
and the 1-BV. In fact, the higher order modes are not perceptible in
the plots. Hence, even if periodicity is not present along this direction,
the dynamics is influenced as well.

Figure 5.2: Band structure for a sinusoidal magnetization in-plane (left panel)
and out-of-plane (right panel) polarized, when BS = 0.03 T. On
the left half of each panel the DE dispersions are plotted, while on
the right half of each panel the BV dispersions are plotted waves
for BS = 0.03 T. The dashed white line marks the zone boundary
(k = 0.0245 rad/nm), where a frequency gap opens. The color
bar on the right represents intensity in arbitrary units.
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5.3.1 Influence of fan angle

Now we investigate the role of ΘF in controlling the equilibrium mag-
netization and hence both the magnon band structure and frequency
gap. As observed in Sec. 5.1, a sinusoidal magnetization can be in-
duced in a film in many ways. Hence, in real experiments, ΘF can be
changed depending on the specific used method. For example, ΘF can
be varied by varying the polarization direction of each ferroelectric
domain, if a ferroelectric/ferromagnetic heterojunction is concerned
[34, 35], or by varying the meander-type geometry, if a current flow is
used [26] and so on.

In the next simulations, we fix BS = 0.07 T and vary ΘF. In Fig.5.3
we show the equilibrium magnetization obtained after the relaxation
to a sinusoidal field with ΘF = π/2 (panel (a)) and ΘF = π (panel
(b)). Notice that in panel (b) the undulation of the magnetization has
a larger amplitude, as a consequence of the larger fan angle of BS
(favoring my at the expense of mx).

Figure 5.3: Magnetization distribution after relaxation to sinusoidal fields
with BS = 0.1 T and ΘF = π/2 (a) or ΘF = π (b) (the sinusoidal
fields are shown in Fig. 5.1 in panels (a) and (b)). Higher fan
angles result in a larger undulation amplitude. The presence of
the additional uniform field B0 = 0.1 T justifies the mismatch
between BS and magnetization profiles.

Clearly, both ΘF and BS magnitude concur to produce similar effects
on the magnetization undulation: in particular, different combinations
of BS and ΘF can produce precisely the same magnetization undula-
tion. This is an interesting result, particularly useful when aiming to
reduce the applied field magnitude, e.g., to contain power dissipation:
playing with the fan angle only is effective to the purpose.

In Fig. 5.4 we plot the BV dispersion curves at four different values
of ΘF. A first effect is that increasing ΘF (while BS is fixed) determined
a general frequency downshift. The explanation of this behavior is
twofold: from one side, the progressively increasing magnetization
amplitude makes the angle between the total bias field BS(x, y) +
B0 and the magnetization M(x, y) larger at any given point (x, y).
This reduces the Zeeman potential energy (which depends on the
scalar product) and hence the mode frequency. From the other, the
progressive increase of the undulation amplitude makes the internal
dipolar fields larger, which follows in a general decrease of the internal
effective field and hence of the mode frequency [36].
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Figure 5.4: Magnonic band structures for BV waves (BS = 0.07 T, polarization
in the xy plane) and different ΘF. Panel (a): ΘF = π/3. Panel
(b): ΘF = π/2. Panel (c): ΘF = 5π/6. Panel (d): ΘF = π. Zone
boundary occurs at k = 0.0245 rad/nm, marked by the dashed
white line. The color bar on the right represents intensity in
arbitrary units.

The second remarkable effect is that the frequency gap at zone
boundary increases for increasing ΘF. In Chapter 4 we explained the
presence of such a gap in terms of the interaction between BS and the
magnon profiles. More precisely, the spin-wavefunctions of the funda-
mental mode (FM, also called 0-BV) and 1-BV, which at zone boundary
are indistinguishable after a translation of half a primitive cell, and
hence degenerate, are no longer invariant in frequency because of their
different phase relationship with BS oscillation. Then, the two waves
do experience BS in different ways: the former achieving the lowest
frequency (the top of the lower band), the latter the highest frequency
(the bottom of the upper band), hence producing a visible frequency
gap. Since we already established that increasing ΘF at a fixed BS
produces an increased undulation amplitude in the magnetization, the
effect is equivalent of increasing BS at a fixed ΘF: hence, by increasing
ΘF the frequency difference (gap) between the two modes increases.

This is shown in Fig. 5.5, Panel (a), where the frequency gap values
(red dots) are plotted together with the calculated specific trend (blue
line). In particular, to a first approximation, the best fit turns out to
be quadratic: the system exhibits an equilibrium configuration where
the potential energy as a function of the fan angle, u(ΘF), assumes
a parabolic expression (Fig. 5.5, Panel (b), blue line). This trend shifts
to the magnon frequencies, and in turn to the gap. Considering
Eq. 5.1, a parabolic energy density is produced by a likewise parabolic
magnitude of the applied field (Fig. 5.5, Panel (b), red line), which,
substituted in the Kittel formula, determines a parabolic behavior in
frequency (Fig. 5.6).

We find that the previous considerations with respect to magnonic
band diagrams, resonance frequencies and frequency gaps apply
whenever B0 > BS. In fact, after fixing BS (in our case to 0.07 T), if we
consider a smaller value of B0 we assist at a general shift towards lower
frequencies as well as a parabolic behaviour in resonance frequencies
and in the frequency gap, as ΘF is increased, only until a critical Θcrit

F
(in this case Θcrit

F ≈ 2π/3). If ΘF > Θcrit
F , the groundstate has a signif-
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Figure 5.5: Panel (a): frequency gap as a function of ΘF for BS = 0.07 T (mag-
netization in xy plane). Red dots: micromagnetic simulations.
Blue line: best fit, which is quadratic to a first approximation.
Panel (b): potential energy density u (blue dots) with the corre-
sponding quadratic fit (blue line) and applied field B (red dots)
with the corresponding quadratic fit (red line).

icant undulation amplitude Y0 since now B0, being weaker than BS,
cannot effectively stabilize the magnetization along the x direction,
i.e., the propagation one. Strong sinusoidal modulations, being now
not suppressed anymore, lead to a series of consequences involving
the energy contributions that have been discussed in Chapter 1. First
of all, since the exchange energy increases with the divergence of the
magnetization ∇M, the cost in exchange energy rises significantly.
The demagnetizing energy is also affected, since strong undulations
generate surface and volume magnetic charges that produce large
demagnetizing fields, thereby penalizing the stability of the config-
uration. Finally, if the material possesses a preferred magnetization
direction like in the present case, any large deviation from this axis
results in an additional increase of the anisotropy energy. Accordingly,
we observe in simulations, for ΘF > Θcrit

F , a general raise in the disper-
sions and in the resonance frequencies which also imply a reduction
in the frequency gap at zone boundary and, therefore, a departure
from the quadratic functional behavior of ΘF.

In conclusion, by operating on ΘF at a fixed BS it is possible to tune
the width of the frequency gap and the frequency region where it is
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located. Hence the gap can be easily varied even if BS is kept constant
and possibly low, to minimize the waste heat.

5.3.2 Resonance frequencies

Our purpose is to compare two systems: from one side, the film with
undulated magnetization subject to both a uniform bias field B0 (now
fixed to 0.1 T) and a sinusoidal bias field BS, the results of which
were found through micromagnetic simulations. From the other, a
fictitious uniformly magnetized film, to which we apply the same
field magnitude of the previous system, i.e., the same magnitude
of B = B0 + BS (the vector summation takes into account the local
orientation of BS). We wonder under what conditions the two systems
give the same resonance frequencies at zero wavevector.

As a first step to that purpose, for each fan angle ΘF we compare the
resonance frequencies found in the simulations, i.e., for a sinusoidal
magnetization under B = B0 + BS, with the resonance frequencies of
an effective uniformly magnetized film, calculated with the Kittel for-
mula using a uniform field determined with two different approaches:
in one case we utilize the same B of the simulation forcing it to be
uniform by means of the following equation:

|B| =
∑N

i

√︂
(Bi

x)
2 + (Bi

y)
2

N
(5.4)

where the value of B is computed as the average over the entire
primitive cell. In the other case, we use an effective field, which gives
the same potential energy density u of the simulations.

This comparison is plotted in Fig. 5.6: as ΘF is increased, the
resonance frequencies decrease, for the reasons explained in Sec. 5.3.1.

Figure 5.6: Frequency calculated at k = 0 as a function of ΘF (magnetization
in xy plane) for BS = 0.07 T. Green dots: film with a sinusoidal
magnetization (simulations). Red dots: effective film with a uni-
form magnetization subject to exactly the same B used in the
simulations. Blue dots: effective film with a uniform magnetiza-
tion subject to a B∗ which gives the potential energy density of
the simulation (the line is a guide for the eye).

Furthermore, it can be noted that the frequencies of the effective
film - calculated, by means of the two methods outlined, with the
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Kittel formula - are systematically lower than those found with sim-
ulations and related to the undulated film. This is due to the forced
introduction, in the effective uniform film, of a magnetic field with an
undulated pattern which, acting with the local direction of the magne-
tization, makes the system unstable with an energy decrease. Clearly,
the mismatch between the frequencies of the effective uniform film
and those of the undulated film which become larger for increasing
ΘF is explained in terms of the progressive departure from an uniform
scenario, the only one accurately described by the Kittel formula.

In Tab. 5.1 the magnetic fields as a function of ΘF to which the
two films are subjected are shown. The fields used in simulating
an undulated magnetization and a uniformly magnetized film are
compared at the same resonance frequency.

ΘF (rad)
π /6 π /3 π /2 2π/3 5π/6 π

B | B∗ uniform (T) 0.1695 0.1681 0.1658 0.1625 0.1584 0.1534
B∗ sinusoidal (T) 0.1695 0.1683 0.1662 0.1639 0.1599 0.1555

Table 5.1: Comparison of B, determined according to Eq. 5.4 and B∗ calcu-
lated with the Kittel formula (for an effective uniform film), and B∗

calculated with micromagnetic simulations (film with sinusoidal
magnetization) for B0 = 0.1 T and BS = 0.07 T (polarization along
the xy plane).

5.3.3 Equivalence of energy densities

The second step is to compare the frequencies of the two systems after
imposing the equivalence of the energy density while either the fan
angle or the magnitude of BS is increased.

To this purpose, as explained in Section 5.2, we first calculate the
virtual uniform field B∗ which would give the same energy density
of the sinusoidal one, and insert it on the Kittel formula to obtain
the corresponding ferromagnetic resonance frequency. In Fig. 5.7 we
compare the resonance frequencies obtained with this method with
the results of the simulations on the sinusoidal magnetization.

The agreement is very good, which confirms the leading role of
the energy density in determining the ultimate magnon frequencies.
The slight mismatch at BS ≥ 0.08 T is due again to the micromagnetic
discretization resolution.

To confirm that the discrepancy is only due to the micromagnetic
discretization, we use smaller micromagnetic cells in a couple of dedi-
cated simulations. We consider a half of the previous micromagnetic
cell size, i.e., 2× 2× 5 nm3 and then a quarter, i.e., 1× 1× 5 nm3, while
the physical system is left unchanged. We find that the corresponding
frequencies get closer to the ones calculated with the Kittel formula:
as an example, for an applied BS = 0.09 T, the frequency found in
the simulations is 13.95 GHz for a 4 × 4 × 5 nm3 micromagnetic cell,
13.88 GHz for a 2 × 2 × 5 nm3 micromagnetic cell, and 13.85 GHz for
a 1 × 1 × 5 nm3 micromagnetic cell. The last value coincides with the
one derived with the Kittel formula (13.85 GHz, Fig. 5.7), showing
that a very refined discretization improves the agreement. However,
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Figure 5.7: Resonance frequencies as a function of BS after imposing the
equivalence of the energy density (magnetization undulation
in xy plane). Red dots: simulations on a film with sinusoidal
magnetization. Blue dots: uniformly magnetized film. The slight
discrepancy at high amplitudes is due to the micromagnetic grid
resolution.

the corresponding computational effort in terms of memory and time
would be almost impracticable.

The agreement of this approach (equivalence of the energy density)
and the simulations is very good also when the magnetization is in
the xz plane (see Fig. 5.8).

Figure 5.8: Resonance frequencies as a function of BS (magnetization in xz
plane). Blue dots: frequencies of the uniformly magnetized film
after imposing the equivalence of the energy density (the line
is a guide for the eye). Red dots: simulations on the sinusoidal
magnetization.

A little mismatch occurs only for BS ≥ 0.08 T, where the analytical
approach provides frequencies slightly larger than those found in
the corresponding simulations: again, this is due to computational
artifacts. In fact, since the magnetization lies in the xz plane and only
a single micromagnetic layer is present (film thickness equal to the
micromagnetic cell thickness), in this case the dipolar fields are always
antiparallel to the magnetic moments, favoring a (slight) frequency
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decrease (computational artifact). This is in contrast to the previous
case, where the magnetization lied in the xy plane: with reference to a
given magnetic moment, there were also neighboring magnetic mo-
ments almost parallel, a condition which favors a frequency increase.
In conclusion, even in the xz-plane configuration we recognize the
energy density as the ruling ultimate parameter for the spin dynamics.

5.4 conclusions

In this Chapter we investigated the behavior of a ferromagnetic film
under the influence of a sinusoidal magnetic field with variable fan
angle ΘF. We demonstrated that it is possible to control the magnon
dynamics in a ferromagnetic film by varying only the fan angle of an
applied sinusoidal field, while its magnitude is left unchanged (and
possibly very small, to limit the waste heat).

In particular, we found that, when the uniform bias field B0 is
greater than the magnitude BS of the sinusoidal one, the frequency
gap increases for increasing ΘF in an almost quadratic behavior, while
its position in frequency decreases (when B0 < BS instead, the same
considerations are valid only if ΘF < Θcrit

F ). These effects were cred-
ited to the periodic Zeeman interaction and the internal dipolar field
variations, respectively. This knowledge allows to consider magnonic
crystals to which no or very small current generated magnetic fields
are applied, and the dynamics is ruled by ΘF only. In this regard, a
practical implementation can be operating through electric fields on
the polarization direction in the ferroelectric domains if a ferroelec-
tric/ferromagnetic bilayer is considered, or changing the geometry of
a meander if a current flow is considered.
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ABSTRACT

We demonstrate that adjusting the polarization of ferroelectric do-
mains provides an effective means to control the magnon conductivity
in the ferromagnetic layer of a multiferroic magnonic system. By
tuning this parameter, the system can be driven from a metallic state -
characterized by a vanishing frequency gap and a linear frequency–
wavevector dispersion - to an insulating state, where a frequency gap
of about 1 GHz and a parabolic dispersion emerge. The ferroelectric
film is engineered as a periodic sequence of domains with alternating
polarization directions. Through inverse magnetostriction, this peri-
odic arrangement induces a spatially modulated magnetic anisotropy
in the adjacent ferromagnetic layer, giving rise to a sinusoidal mag-
netization profile. The amplitude of this modulation can be precisely
controlled by adjusting the induced anisotropy, enabling reversible
and fine-tuned manipulation of both the dispersion curvature at the
Brillouin zone boundary and the width of the frequency gap. We fur-
ther extend Dirac’s magnon framework to this configuration, revealing
intriguing consequences for magnon mobility. These results broaden
the potential applications of voltage-controlled-bandgap metamate-
rials, establish the criteria for realizing a magnonic metallic phase
in ferromagnetic films, and illustrate how a single unpatterned film
can be reversibly switched between magnonic metal and magnonic
insulator states.
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6.1 preliminary framework

A central pursuit in the field of Magnonics is to establish mechanisms
by which magnon propagation can be not only guided and filtered,
but also switched between qualitatively distinct regimes of transport.
This challenge is closely reminiscent of condensed matter physics,
where electronic systems may undergo metal-insulator transitions,
thereby radically altering their charge transport properties. Translating
this paradigm to magnons, one would seek an artificial medium in
which collective spin excitations can be continuously tuned from freely
propagating, nearly “metallic” modes, to blocked, “insulating” regimes
characterized by the opening of a frequency gap. Such a transition,
if controllable in real time and with low energy expenditure, would
represent a milestone for the implementation of magnon-based logic
and memory devices.

Our recent work has demonstrated that a ferroelectric/ferromagnetic
bilayer provides precisely such a scenario [1]. Through the inverse
magnetostrictive effect, the polarization of ferroelectric stripe domains
imprints a periodically varying uniaxial anisotropy on the adjacent ferro-
magnetic film. Upon relaxation, the magnetization of the ferromagnet
assumes a sinusoidal spatial distribution. Crucially, the amplitude of
this sinusoidal modulation is directly controlled by the ferroelectric
domain polarization, and thus by the externally applied electric field.
This vertical coupling mechanism translates electric-field inputs into
magnetization textures, establishing a pathway for voltage-controlled
and reconfigurable magnonic crystals.

6.2 introduction

The voltage (or electric field)-driven control of ferromagnetic systems is
widely viewed as a key paradigm for future low-power, highly minia-
turized devices [2, 3, 4]. Among the various strategies explored, an
especially effective one couples a ferromagnetic film to a ferroelectric
substrate hosting ferroelastic stripe domains. In such a heterostruc-
ture, applying a voltage or electric field to the substrate allows one
to tune the magnetic response of the ferromagnetic layer [5, 6, 7,
8]. The underlying mechanism combines strain transfer with inverse
magnetostriction: the periodic ferroelastic domains of the substrate
impart a spatially modulated strain to the ferromagnet, which in turn
imprints a corresponding pattern of magnetic stripe domains. The
coupling strength scales with the ferroelectric domain polarization, a
quantity that can be efficiently adjusted by an external electric field.
A prototypical realization of this mechanism is found in Fe/BaTiO3

heterostructures, which have been extensively investigated as model
systems of strain-mediated magnetoelectric coupling [9, 10, 11, 12].

Beyond this specific platform, controlling magnons at the nanoscale
via vertical interlayer coupling in multilayers has emerged as a partic-
ularly promising direction within the broader field of 3D Magnonics
[13, 14, 15, 16]. In parallel, extensive work has focused on magnonic
band structures, especially on the formation of frequency bandgaps
in magnonic metamaterials. These gaps enable functionalities such
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as spin-wave filters and magnonic mirrors, which are central to wave-
based information processing [17, 18, 19, 20].

The appearance of a magnonic bandgap indicates that spin-wave
propagation is suppressed in a certain frequency interval and along
specific crystallographic directions. When the gap becomes inde-
pendent of propagation direction, the system effectively acts as an
omnidirectional magnonic filter. In a composite, magnons traveling
along a waveguide can be entirely reflected at the interface with a
material hosting a frequency bandgap [21, 22, 23].

By analogy with electrons in solids, a magnonic metamaterial can be
classified as conducting or insulating for magnon transport depending
on whether a magnonic bandgap is absent or present along the propaga-
tion direction. Note that even a uniformly magnetized film functions
as a magnon conductor; however, without any periodic modulation, it
does not develop a true band structure. To emphasize the distinction,
an artificial crystal with a periodic modulation - either geometric or
magnetic - can be termed a "magnonic metal", in direct analogy with
electronic conductors built from atoms arranged in a crystal lattice.

In ferroelectric/ferromagnetic bilayers, the interlayer coupling is
governed entirely by inverse magnetostriction. The interaction strength
can be continuously tuned by adjusting the ferroelectric polarization
state, itself controlled by an external electric field. This makes fer-
roelectric/ferromagnetic heterostructures compelling platforms for
voltage-controlled magnonic devices [24, 25, 26].

In this work, inverse magnetostriction is modeled by imposing a pe-
riodically modulated uniaxial anisotropy, Ku, in a ferromagnetic film. The
periodic modulation is set by the orientation of the ferroelectric do-
main polarization, which induces a corresponding periodic variation
of magnetic anisotropy in the ferromagnetic layer. Our simulations
show that when Ku remains moderate (specifically below 105 J/m3)
the relaxed state in the ferromagnetic film exhibits a continuous si-
nusoidal magnetization profile, see Fig. 6.1(a). The spatial amplitude
of the undulation, denoted Y0, grows with Ku. Y0 relates to the mag-
netization components at the origin (Fig. 6.1(b)) through the relation
introduced in Chapter 4:

Y0 =
m0

y

m0
x

(︃
a

2π

)︃
. (6.1)

For instance, taking m0
y/m0

x = 1.0 and a = 256 nm yields an undula-
tion amplitude of 40.8 nm. This estimate is not merely academic; it
can guide both the structural design and the experimental readout
via magnetic force microscopy or space-resolved magneto-optic Kerr
effect. The ultimate idea is to exploit the magnetization undulation to
realize an artificial magnonic crystal. Remarkably, the system can be
reversibly toggled between a "metallic" and an "insulating" magnonic
state simply by controlling a single parameter. Physically, a multi-
ferroic bilayer is prepared with a periodic alternation of ferroelectric
domain polarizations; inverse magnetostriction then induces a sinu-
soidal magnetization texture in the ferromagnetic layer that strongly
alters magnon dynamics. The undulation amplitude Y0 can be tuned
continuously by varying Ku, which is in turn controlled by the electric
field acting on the ferroelectric polarization. Thus, the electric field
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becomes the central control knob. In contrast with artificial spin-
ice/straight-film hybrids - where spin-wave dispersions often exhibit
weakly dispersive branches and only modestly tunable gaps [15, 27,
28] - the present strategy offers a far stronger handle, producing highly
dispersive bands with sizable, adjustable bandgaps.

Even more intriguingly, we show that the system can be tuned to
close the frequency gap entirely while maintaining periodicity. In
this regime, the dispersion near the Brillouin zone (BZ) edge changes
character from parabolic to linear (and vice versa), creating the char-
acteristic "X"-shaped crossing reminiscent of graphene’s Dirac cones
at the K point. The simultaneous presence of a zero gap and linear
dispersion, typical of free carriers in electronic metals, stands in sharp
contrast with finite gaps and parabolic dispersions associated with
insulating behavior. In this sense, the system undergoes a reversible
magnonic metal-to-insulator transition.

We further interpret the simulations within the framework of Dirac
magnons [29], extending it to one-dimensional lattices and continuous
media. This analysis yields fresh insight into controlling magnon
propagation. Notably, we find that the slope of the dispersion, i.e., the
group velocity vg, can be finely adjusted via Ku and, for sufficiently
large Ku, can even be driven to zero. This unique functionality en-
ables the same physical system to act either as a magnonic waveguide
(vg ̸= 0) or as a dynamic memory (vg = 0), with the possibility of
switching on the fly during propagation. Such capabilities place the
system within the class of dynamic or reconfigurable magnonic crys-
tals [30], where periodicity and spin-wave properties are governed by
external stimuli such as magnetic fields [31, 32, 33], spin-polarized
currents [34], laser heating [35] or strain waves generated by surface
acoustic waves [36, 37]. A related concept, i.e., dynamic electro-
magnonic crystals, has been proposed in multiferroics [6, 38, 39, 40].
Those systems, however, specifically probe hybridization between spin
and electromagnetic waves (electromagnons), typically emphasizing
wavevector regions where hybridization occurs (∼ 103 rad/m) [41, 42],
about four orders of magnitude smaller than the wavevectors relevant
here (∼ 107 rad/m). Moreover, in electromagnonic systems the term
"gap" often refers to anticrossing features in the coupling region rather
than to Bragg gaps at the BZ edge [38], and the resulting gaps are
generally small (MHz) compared with the GHz-scale bandgaps found
in our simulations. Consequently, electromagnonic crystals usually
rely on large periodicities in the 10–800 µm range [6, 39], whereas our
model targets the nanometric scale (∼ 1 µm). While conceptual analo-
gies exist, electromagnonic crystals and the undulated ferromagnetic
systems explored here address fundamentally different regimes and
applications.

To our knowledge, a direct investigation of magnetization undula-
tion and its tunability (specifically, the possibility to reversibly and
continuously sweep the frequency gap from zero to several GHz in a
uniform, unpatterned system) and its correlation with the curvature
of the magnon dispersion (effective magnon mass) has not been re-
ported before, particularly in the context of voltage-controlled magnon
transport. For these reasons, the voltage-induced magnetization un-
dulation proposed here represents a meaningful step forward. We
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demonstrate controlled, reversible manipulation of the magnon dis-
persion curvature and gap magnitude - capabilities that are essential
for versatile spin-wave devices such as filters, mirrors, reconfigurable
waveguides, and magnonic memories. Overall, this approach enriches
the landscape of dynamic magnonic crystals by introducing a new,
voltage-driven degree of freedom.

Figure 6.1: Schematic of the ferroelectric/ferromagnetic bilayer, restricted
to the primitive unit cell, showing the ferroelectric domain po-
larization orientation. (b) Magnetization map (two primitive
cells shown) after relaxation for Ku = 5 × 104 J/m3. The sinu-
soidal pattern has amplitude Y0; at the origin, the angle between

magnetization vectors is θ = arctan
(︃

m0
y

m0
x

)︃
, with m0

x and m0
y the

magnetization components at the origin.

6.3 methods and results

We perform micromagnetic simulations using the GPU-accelerated
MuMax3 package [43]. The system is the one described in Chapters
4 and 5: an effectively infinite ferromagnetic film, thickness 5 nm,
represented by a square primitive cell with lattice constant a = 256 nm
and replicated 800 times in-plane (quasi-periodic boundary condi-
tions). The film is discretized into 4 × 4 × 5 nm3 cells. The magnetic
material is permalloy with saturation magnetization MS = 800 kA/m,
exchange stiffness Aex = 1.0 × 10−11 J/m, and gyromagnetic ratio
γ = 185 rad GHz/T. To accelerate relaxation, we use a fictitiously
large damping αG = 0.9; the subsequent excitation stage is simulated
with αG = 0 to allow long-lived precession and clean Fourier spectra.
The primitive cell is divided into four equal stripes, each with the
same uniaxial anisotropy magnitude Ku but with alternating easy-
axis directions ordered as +45◦, 0◦, −45◦, 0◦ (Fig. 6.1(a)). To access
∼ 10 GHz frequencies, we apply a uniform bias field B0 = 0.1 T
along x, as in Chapters 4 and 5. From an initially saturated state, the
film relaxes under the combined bias field and periodic anisotropy
into a sinusoidal magnetization equilibrium, maintained as long as
Ku ≲ 105 J/m3. Above this threshold, the magnetization no longer
follows a smooth sine profile but breaks into domains nearly aligned
with local easy axes, separated by sharp walls inside the primitive
cell. Therefore, we restrict to Ku ≤ 5 × 104 J/m3, corresponding to
an effective anisotropy field Banis ≈ 62.5 mT. It is worth noting that
in the literature the anisotropy is often expressed directly in terms
of its associated magnetic field, which is typically even smaller than
this value [44, 45]. In this context, our choice of the low-anisotropy
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regime is not only computationally convenient but also physically mo-
tivated. Indeed, in Fe/BaTiO3 heterostructures, the strong anisotropy
imprinted by ferroelastic ferroelectric stripes leads to 90◦-rotated easy
axes and the formation of magnetic domains with sharp magnetization
discontinuities. By contrast, here we intentionally operate in a weaker-
coupling regime - effectively reducing the ferroelectric/ferromagnetic
coupling (e.g., via electric-field control of the ferroelectric polariza-
tion) - so that the ferromagnet relaxes into a continuous sinusoidal
magnetization distribution suitable for magnonic band engineering.

To compute magnonic dispersions, we employ a supercell of 200
primitive cells along the undulation direction (x), providing a wavevec-
tor resolution δkx ≃ 0.012 × 107 rad/m. We excite the system with a
space–time sinc magnetic field of amplitude 1 mT, cutoff frequency
40 GHz, and maximum wavevector kx = 0.0490 rad/nm. Magne-
tization snapshots are sampled with δt = 25 ps and Fourier trans-
formed in space and time. The resulting spectra yield dispersion
relations with Nyquist frequency fN = 20 GHz and frequency resolu-
tion δ f = 0.01 GHz. In addition, spatially resolved Fourier coefficients
are used to extract mode profiles: by fixing a frequency corresponding
to a point on the dispersion, we plot the real part of the z-component
[46] of the dynamic magnetization to visualize the mode.

As discussed in Chapter 4, in periodic systems spin waves are Bloch
waves with magnetization fluctuations:

δmk(r) = δm̃k(r)eik·r, (6.2)

where m̃k(r) is a cell function with lattice periodicity, k is the wavevec-
tor, and r the position [47]. For sinusoidal magnetization and small Y0,
the dynamics is relatively straightforward and consists of Bloch waves
whose cell functions carry nodal structures. These modes are con-
ventionally classified as backward volume spin waves (m-BV), with
nodal lines perpendicular to x, or Damon–Eshbach (n-DE) modes,
with nodal lines parallel to x [48, 49, 50, 51]. Mixed (m, n) modes can
also appear. In the reduced-zone scheme, the number of nodal lines
defines the band index at a given wavevector, directly connecting mi-
crostructure to dispersion [20]. Since the magnetization flux oscillates
along x, we restrict our analysis to this direction, i.e., to backward
waves.

We compute dispersions for Ku values spanning over four decades,
from 1 × 101 to 5 × 104 J/m3, a range consistent with experimentally
reported inverse-magnetostriction-induced anisotropies [10, 52, 53,
54, 55, 11]. An important symmetry emerges: the spin dynamics
is invariant under mirror reflection of the magnetization map with
respect to the x axis (the σh operation in Ref. [56]). Consequently,
although the geometric primitive cell has side a = 256 nm, the physical
periodicity of the dynamic problem is halved (d = 128 nm). Thus,
the physical BZ boundary shifts to 2π/d ≈ 2.45 × 107 rad/m, i.e.,
twice the value associated with the geometric cell. Our numerics fully
confirm this prediction (dashed vertical lines in Fig. 6.2).

Figure 6.2 shows six representative dispersion sets illustrating the
evolution from metallic to insulating magnonic behavior as Ku in-
creases. For Ku ≲ 0.04 kJ/m3 (not shown), the magnetization remains
essentially uniform and no folding into the reduced zone appears.
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In that limit, the system is indistinguishable from a uniform film
(Ku = 0), with no periodic signature or band features. This highlights
a threshold: below Ku ≈ 0.04 kJ/m3, anisotropy is too weak to perturb
uniform magnetization against exchange and dipolar interactions. Ex-
perimentally, this implies that to observe a genuine periodic response
in permalloy (metallic or insulating in the magnonic sense), the ferro-
electric overlayer must induce anisotropy beyond this critical value;
otherwise the film behaves as uniform, lacking band structures and
the frequency-wavevector trade-offs characteristic of true magnonic
crystals.

Figure 6.2: Dispersion curves along x for (a) Ku = 1.0× 102, J/m3 (metal-like),
(b) Ku = 1 × 103, J/m3 (insulator-like), (c) Ku = 5 × 103, J/m3,
(d) Ku = 1 × 104, J/m3, (e) Ku = 2 × 104, J/m3, and (f) Ku =
3 × 104, J/m3. Insets in (a) and (b) magnify the BZ-edge region
using a different aspect ratio. The blurring in (f) is a simulation
artifact. The BZ boundary at k = 2.45 × 107, rad/m demonstrates
that the physical lattice constant is d = 128 nm, i.e., half the
geometric one a.

6.3.1 Magnon metal

Within 0.04 ≤ Ku ≤ 0.4 kJ/m3, the dispersion closely follows that
of a uniformly magnetized film, but now folds into the reduced BZ
(see Fig. 6.2(a)). In this regime, the gap is essentially negligible (<
0.01 GHz), and the curves meet at the zone boundary in an "X"-shaped
crossing with locally linear behavior. Under these conditions, magnons
effectively behave as "free" excitations: frequency and wavevector can
be tuned continuously by arbitrarily small perturbations, e.g., from a
microwave antenna. This echoes the "free electron" picture in metals,
where infinitesimal voltages set carriers in motion.

A striking aspect is that varying Ku within this metallic window
hardly alters the dispersion beyond the folding itself. In other words,
the group velocity, and thus the magnon mobility, remains quite
robust against anisotropy changes. The situation recalls graphene,
in which the physics near the Dirac point is largely insensitive to
small perturbations. It is thus natural to reinterpret the dispersion by
recentering the reference frame at the BZ edge (the Dirac point), where
the main branch intersects its folded replica. Around this crossing, the
standard effective-mass definition [47] based on a parabolic dispersion
no longer applies. A perfectly linear dispersion would imply zero
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curvature and hence an infinite mass, clearly at odds with the observed
high mobility.

To resolve this, we adopt an alternative effective mass definition
tailored to the linear regime. Let p be the magnon momentum and h̄
the reduced Planck constant. We write [57]:

m∗ =
p

vg
=

h̄κ

vg
=

h̄κ

∂ω/∂κ
, (6.3)

where κ = k − π/d, with d the physical lattice constant. At the
Dirac point (κ → 0), the effective mass vanishes (m∗ → 0), indicating
maximal mobility. This supports the interpretation of "free magnons,"
highly responsive in both frequency and wavevector. Equation (6.3)
applies to non-dispersive magnons, i.e., when vg depends linearly on
k near the BZ edge.

In a narrow neighborhood of the BZ boundary, the two branches
forming the "X" have identical slopes due to spatial inversion symme-
try of the sinusoidal magnetization along x. Although the system is
strictly one-dimensional, the analogy with graphene suggests that the
magnon dispersion near the crossing is captured by a Dirac form [29,
58, 59]:

ω±(κ) = ω(π/d)± vg|κ|, (6.4)

where ω = 2πν is the angular frequency, ϵ
h̄ ≡ 2πν(π

d ), and vg plays
the role of a Dirac velocity. The ± encodes the symmetry of the two
crossing branches. The straight line through ν(π

d ) locally approximat-
ing the dispersion at the zone edge can be written explicitly as:

ν(k) = ν0 +

(︃
d
π

)︃
[ν(π

d )− ν0], (6.5)

where d is the physical lattice constant and ν0 ≡ ν(0) is not necessarily
an actual point on the global dispersion. This straight-line form
underlies Eq. (6.4). In a linear lattice like the present one, the group
velocity relates to the hopping rate νt via:

vg = 2π
∂ν

∂k
= 2π

d
π
[ν(π

d )− ν0] = 2dνt. (6.6)

Hence the hopping frequency νt = ν(π/d)− ν0 is directly proportional
to vg. Physically, νt measures how fast magnons hop across half a
primitive cell (d/2), corresponding to a phase shift of π/2. As the
dispersion flattens, νt → 0 and propagation is quenched.

Referring to the zone boundary (Dirac point), one can view Dirac
magnons as non-dispersive wave packets. Indeed, at k = π

d (i.e., κ → 0),
for the phase velocity vp we have:

∂vp

∂κ
=

∂

∂κ

ω(κ)

κ
=

1
κ

∂ω(κ)

∂κ
− ω(κ)

κ2 =
1
κ
(vg − vp). (6.7)

This perspective emphasizes how a sinusoidal magnetization effec-
tively turns the film into a Dirac material, characterized by vg = vp

across a broad wavevector interval at the BZ edge. Under such condi-
tions, magnon wave packets become non-dispersive and travel ballisti-
cally over long distances, preserving momentum. This is appealing for
magnonics, where information is carried by spin waves. The hopping
rate νt can be treated as an information-transfer metric, with its value
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determined by the underlying interactions. Exchange dominates in
this regard: in ultrathin films (here 5 nm), exchange makes the mag-
netization stiffer and promotes coherent precession, boosting magnon
frequencies and supporting propagation. By contrast, dipolar inter-
actions favor decoherence over distance [49], while anisotropy tends
to suppress vg. Engineering the balance among these mechanisms is
crucial for desired transport properties.

To illustrate the tunability of νt, we compare analytical dipole–
exchange backward-wave dispersions [60] for three systems (Fig. 6.3)
designed to share the same BZ-edge frequency (10.32 GHz) but to
exhibit very different vg. The black curve reproduces, analytically and
without reduced-zone folding, the dispersion in Fig. 6.2(a). From a
linear fit, we obtain vg ≈ 314 m/s, ν0 = 9.095 GHz, and ν(π/d) ≡
ν(κ = 0) = 10.32 GHz, giving a hopping rate νt = 1.225 GHz. The
red curve is designed so that νt = ν(π/d) and refers to a 100 nm
thick fictitious film with MS = 900 kA/m, Aex = 14.0 × 10−11 J/m,
and B0 = 10 mT. Its linear approximation (tangent) at the BZ edge
(dashed red) gives νt ≃ 10.32 GHz, i.e., vg ≃ 2.64 km/s. The blue
curve corresponds to another fictitious material designed so that
νt ∼ ν(π/d). To keep the same edge frequency (10.32 GHz), we
use: thickness 1.5, µm, Ms = 1500 kA/m, Aex = 50 × 10−11 J/m,
γ = 150 rad GHz/T, and B0 = 10 mT. Its tangent at the BZ edge
(dashed blue) yields νt ≈ ν(π/d) ≈ ν0 = 19.6 GHz (ν0 ≃ 9.3 GHz),
corresponding to vg ≃ 5.02 km/s.

Figure 6.3: Dispersion ν(k) for three systems with different geometric and
magnetic parameters, with increasing exchange stiffness and thus
increasing hopping rate. Curves follow the analytical backward-
wave relation of Ref. [60], plotted without folding to the first BZ.
Dashed straight lines are tangents at the BZ edge (vertical dashed
line): black shows a case with ν0 > 0 and small νt; red has larger
exchange and is designed for ν0 = 0; blue has ν0 < 0 and thus
very large exchange and νt.

Extending Dirac’s magnon picture to our voltage-tunable sinu-
soidal magnetization shows how to realize a metallic magnonic state
(periodic bands with linear crossings and vanishing gap at the BZ
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edge): anisotropy is necessary, and our study identifies a threshold
Ku ≈ 0.04 kJ/m3. In this regime, magnons behave as massless packets,
with mobility tunable by magnetic and geometric design (Fig. 6.3). The
fact that magnons - like electrons in solids (and in graphene) - can be
described as localized wave packets [61] underpins extending Dirac’s
framework to our case of a linear lattice embedded in a continuum.
As wave packets, magnons carry a phase velocity (set by ω) and a
distinct group velocity (governing transport), each determined by the
underlying interactions. Consequently, a ferromagnetic film with a
suitably engineered periodic anisotropy can indeed be regarded as the
magnonic analog of a metallic material.

6.3.2 Magnon insulator

While a finite anisotropy is required to establish magnonic metallic
behavior, too large an anisotropy drives the system into a magnonic
insulator. For Ku ≳ 0.4 × 103 J/m3 (Fig. 6.2(b)–(f)), a frequency gap
opens due to symmetry breaking in the vertical (anisotropy) coupling
experienced by spin-wave modes. The lifted degeneracy goes hand
in hand with increased curvature, which evolves toward a parabolic
form. In this regime, magnons acquire an effective mass defined as
[47]:

m∗ = h̄2
(︃

∂2E
∂k2

)︃−1

= h̄
(︃

∂2ω

∂k2

)︃−1

, (6.8)

valid for dispersive magnons. As in electronic systems, magnons thus
develop an inertia, reducing their responsiveness to external driving.
Practically, if an antenna excites magnons at a given frequency, a larger
m∗ demands a larger k due to the reduced curvature. Similarly, for
fixed kinetic energy, a larger mass implies a larger k, since:

vg = h̄k/m∗. (6.9)

Finally, for a given frequency shift δν, the wave-packet spread δk must
grow with m∗. Intuitively, to "hop" across half a cell (Fig. 6.4, from (a)
to (b)), magnons require extra energy that equals the bandgap. At the
BZ edge, this requirement blocks continuous propagation, leaving only
stationary resonances. The extra cost increases with Ku (Fig. 6.2(c)–(f))
and is directly tied to the periodic anisotropy that models inverse
magnetoelastic coupling in the multiferroic bilayer.

For example, at Ku = 5 × 103 J/m3, a parabolic fit of the upper
branch near the BZ edge (Fig. 6.2(c)) gives m∗ ≈ 5.59 × 10−27 kg
(∼ 6138 electron masses). Increasing anisotropy fourfold to Ku =

2 × 104 J/m3 (Fig. 6.2(e)) raises the mass to 1.198 × 10−26 kg (∼ 13,153
electron masses). Thus, as the parabola broadens (smaller curvature),
the effective mass increases, and so does magnon inertia. In parallel,
the gap grows from about 0.380 GHz at Ku = 5 × 103 J/m3 to roughly
0.800 GHz at Ku = 2 × 104 J/m3.

The bandgap originates from the interaction of backward volume
modes (m-BV, m = 0, 1, 2, . . . ) with the periodic anisotropy. Since
we only consider propagation along x (parallel to the mean magne-
tization), the relevant waves are backward modes. At the BZ edge
(k = π/d), two consecutive modes, m-BV and (m + 1)-BV, are out of
phase by π/2 (shifted by one-quarter wavelength). Consequently, they
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Figure 6.4: Mode profiles at the BZ edge for the magnon metal case Ku =
1 × 102 J/m3: (a) F mode (0-BV) and (b) 1-BV. They become
indistinguishable upon translation by d/2, both occurring at
∼ 10.3 GHz. Four geometric BZs are shown (a = 256 nm),
corresponding to eight physical BZs along x (d = 128 nm). The
color scale indicates mode amplitude (arb. units).

couple differently to the anisotropy field (e.g., the fundamental 0-BV
has nodes at the 0◦ easy axis, while the 1-BV samples the +45◦ axis;
see Fig. 6.4). This symmetry breaking lifts their degeneracy and opens
a frequency gap. Notably, the gap forms only beyond the critical
threshold Ku ≳ 0.4 × 103 J/m3.

Our simulations show that the gap increases monotonically with
Ku and tends toward a saturation value of about 0.9 GHz (Fig. 6.5).
Although a detailed engineering study is beyond our scope, both the
slope and the saturation level can, in principle, be tailored through
material choice, adding flexibility for device design.

Figure 6.5: Frequency gap from simulations as a function of the anisotropy
coefficient Ku. The uniform error bar corresponds to 0.01 GHz
(simulation resolution). The inset shows that a nonzero gap
appears only beyond the threshold Ku = 0.4 × 103 J/m3.
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A further notable effect emerges at very large anisotropy (e.g., Ku ≈
2 × 104 J/m3): the lowest-frequency branch becomes nearly flat, while
the upper branch remains parabolic. In that case, magnons in the
lower band behave as stationary resonances, whereas those in the
upper band remain propagating, as seen in Figs. 6.2(e)-(f). This closely
resembles semiconductors, where valence-band states are localized
while conduction-band states are delocalized. The coexistence of
propagating and stationary modes in the same system (with a tunable
gap) is particularly attractive for magnonic applications in filtering
and information processingn [62, 63].

6.4 conclusions

We have demonstrated a multiferroic magnonic crystal that can be
continuously and reversibly tuned from a metallic (zero gap, linear
dispersion) to an insulating (finite gap, parabolic dispersion) state for
magnon propagation, in real time and controlled by a single external
parameter. The ultimate knob is the voltage applied to the ferroelec-
tric overlayer. Via inverse magnetoelastic coupling, the ferroelectric
domain configuration is vertically transferred to the ferromagnetic
film, which we model as a periodically varying anisotropy axis. The
result is a sinusoidal magnetization landscape functioning as a tunable
magnonic crystal.

The key transport quantities - frequency gap, group velocity, and
effective mass - can be continuously tuned by the uniform anisotropy
coefficient across a broad range (0 ≤ Ku ≤ 5 × 104 J/m3). We ex-
tended the Dirac-magnon formalism to a linear lattice in a continuous
medium, showing that in the gapless window (0.04 ≤ Ku ≤ 0.4 kJ/m3)
the system supports massless magnons with linear dispersion and
high mobility. Within this framework, we identify the hopping rate
as the central parameter governing magnonic conductivity, directly
linked to the balance of exchange, dipolar, and anisotropy interactions.

In the insulating regime (Ku ≳ 0.4 kJ/m3), the frequency gap
grows monotonically with Ku, initially approximately linearly and
then approaching saturation. Simultaneously, the parabolic curva-
ture correlates with the effective magnon mass, which increases with
anisotropy. At high Ku, the lower band flattens, yielding stationary
(non-propagating) modes, while the upper band remains dispersive.
Hence, sinusoidally magnetized films at large Ku feature both sta-
tionary and propagating magnons separated by a ∼ 1 GHz window.
This duality opens the door to selectively exciting either propagating
information carriers or dynamically stored states within the same
physical device.

These results outline a pathway to low-dissipation, miniaturized
magnonic technologies in which spin waves convey information.
In particular, voltage-controlled magnetic anisotropy and angular-
momentum transfer could enable operation with negligible or greatly
reduced electric current. As a result, such devices are not only scalable
to smaller footprints but can also achieve higher clock rates, free from
the constraints imposed by Joule heating.
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A N I S O T R O P Y- D R I V E N P O P U L AT I O N T R A N S F E R I N
M A G N O N I C D I R E C T I O N A L N A N O C O U P L E R S

ABSTRACT

In this Chapter, by means of micromagnetic simulations and analyt-
ical models, we investigate spin waves in a directional nanocoupler
made of YIG. This device, widely used in ordinary electronics and in-
tegrated circuits, is a suitable platform for magnon propagation under
metal or insulator conditions, and represents a versatile testbed for the
implementation of a sinusoidal magnetization. We are interested in
the population transfer pt between the two waveguides of this device
when only one is excited with a specific frequency. It is known that pt
can be tuned in different ways; here, we suggest an approach based
on the introduction, in the region where the conduits are close, of
a uniaxial magnetic anisotropy Ku (within a specific range) with a
periodic orientation of the easy axis. This condition, which induces the
local magnetization to relax to an undulated distribution, is technically
fulfilled with the superposition of a chain of ferroelectric domains
with periodic polarization directions. We find out how this method is
versatile since it allows an extremely accurate control of pt levels just
by varying Ku. This behavior is also properly described by our sim-
ple model which reproduces the data in the weak Ku regime [0, 1000
J/m3], regardless of the anisotropy modulation period Λ considered.
By means of the aforementioned arrangements and within this Ku

window, the directional nanocoupler can function as a large number
of devices with low dissipation properties. For higher Ku values, acces-
sible for short Λ, we assist at a substantial stabilization of pt towards
intermediate levels which is described by our phenomenological ap-
proach. In conclusion, Ku represents a new degree of freedom to easily
manipulate pt. We also provide an outlook on future investigations
regarding the directional coupler, with particular emphasis on the
realization of power transfer schemes based on the Stimulated Raman
Adiabatic Passage (STIRAP) protocol.
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7.1 introduction

The field of Magnonics investigates the use of spin waves and their
quanta, known as magnons, as carriers of information in nanoscale cir-
cuits [1], aiming to reduce energy dissipation and achieve wavelengths
well below those of electromagnetic waves at the same frequency. In
this regard, a crucial component for integrated circuits is the directional
coupler, a device originally introduced in optics [2, 3, 4] and more re-
cently exploited in microelectronics [5], plasmonics [6] and photonics
[7, 8]. Lately, the directional coupler has also been investigated in
the field of magnonics [9, 10]. In this context, a key feature under
study, since it determines the efficiency and functionality of magnonic
logic elements, is the controllable transfer of spin-wave power, i.e., the
population transfer pt, between two spatially separated channels.

Traditional directional couplers rely on two parallel waveguides
placed in close proximity over a sufficiently wide coupling region [11];
lately though there has been a focus on more complex geometries
[12] to overcome physical limitations, e.g., phase mismatch, narrow
bandwidth, while meeting practical requirements for compactness and
manufacturing tolerance. By controlling pt, the directional coupler can
be reconfigured to work as a connector of magnonic conduits, a tun-
able power divider, a frequency separator, or even a multiplexer. This
result has been achieved in different ways by the scientific commu-
nity: first of all, as studied in [9], the application of certain excitation
frequencies. Secondly, also variations in the pulse amplitude can
contribute to changes in the levels of pt [10]. In this theoretical and
numerical investigation, in which we employ a bent geometry that
brings two waveguides into proximity for coupling and then separates
them, facilitating in this way blueprint and minimal backscattering,
we suggest the introduction, in the proximity region of the waveg-
uides, of a uniaxial magnetic anisotropy Ku with a periodic orientation of
the easy axis that simulates a prearranged sequence of ferroelectric
domains with periodic polarization directions. The use of Ku has
been extensively investigated in Chapter 6. The resulting relaxed
magnetization assumes a sinusoidal distribution, whose properties
have been examined in Chapter 4, with an amplitude varying with
Ku, which is a full-fledged degree of freedom. The control of pt is
ultimately achieved through the voltage applied to the ferroelectric
layer, which in turn favors low-dissipation operation of the device.
Within this overall picture, we draw an analogy with the excitation
scheme at the atomic level, which provides an intuitive framework to
describe the energy transfer mechanism in the directional coupler. In
an atom, excitation occurs when an electron absorbs sufficient energy
from an external field, typically a RF stimulus, and transitions from a
lower to a higher energy state; the subsequent relaxation to the ground
state leads to the emission of energy, either spontaneously or through
stimulated processes [13]. In the present system, the excited and final
states correspond respectively to the first and second waveguides of
the directional coupler, where a certain amount of power is progres-
sively transferred. The parameter Ku plays a role analogous to that
of the external stimulating field in atomic physics, as it governs the
probability of energy transfer between the two waveguides, effectively
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controlling the coupling dynamics. In this sense, tuning Ku enables
direct control over the excitation and relaxation pathways of the sys-
tem, favoring low-dissipation operation and providing a clear physical
interpretation of the observed behavior.

It has been shown in [9, 14] that the dipolar coupling of the two
waveguides splits the fundamental spin-wave mode into symmetric
and antisymmetric collective modes. Their interference causes a pe-
riodic exchange of energy between the waveguides, characterized by
a coupling length Lc that depends on the device geometry, spin-wave
wave number and the static magnetization configuration. Here, we
demonstrate that varying Ku determines a corresponding variation of
Lc and consequently a change of the levels of the population transfer.
We also develop a simple model reproducing the results obtained with
the simulations in the weak Ku regime (0–1000 J/m3) regardless of the
anisotropy modulation period Λ considered as well as, for short Λ only -
for the reasons that will be explained in the following - a phenomeno-
logical description for a stronger Ku regime (> 1000 J/m3). Since no
external magnetic field is applied thoroughout the investigation, the
reduction of both electromagnetic interference and thermal effects are
ensured for future technical implementations.

7.2 system

Inspired by the geometrical characteristics of the device studied in [9],
our directional coupler consists of two parallel yttrium iron garnet
(YIG) nanowires - each 30µm long, 100 nm wide, 50 nm thick - sepa-
rated by a gap δ of 30 nm in the proximity region. The angle between
the sections is θ = 20◦. Since the corners of the coupler can act as
secondary SW sources, it is convenient to introduce a translational
shift s = 100 nm between the two waveguides in order to preserve the
primary function of the device. The length of the coupled waveguides
LW , i.e., the aforementioned proximity region, is set equal to 4900
nm. We perform micromagnetic simulations by means of the GPU-
accelerated software MuMax3 [15]. The material parameters are the
standard ones for YIG: Gilbert damping constant αG = 2 · 10−4 satura-
tion magnetization MS = 1.4 × 105 A/m, exchange stiffness Aex = 3.5
pJ/m and gyromagnetic ratio γ = 176 rad GHz/T (standard values).
The system is discretized into micromagnetic cells with dimension
5 × 5 × 10 nm3. The uniaxial magnetic anisotropy is set with the same
magnitude Ku, but with different orientation of the easy axis according
to the following (periodic) order, the same discussed in Chapter 6:
45◦, 0◦, -45◦, 0◦. This pattern, repeated along L = LW + 2s, ensures
in this region a sinusoidal arrangement of the magnetic moments
after the relaxation process as already discussed (no external magnetic
field is involved). Several anisotropy modulation periods Λ have been
considered, from 40 nm to 1000 nm. For ground-state preparation,
the system is relaxed to equilibrium prior to dynamical excitation and
after the application of Ku. As can be observed in Fig. 7.1, which
illustrates a sketch of the device, spin waves are excited by applying a
localized, non-uniform sine-shaped magnetic field pulse on the out-of-
plane component (z direction) over a 20 nm region located near the
corner of one of the waveguide; in this way, only the driven guide
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is excited and the coupling section remains field-free, establishing a
well-defined single-mode input and preventing any bias-field or spec-
tral contamination where the symmetric and antisymmetric modes
form. The excitation frequency f0 is set equal to 2.88 GHz because,
at this value, in addition to minimal damping and instrumental com-
patibility, the dipolar splitting ∆ f gives a coupling length such that,
being LW = 3Lc, the wave undergoes a complete π-phase exchange
precisely at the device exit, yielding near-unity power transfer [9], at
least for zero Ku. We will see that the introduction of Ku, modifying
this relation, will result in a different pt (at the same f0).

The pulse amplitude b0 is set equal to 1 mT, while the cutoff fre-
quency is fc = 20 GHz. The determination of pt levels requires the
analysis of the power output outside L. More precisely, time-resolved
magnetization data m(x, y, z; t) are recorded for a total time T = 25 ns
(to ensure propagation of the spin waves along L and for a sufficient
trait of the regions at the exit) with time steps ∆t = 50 ps. The mea-
surement of pt first involves calculating the two integrals I1 (excited
guide) and I2 (not excited guide) of the square modulus of the out-
of-plane component of magnetization over two extended regions (500
nm along x) at the exit of the conduits; finally, the ratio I2/(I1 + I2) is
calculated. As for dispersion relations, a two-dimensional fast Fourier
transform is performed in space and time. In this case, T is set equal
to 60 ns, yielding a frequency resolution δ f = 0.02 GHz up to the
highest resolvable frequency fmax = 10 GHz.

Figure 7.1: Sketch of the directional nanocoupler simulated throughout the in-
vestigation. The proximity region is characterized by the presence
of an undulated alignment of the spin which is the consequence
of the local relaxation of the system after the anisotropy is ap-
plied. RF corresponds to the excitation zone, I1 and I2 represent
the physical regions of the system in which pt levels are mea-
sured. Lw is the length of the coupled waveguides (4900 nm), s
the translational shift of 100 nm, δ = 30 nm is the gap between
the waveguides along Lw and θ = 20◦ the angle between the two
different regions of the device.

It is known [9, 16] that in a directional coupler the dipolar inter-
action lifts the degeneracy of the lowest width mode, producing two
collective modes - one symmetric (wave number ks) and one antisymmetric
(wave number kas) - for the same excitation frequency. In this regard,
for f0 = 2.88 GHz, we are in a single-mode regime (higher modes
are separated by several GHz at nanometric dimensions), so the cou-
pling involves only the two symmetric/anti-symmetric branches of
the fundamental mode. When only one waveguide is excited, these
two modes interfere during propagation, periodically transferring
energy back and forth between the guides. The coupling length Lc is
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defined as the distance over which a complete energy transfer occurs
(i.e., the position of the first maximum of energy in the not excited
guide starting from the first maximum in the excited guide). Equiv-
alently, it can be written as: Lc = π⃓⃓

ks−kas

⃓⃓ , which yields: Lc =
vg

2 ∆ f0
,

where ∆ f0 =
⃓⃓

fas − fs
⃓⃓

is the frequency splitting between these two

modes and vg = ∂ω(k)
∂k is the group velocity of the fundamental mode

of the isolated waveguide. In absence of Ku, the population transfer
pt for a directional coupler in which a spin wave is originally excited
in only one waveguide can be expressed in terms of the normalized
output power. In fact, we have p1 = cos2(πLW/(2Lc)) for the excited
waveguide and p2 = sin2(πLW/(2Lc)) for the non-excited waveguide,
from which we get: pt = p2/(p1 + p2) = p2 [17]. For completeness,
the step-by-step derivation of these relations - starting from the de-
composition into symmetric and antisymmetric supermodes, their
propagation with different wave numbers, and their interference at
the output - is provided in Appendix 7.6. When Ku is introduced,
the above relations must be reworked taking into consideration their
dependence on Ku. This represents the theoretical contribution of the
present investigation. In our simulations, as already anticipated, we
introduce along L a uniaxial magnetic anisotropy Ku with a periodic
arrangement. This structure mimics, from a physical point of view,
a prearranged sequence of ferroelectric domains with alternating po-
larization directions. We consider several anisotropy values, ranging
from 0 to 2000 J/m3 with steps of 100 J/m3, with a distinction: the
interval [0, 1000 J/m3] is regarded as the weak Ku regime, while values
from 1100 to 2000 J/m3 belong to the strong Ku regime.

7.3 results

Here we provide a comprehensive analysis of pt as a function of Ku,
examining how the coupling dynamics evolve from weak to strong
Ku regimes. We first discuss the weak anisotropy window, where
the system remains only mildly perturbed and the dependence of
pt on Ku can be captured through a simplified phenomenological
model built upon the behavior of vg and ∆ f0. We then move to the
strong anisotropy regime, where the magnetization becomes highly
modulated and additional mechanisms, such as magnetostatic self-
cancellation, enhanced scattering, and background transfer channels,
play a decisive role in shaping the measurable pt. Finally, we analyze
the evolution of the coupling length Lc and its connection to the disper-
sion curves over an extended Ku range, showing how the increasing
anisotropy progressively reduces the effective propagation channel,
eventually preventing a well defined coupling process and marking
the transition beyond the operational window of the device. Together,
these results outline the full anisotropy-dependent landscape of the
directional coupler.

7.3.1 Weak anisotropy regime

Here we present the main outcomes of our investigation regarding
the weak Ku regime. First of all, it can be noted in Fig. 7.2 that pt
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is mostly independent on the specific anisotropy modulation period
Λ: in fact, the functional trend is the same for all the configurations
studied.

Figure 7.2: Population transfer as a function of the applied Ku for different
anisotropy modulation periods Λ in the weak regime. An uni-
versal behavior of pt regardless of the period of anisotropy is
observed. We choose Λ = 1000 nm (green line) because of the
fabrication feasibility of the micron-scale.

This implies that it is possible to choose one value of Λ without
loss of generality. We select Λ = 1000 nm because the micron-scale is
technologically practical: consisting of only a few ∼ 250 nm segments
with well-defined easy-axis orientations (0◦,±45◦), it spans the entire
coupling region between the two waveguides. This makes the effective
coupling profile reproducible from device to device using standard
nanofabrication, whereas a deeply sub-100-nm pattern would require
tens to hundreds of nominally identical unit cells and would map
any small lithographic deviation directly into large variations of the
measured pt. Therefore, the following quantitative discussion will
refer specifically to the Λ = 1000 nm case, although the same consider-
ations apply more generally, since the overall trend remains essentially
unchanged apart from minor numerical differences.

Fig. 7.3 shows the behavior of pt levels (blue dots) as a function of
the applied Ku for Λ = 1000 nm (green line of Fig. 7.2): an almost
full pt is observed in the total absence of Ku or for extremely low
values (up to 200 J/m3). Then, for higher values and up to 800 J/m3,
energy transfer is progressively inhibited until it vanishes completely
(after that, we assist at a rapid pt increase of up to 50% for 1000 J/m3).
Ultimately, we realize an extremely versatile device which, at the fixed
excitation frequency of 2.88 GHz, allows to explore as many pt levels
as desired in the weak Ku regime, moving from a complete, passing
through an intermediate and concluding with a vanishing pt between
the waveguides by means of variations in Ku and, therefore, referring
to the ferroelectric overlayer, in a polarization current. The tunability
of such a directional nanocoupler makes it suitable for real-world
applications where high accuracy is required.

In order to describe the evolution of pt in the weak Ku regime
with a simple model, preliminary considerations on the behavior
of vg and ∆ f0 are necessary because, as mentioned above, they are
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the building blocks of the coupling length Lc and, ultimately, of pt
itself. As for vg, the starting group velocity without any applied
anisotropy is estimated to be around 460 m/s, a value in accordance
with previous studies [18, 19]. When Ku is introduced, we initially
assist at a slight progressive vg decrease until the threshold of 1000
J/m3 is reached. We find vg(Ku = 1000 J/m3) ≃ 0.9vg(Ku = 0 J/m3)
in this specific case, so we can reasonably assume vg to be constant
in this range. This choice is dictated by two physical reasons: first
of all, in a YIG spin wave conduit the additional field produced
by the uniaxial anisotropy is equal to µ0Hα = 2Ku/Ms (with Hα

anisotropy field introduced in Chapter 1), so that for Ku ≤ 1000 J/m3

one gets µ0Hα ≲ 8% · µ0Ms, with µ0Ms ≈ 176 mT. This means that the
effects of introducing a weak anisotropy on the effective magnetic field
governing the dynamics of the system are minimal. Furthermore, in
Chapter 6, focusing on the effects of anisotropy on the magnonic band
structures, we found that, for a similar system and within this weak
anisotropy window, the dispersion curve is almost indistinguishable
from the one in absence of anisotropy. As a consequence, in this range
the group velocity vg can be safely assumed to be constant in our
model regardless of the applied Ku.

The same considerations do not apply to the frequency splitting ∆ f0

which is directly proportional to Hα, therefore even modest values
of Ku increase ∆ f0 almost linearly. Hence, in the range [0, 1000 J/m3]
it is reasonable to expand at first order the frequency splitting as:
∆ fW(Ku) = ∆ f0 + βKu, with β constant and the subscript W a reference
for the weak Ku regime. We find that, starting from 0.14 GHz for no
applied Ku and reaching 0.19 GHz for Ku = 1000 J/m3, ∆ fW(Ku)

increases with a linear trend with slope β = 5.7 · 104 GHz·m3/J and
intercept ∆ f0 = 0.13 GHz. The high coefficient of determination
R2 ≃ 0.95 indicates that the model explains a substantial proportion
of the variance, confirming its strong fit to the data.

To summarize, the coupling length Lc is now dependent on Ku, and
this leads to the following population transfer:

pt(Ku) = sin2
(︃

πLW

vg

[︃
∆ f0 + βKu

]︃)︃
. (7.1)

This functional form is used to perform the optimal fit of the corre-
sponding simulation data (red line of Fig. 7.3): we can notice a substan-
tial agreement between simulations and theoretical predictions, further
supported by the value of the parameters of the optimal fit which
are very close with our starting guess (expected Lw∆ f0/vg = 1.46
vs. optimal fit value = 1.37 and expected β/∆ f0 = 4 · 10−4 m3/J vs.
optimal fit value = 6 · 10−4 m3/J).

7.3.2 Strong anisotropy regime

Let us now consider the strong Ku regime, i.e., Ku ≳ 1000 J/m3. In
this case, the anisotropy modulation period Λ plays a crucial role with
respect to pt. In fact, at fixed Ku, we consistently find that larger Λ
yield output intensities too low to reliably extract pt, whereas smaller
Λ maintain sufficient signal for a robust quantification. In practice,
this means that, under identical operating conditions, pt becomes
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Figure 7.3: Population transfer (blue dots) as a function of the applied Ku
in the weak regime for Λ = 1000 nm and theoretical model (red
line), which properly describes its behavior. It can be noted that
almost every pt percentage can be realized within this Ku range
making it suitable for real-world applications.

effectively unmeasurable as Λ increases, while it remains observable
for shorter Λ. From our simulations we consistently observe that,
at fixed Ku, larger Λ (e.g., Λ ∼ 1 µm) produce a more pronounced
spatial undulation of the magnetization than short Λ (e.g., Λ∼40 nm);
the modulation amplitude increases and the interfaces sharpen as Ku

is raised. Building on this observation, we interpret the improved
measurability at short Λ as a dipolar effect: the many closely spaced
interfaces generate alternating magnetostatic charges whose stray
fields largely close locally, distributing the magnetostatic constraint
and effectively clamping the growth of the magnetization modulation
as Ku increases. As a result, the forward signal does not collapse along
the interaction region and the population transfer remains quantifiable
at comparatively high Ku. While the dipolar self-cancellation provides
a consistent primary explanation, we speculate that secondary factors
may contribute in a complementary manner: for instance, reduced
interfacial mismatch for finely segmented patterns can lower reflec-
tions at block boundaries; furthermore, measurement-related issues
(e.g., normalization and signal-to-noise at very low output power)
can accentuate the apparent loss of observability for longer Λ. These
effects, although likely subdominant, could reinforce the observed
robustness of short Λ at high Ku.

We now focus on the short-period modulation anisotropy pattern
with Λ = 40 nm, which probes the regime where interfacial magneto-
static charges are densely interleaved and largely self-cancel, keeping
the forward signal within the measurable dynamic range even at
comparatively high Ku. This Λ limit is also physically informative
since it provides a clean benchmark to compare against longer Λ that
tend to accumulate uncompensated magnetostatic charges and lose
observability.

In Fig. 7.4, for Λ = 40 nm we can notice a maximum of pt in
correspondence of 1200 J/m3 and an overall stabilization towards
intermediate pt levels as Ku is increased, even if the spread if more
limited, ranging from 40 to 90%, hence not realizing a complete or
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vanishing pt (blue dots). As a result, we can conclude that this regime,
despite certainly worthy of investigation by means of micromagnetic
simulations and phenomenological insight into the constituent physi-
cal quantities, has less practical fallouts than the weak one, unless: 1)
Ku cannot be tuned with accuracy for very high Ku values; 2) there is
exclusive interest in power divider applications.

Figure 7.4: Population transfer (blue dots) as a function of the applied Ku in
the strong regime (Λ = 40 nm). We notice a limited range of pt
levels which results in an almost asymptotic intermediate splitting
of the spin waves for very high Ku. Red line: phenomenological
model.

When Ku ≳ 1000 J/m3 the anisotropy field becomes larger and
more comparable to the dipolar or bias fields and the magnetization
significantly tilts: as a consequence, vg, being affected by the change
in the dynamics, must now be modeled as an explicit function of Ku.
More precisely, vg(Ku) decreases due to the non negligible undulation
of the magnetization and approaches a plateau vgr,∞ beyond which
it makes no physical sense to investigate spin wave propagation.
Furthermore, the symmetric and antisymmetric modes increase their
distance until they reach, for Ku → ∞, a maximum frequency splitting
∆ fmax. According to previous studies [20, 21], the condition that
must be fulfilled in order to retain the validity of coupled-mode
theory in perturbative regime is ∆ fmax/ f0 ≪ 1, therefore we set
∆ fmax ≃ 0.40 GHz. Hence, being ∆ f and vg limited, also the coupling
length L is bounded from below, tending to the finite limit Lmin =

vgr,∞/(2∆ fmax) - beyond the purpose of this investigation - for physical
reasons. A simple phenomenological model that in the strong Ku

regime reproduces the behavior of vg and ∆ f is therefore the following
ansatz:

vg(Ku) = vge−δKu + vg,∞, (7.2)

∆ f (Ku) = ∆ f ∗w + (∆ fmax − ∆ f ∗w)
[︁
1 − e−γKu

]︁
, (7.3)

where γ and δ are exponential constants to be determined through
data and ∆ f ∗W = ∆ fW(Ku = 1000 J/m3). It can be noted that Eqs. (7.2)
and (7.3) have general validity regardless of the applied Ku. As for Eq.
(7.2), we have introduced a simplified model for the weak Ku regime,
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which has fewer parameters, makes the proportionality between Ku

and pt(Ku) more immediate and introduces an error smaller than
typical experimental uncertainties. Eq. (7.3) instead reduces to the
correspondent equation in the weak Ku regime upon the identifications
∆ f ∗W = ∆ fW(Ku) and (∆ fmax − ∆ f ∗W

)︁
γ = β between the weak and the

strong Ku regimes.
In this case, for vg we consider an exponential fit which, applied

to the data at our disposal, yields vg ≃ 440 m/s, δ ∼ 3 · 10−4 and
vg,∞ ≃ 80 m/s, values definitely coherent with the physical system
under investigation (R2 ≃ 0.9 and maximum relative error of 4 per-
centage points): in fact, we recover the group velocity in the weak Ku

regime and find that its plateau vg,∞, below which all features of the
directional coupler are suppressed, is in agreement with the literature
that will be discussed in Sec. 7.3.3, devoted to higher Ku regimes.

As for ∆ f , we introduce an exponential saturating fit which results
in γ ∼ 6 · 10−4, with an R2 ≃ 0.82 and maximum relative error - the
very last value - around 10 percentage points.

Moving to pt in the strong Ku regime - which implies, as already
observed, a very undulated magnetization - we believe that there are
two additional mechanisms that should be taken into consideration.

1. Above a certain threshold, which is 1000 J/m3 for the reasons re-
lated to the influence of Hα discussed previously, Ku introduces a
non-negligible additional distance-dependent scattering loss. In
fact, a spatially periodic increase of Ku deepens the effective field
and reduces, as observed, the spin-wave vg, thereby increasing
the dwell time within L. This process (along with the Gilbert
damping, which is, however, always present) acts on the field
amplitude, so the transferred power pt contains an exponential
damping factor which be seen as the consequence of a symmetry
breaking that leads to the non conservation of pt at high Ku.
Omitting this exponential term would overestimate the oscil-
lation depth and lead to an unrealistically perfect population
transfer.

2. Dipolar fringe fields, also considering the close gap δ = 30 nm
between the two waveguides, create an incoherent pathway that
transports an Lc-independent fraction of pt to the non-excited
guide. This appears as a flat "background floor" that is always
present in this range, regardless of the applied Ku.

In light of the above considerations, we can assume that in the strong
Ku regime the behavior of pt is adequately described as follows:

pt(Ku) = sin2
[︃

πLw ∆ f (Ku)

vgr(Ku)

]︃
e−ηKu + Cbg, (7.4)

where the extended forms of vg(Ku) and ∆ f (Ku) are those of Eqs. (7.2)
and (7.3), η is an exponential constant to be determined through data
and Cbg is a constant, i.e. the aforementioned "background floor". With
this functional form, we perform the optimal fit of the corresponding
simulation data (red line of Fig. 7.4), including all physical parameters
in order to verify the general validity of our assumption: there is a
good agreement between simulations and phenomenological model,
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further supported by the value of the parameters of the optimal fit
which are quite similar to our starting guess, as can be seen in Tab.
7.1.

Parameters vg (m/s) δ (m3/J) vg,∞ (m/s) ∆ fmax (GHz) γ (m3/J) η (m3/J) Cbg

Expected 440 3 · 10−4 80 0.4 6 · 10−4 3.0 · 10−3 0.40
Optimal 394 2 · 10−4 95 0.3 7 · 10−4 2.9 · 10−3 0.39

Table 7.1: Comparison of parameters: nominal values vs. optimal fit. The
agreement is remarkable, suggesting the validity of the phe-
nomenological model in the strong Ku regime (Λ = 40 nm).

7.3.3 Coupling length, higher anisotropy regimes and dispersion curves

We show the evolution of the coupling length Lc - determined, ac-
cordingly to the discussion in Sec. 7.2, as the distance over which a
complete energy transfer occurs - as a function of Ku in both regimes
investigated in the Λ = 40 nm case (see Fig. 7.5). It can be noted, net
of the erratic behavior due to the difficult data acquisition, an evident
linear decreasing trend of Lc as Ku increases. This effect can be un-
derstood at the mathematical level by considering, regime by regime,
the proposed functional forms for ∆ f and vg and their behavior as Ku

is applied. The Λ = 40 nm case has been selected as representative
since it offers the possibility to investigate a wider range of Ku, but the
overall linear decreasing trend remains consistent for all other cases
considered.

Figure 7.5: Evolution of the coupling length Lc as a function of the anisotropy
Ku. The data are plotted with an error bar because of the limited
precision of the method related to the data acquisition. However,
the linear decreasing fit (in red) intercepts all points net of the
uncertainties. Parameters of the fit: m = −5.78 · 10−1m/J, q
= 1695 · 10−6 m.

As already remarked, above a critical Ku, the relaxed sinusoidal
magnetization, now very undulated, breaks the uniform spin-wave
channel into alternating propagating and evanescent (or highly reflec-
tive) segments, so that no continuous pathway remains and stationary
waves formation along L occurs before the definitive suppression.
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For the system under investigation, Ku values higher than 2000 J/m3

forbid a clean population transfer.
Higher Ku values than those considered lead first to the suppression

of pt because the pronounced undulated arrangement of the spins
along Lc results in an effective field which behaves like a potential
well: the spin waves are confined within it and become almost sta-
tionary, causing their intensity in the colormap to drop sharply and
making the output signal - based on their propagation along the de-
vice - particularly difficult to measure. Even higher Ku values lead to
the evanescence of spin waves since the strong perturbation definitely
breaks the unambiguous correspondence between frequency and wave
number and opens a band-gap range where the equation of motion
admits only solutions at complex wavevector, so that the concept of vg

is physically meaningless [22]. Under these two peculiar conditions,
the device no longer acts as a directional coupler: the almost stationary
and eventually evanescent spin waves enable other practical functions
that have already been demonstrated experimentally - ranging from
an ultracompact reject-band filter [23], to a low-phase-noise delay line
[24], and even slow-wave resonators that hybridize magnons and pho-
tons [25], which, however, are beyond the scope of this investigation.
To sum up, once the magnetization is locked to the easy axis intro-
duced with the periodic patterning, which means very high Ku values,
additional Ku no longer alters the coupling dynamics and makes pt
ineffective and not detectable.

Among the different Λ configurations, the case with Λ = 40 nm
represents the most comprehensive scenario, also with regard to the
dispersion relations, as it allows for a thorough analysis of spin-wave
propagation in a directional coupler reconfigured through the applica-
tion of a magnetic anisotropy. Figure 7.6 shows the magnonic band
diagrams as a function of Ku. The flat band at 2.88 GHz corresponds to
the excitation frequency f0; its intersection with the curves associated
with the antisymmetric (upper) and symmetric (lower) modes defines
the wavevector difference |ks − kas|, which enters the expression of
the coupling length Lc introduced in Sec. 7.2 [9]. As Ku increases,
a clear shift of the dispersion curves toward higher frequencies is
observed, resulting from the enhancement of the anisotropy field Hα

and, consequently, of the effective field experienced by the magnons.
It can also be noted that, with increasing Ku, the wavevector differ-
ence |ks − kas| progressively increases, leading to a decrease of Lc, in
excellent agreement with the trend reported in Fig. 7.5. Furthermore,
the magnonic band diagrams provide a crucial validation of the op-
erating range of the directional coupler. In particular, panel (d) of
Fig. 7.6 shows that for Ku values exceeding the operational range (e.g.,
Ku = 3500 J/m3 for visual clarity, although this effect becomes evident
already for Ku slightly above 2000 J/m3), the intersection between the
antisymmetric-mode curve and the flat band corresponding to f0 no
longer occurs. In this condition, a proper coupling length Lc cannot be
defined, with all the consequent implications on the device operability
previously discussed.



145 7 .4 stirap protocol applied to the directional coupler

Figure 7.6: Magnonic band diagrams as a function of the applied Ku (Λ =
40 nm). (a): 0 J/m3, (b): 700 J/m3, (c): 1500 J/m3, (d): 3500 J/m3.

7.4 stirap protocol applied to the directional coupler

In this section, we first review the Stimulated Raman Adiabatic Passage
(STIRAP) protocol and then apply it to the directional coupler, imple-
menting a dark-state scheme for a versatile pt. STIRAP is a method to
transfer population between two long-lived states of a three-level atom
while keeping the lossy intermediate state essentially unoccupied [26,
27]. To understand how such transfer can occur without populating
the middle level, it is convenient to recall the generic three-level Λ
configuration, in which the atom possesses two ground or metastable
states, |1⟩ and |2⟩, both optically coupled to a short-lived excited state
|3⟩. One laser field (the pump) addresses the |1⟩↔ |3⟩ transition. A
second field (the Stokes) addresses |3⟩ ↔ |2⟩. In conventional exci-
tation schemes one would raise population from |1⟩ to |3⟩ and then
stimulate it down to |2⟩, unavoidably exposing the atom to sponta-
neous emission from |3⟩. STIRAP takes a different route: by shaping
and ordering the two light fields appropriately, the atomic state fol-
lows a coherent superposition of |1⟩ and |2⟩ that contains virtually no
|3⟩ component. In other words, the atom is guided around the lossy
level rather than through it. The key feature of the STIRAP protocol is
the counterintuitive pulse sequence. The Stokes field, which couples
the intermediate and the final state, is switched on first and reaches
its maximum before the pump field rises; the two pulses then overlap
in time, and finally the Stokes field decays after the pump. At the
beginning of the sequence the atom, prepared in |1⟩, "sees" a strong
optical coupling between |3⟩ and |2⟩ and only a weak coupling from
|1⟩ to |3⟩. Under these conditions, the dressed atomic eigenstates
include a particular superposition of |1⟩ and |2⟩ that is decoupled
from |3⟩, often called the dark state (Fig. 7.7(a)). As the temporal
envelopes evolve, this superposition continuously rotates from being
almost entirely |1⟩ to being almost entirely |2⟩. If the change is slow
enough and the two-photon resonance between |1⟩ and |2⟩ is main-
tained, the atomic state adiabatically follows this superposition from
start to finish, achieving nearly unit population transfer while the
intermediate state remains unpopulated at all times.

From a device perspective, the three-level viewpoint highlights why
STIRAP is a preferred primitive for state preparation and quantum
control. Because the intermediate state remains dark, the method is
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inherently low-dissipation and preserves coherence during transfer,
which is invaluable when the target state will be used for precision
metrology, quantum logic, or storage. Because the process is adiabatic
and geometric in nature, it is resistant to moderate fluctuations of
intensity and pulse duration, and its outcome can be tuned by con-
trolling the relative phase of the two fields to set the final quantum
phase of |2⟩. And because the underlying requirement is simply the
existence of two long-lived levels connected through a common, opti-
cally accessible partner, the same three-level blueprint extends across
platforms: from neutral atoms and trapped ions to molecules, color
centers and semiconductor quantum wells.

The three-level viewpoint of STIRAP can be carried over to a
magnonic directional coupler [28] by mapping the two parallel spin-
wave guides to the long-lived endpoints and introducing a deliberately
lossy intermediate waveguide that must remain unpopulated, i.e., dark.
To make this identification explicit, we now label:

• the initially excited waveguide as |1⟩ (initial state);

• the target waveguide as |2⟩ (final state);

• the thin, high-damping intermediate guide as |3⟩ (the dark state).

As in atomic STIRAP, the goal is to transfer energy and phase from |1⟩
to |2⟩ while keeping |3⟩ essentially unoccupied, so that dissipation in
the lossy channel is avoided, even though its presence is essential to
enable the transfer. In fact, our preliminary simulations indicate that,
when the gap δ between the two waveguides exceeds 140 nm, popu-
lation transfer to the unexcited waveguide is effectively suppressed,
as can be seen in Fig. 7.7(b). This behaviour can be ascribed to the
progressive weakening of the dipolar coupling between the two chan-
nels as their separation increases, which ultimately prevents efficient
energy exchange across the structure.

In contrast, when an intermediate waveguide made of a material
with higher magnetic damping than YIG, such as permalloy, is in-
troduced between the two low-loss channels, the coupling behaviour
changes significantly. The intermediate layer effectively assumes the
role of a dark state, mediating an indirect but coherent coupling be-
tween the two waveguides. Under these conditions, and for the same
δ, a clear pt (∼ 30%) is recovered. The physical picture is that the
presence of the dissipative conduit enables an adiabatic pathway in
which energy is coherently transferred between the two YIG guides
while the strongly damped intermediate region remains only virtually
excited (Fig. 7.7 (c)). Furthermore, for the same geometry, pt can
be enhanced an varied at will by applying in the coupling region a
uniaxial magnetic anisotropy with amplitude Ku with periodic polar-
ization directions. In Fig. 7.8, pt is shown as a function of the uniaxial
anisotropy constant Ku for a directional coupler operating under the
STIRAP protocol, with an anisotropy modulation period of Λ = 40 nm
(however, the overall trend is qualitatively similar for all values of Λ
examined throughout this study).

It follows that, even when the STIRAP protocol is applied to the
directional coupler, both vg and ∆ f remain governed by the same
control parameter, namely, the voltage applied to the ferroelectric
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Figure 7.7: (a): schematic of the STIRAP protocol: population is transferred
from |1⟩ to |2⟩ while the lossy intermediate level |3⟩ remains
unoccupied owing to destructive interference (dark state). Direct
transition from |1⟩ to |2⟩ is forbidden. (b): simulated spin-wave
propagation in a directional coupler with direct dipolar coupling
between the excited (|1⟩) and the not-excited waveguide (|2⟩). For
δ ≥ 140 nm, population transfer is negligible (here, δ = 140 nm).
(c): same geometry with a high-damping intermediate guide (|3⟩)
made of permalloy (width 100 nm) inserted between the two YIG
channels, acting as a dark conduit that enables adiabatic energy
transfer from |1⟩ to |2⟩, in analogy with STIRAP.

Figure 7.8: Population transfer efficiency (blue dots) as a function of the
uniaxial anisotropy constant Ku in a STIRAP-based directional
coupler with modulation period Λ = 40 nm. The blue line is a
guide for the eye.

overlayer, which induces a sinusoidal magnetization in the underlying
ferromagnetic structure.

By mapping STIRAP onto a magnonic directional coupler, we have
identified a coherent pathway to shuttle spin-wave energy and phase
between spatially separated YIG guides while keeping a deliberately
lossy intermediate channel effectively dark. Even when direct dipolar
exchange is suppressed at larger separations, the insertion of a high-
damping conduit and the use of spatially patterned uniaxial anisotropy
Ku recover and tune the transfer, suggesting near-term applications
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in reconfigurable, low-dissipation interconnects, robust signal routing
and phase-preserving magnonic logic. At the same time, the features
that enable this behavior also set the limits of the present study,
which should be regarded as embryonic: the analysis is based on
simplified geometries and preliminary simulations. Addressing these
aspects through targeted experiments, systematic optimization of Ku

and geometry, dispersion engineering and extensions to multi-port
networks or time-modulated couplings will determine the practical
reach of the approach. Thus, the present results represent both a
preliminary validation and a starting point for further development,
indicating that adiabatic control concepts can be fruitfully transplanted
into magnonics, opening a promising, if still early, route to scalable
coherent spin-wave circuitry.

7.5 conclusions

In this study, we investigated the magnonic directional nanocoupler
and the possibility to finely control the levels of the population trans-
fer between the waveguides in order to reconfigure its functionality
and make it work as a variety of devices in real-world applications,
namely in integrated circuits. This result can be achieved in many
ways, depending on the available equipment and the desired accuracy:
here, we suggest the use, as an effective degree of freedom, of a uniax-
ial magnetic anisotropy with different orientation of the easy axis in
the proximity region realizing a periodic undulated pattern. With a
proper prearranged sequence of ferroelectric domains with periodic
polarization it is possible to obtain such a configuration. As a conse-
quence, the local magnetization relaxes to a sinusoidal distribution of
the magnetic moments whose oscillation amplitude is proportional to
the magnitude of the applied anisotropy. This has been shown to lead,
after the excitation of the system to a specific frequency and a bare
temporal evolution, to a change in the propagation of the spin waves,
more precisely in the group velocity, and in the frequency splitting
of the symmetric and antisymmetric mode; their ratio (up to a con-
stant) is found to be approximately linear decreasing for increasing
anisotropy. The variations of the group velocity and the frequency
splitting imply a modification of the intensity of the population trans-
fer which covers, within a limited window of anisotropy values, a
complete variety of possible levels. We observe an almost complete
rise in pt when Ku is absent or at very low values, followed by a pro-
gressive inhibition of energy transfer until it vanishes entirely between
200 and 800 J/m³, and then a rapid increase of pt of up to 50 % at
1000 J/m³. In this way, a broad spectrum of device functionality is
ensured, regardless of the anisotropy modulation period Λ consid-
ered. In this regime, we develop a simple theoretical model with the
reasonable assumption of constant group velocity which accurately
reproduces the data obtained by means of micromagnetic simulations.
Higher Ku values, limited to short Λ, up to 2000 J/m3 for Λ = 40
nm (above this threshold the device losts its functionality because of
initial stationarity and then evanescence of spin waves) result, after
an almost complete population transfer, in a stabilization towards an
intermediate passage of magnonic energy in the not excited conduit.
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In this case, a phenomenological model based on a decreasing ex-
ponential form for the group velocity and an increasing saturating
one for the frequency splitting, allows to reproduce the data obtained
with simulations. The analysis of the dispersion curves as a function
of Ku provides further evidence supporting the previously discussed
trends and validating the operating mechanism of the device. We have
also shown, through preliminary simulations, that a YIG directional
coupler can implement a STIRAP-like transfer when it is augmented
by an intermediate high-damping permalloy waveguide acting as the
dark channel. For large inter-guide separations where direct dipo-
lar exchange yields negligible pt (e.g., δ ≳ 140 nm), the permalloy
conduit, together with spatially patterned uniaxial anisotropy Ku, re-
stores and electrically tunes pt. These results point to a reconfigurable,
low-dissipation building block for coherent magnonic routing. In this
regard, further analyses are ongoing.
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7.6 appendix

Derivation of the expression for the population transfer

In this Appendix we show the calculations that lead to the expression
of the populaton transfer. Two identical waveguides, coupled by
dipolar interactions, support two eigenmodes: a symmetric mode
with wave number ks and an antisymmetric mode with wave number
kas. The wave number mismatch is defined as ∆k = |ks − kas|. The
field in the excited waveguide can be expressed as the superposition
of the two eigenmodes:

Ψ(x = 0) =
1√
2
(ψs + ψas) .

Thus, the general expression for the field is:

Ψ(x) =
1√
2

(︂
ψseiksx + ψaseikasx

)︂
.

For the two waveguides we obtain:

Ψ1 =
1√
2
(ψs + ψas) ,

Ψ2 =
1√
2
(ψs − ψas) .

The projection of Ψ(x) on Ψ1 and Ψ2 gives the field amplitudes in the
two guides:

Ψ1(x) =
1
2

(︂
eiksx + eikasx

)︂
= ei (ks+kas)x

2 cos
(︃

∆k
2

x
)︃

,

Ψ2(x) =
1
2

(︂
eiksx − eikasx

)︂
= i ei (ks+kas)x

2 sin
(︃

∆k
2

x
)︃

.

The optical power is given by the squared modulus of the fields:

P1(x) ∝ |Ψ1(x)|2 = cos2
(︃

∆k
2

x
)︃

,

P2(x) ∝ |Ψ2(x)|2 = sin2
(︃

∆k
2

x
)︃

.

Now let LW denote the length of the coupling region. The normalized
output power in each guide is then:

P1,out = Pin cos2
(︃

∆k LW

2

)︃
,

P2,out = Pin sin2
(︃

∆k LW

2

)︃
.

We define the coupling length as:

Lc ≡
π

∆k
(for complete transfer).

The distance at which the two modes have accumulated a relative
phase difference ∆ϕ = ∆k Lc = π is thus Lc. The population transfer
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coefficient is defined as the ratio of the output power in the non-excited
waveguide to the input power:

pt =
P2,out

Pin
= sin2

(︃
πLW

2Lc

)︃
. (7.A1)

Eq. (7.A1) quantifies the fraction of power transferred from one
waveguide to the other within the coupling region.
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C O N C L U D I N G R E M A R K S

ABSTRACT

In this final Chapter, we discuss the main conclusions that were
drawn from the research in this thesis. The purpose is to synthesize
the key findings obtained throughout the different stages of the work,
highlighting their physical implications and their contribution to the
advancement of the field of programmable Magnonics.
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8.1 conclusions

In this thesis work we developed and validated a versatile route to pro-
gram magnon transport in uniform ferromagnetic films by imprinting
a controlled, nanoscale undulation of the equilibrium magnetization.
The central message is that the amplitude of the undulation of a si-
nusoidal magnetization texture constitutes actionable, low-dissipation
control knob for magnonic spectra and transport. This is achieved by
means of textures realized via tailored bias fields, patterned anisotropies
and especially multiferroic coupling. We based our analysis on a com-
bined methodology: GPU-accelerated micromagnetic simulations solv-
ing the Landau–Lifshitz–Gilbert equation [1, 2], spatiotemporal Fourier
analysis of space–time magnetization maps [3] and compact analytical
models that rationalize the numerical trends.

The first line of results concerns the controlled introduction of pe-
riodicity in a thin ferromagnetic film by superimposing a spatially
sinusoidal bias field BS on top of a uniform field B0 [4]. This oper-
ation turns a uniform film into a magnonic crystal: Bragg scattering
at the Brillouin-zone boundary lifts the degeneracy between counter-
propagating modes, opens frequency gaps and reshapes modal symmetries.
A subtle but consequential point is that the physical primitive cell of the
dynamics is half of the geometric period of the imposed texture. Be-
cause the dynamics is insensitive to the sign of the local magnetization
crest, only the absolute value of the undulation matters; this halves
the operative periodicity experienced by spin waves and clarifies the
connection between the imposed Zeeman term and the observed band-
structure features. When the periodic field is made chiral (BC), the
mirror symmetry of the primitive cell is explicitly broken. The two
halves of the cell become inequivalent: in one, magnetization and
chiral field are predominantly aligned; in the other, they are largely
antiparallel, enhancing the local divergence the magnetization and
deepening the effective field well set by the demagnetizing interaction.
This asymmetric landscape supports a uniform yet spatially localized
solution with essentially flat dispersion. The mode is stationary, co-
exists with propagating modes of similar symmetry and exhibits an
effective gyromagnetic ratio larger than the FMR value in Permalloy,
pointing to opportunities for compact magnetic sensing [5] and for
on-demand dynamic storage within the same conduit. Notably, such
a localized flat mode does not arise in a uniformly magnetized film
and is not induced by a purely sinusoidal field without chirality. The
fact that it emerges at low bias and remains dispersionless as BC
is tuned makes it an appealing primitive for memory-in-waveguide
architectures.

A second strand explores a particularly efficient actuation scheme in
which the magnitude of BS is kept fixed - and can therefore be chosen
very small to mitigate Joule heating - while only its fan angle ΘF (i.e.,
the angular spread of the field) is varied [6]. In the regime B0 >

BS, this single geometric parameter provides an effective means of
tuning the magnonic response: the Brillouin-zone gap increases almost
quadratically with ΘF, whereas its center shifts to lower frequencies.
When B0 < BS, the same trends persist below a critical fan angle Θcrit

F .
The scaling of the band gap originates from the periodic Zeeman term,
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whereas the downward shift of the band center reflects the modulation
of the internal dipolar field. The practical implication is that magnonic
pass/stop channels can be toggled in real time by a knob that does not
rely on large currents. Frequency-selective routing and demultiplexing
follow naturally by steering the spectral position and width of the
gap, thus enabling reconfigurable filtering and path selection without
altering the physical layout of the conduit.

The third achievement concerns a multiferroic bilayer in which a
ferroelectric overlayer with periodically varying polarization transfers,
via inverse magnetoelastic effect, a spatially periodic uniaxial anisotropy
to the underlying ferromagnet [7]. In the simulations, this vertical
coupling is modeled by a periodically modulated easy axis with uni-
form anisotropy strength Ku, which drives the ferromagnet into a
continuous sinusoidal ground state. By tuning Ku electrically, the
system is reversibly driven from a magnonic metallic state, characterized
by a gapless, linear (Dirac-like) dispersion and high mobility, to a
magnonic insulating state in which a finite frequency gap opens, grows
nearly linearly at first, and then approaches saturation. In the insu-
lating regime the curvature of the lower band increases, the effective
magnon mass rises and the band progressively flattens until stationary,
non-propagating modes dominate within a frequency interval on the
order of ∼ 1 GHz. The upper branch remains dispersive, so that local-
ized storage and long-range transport can coexist in the same physical
structure and be selected by frequency. Extending Dirac’s magnon pic-
ture from discrete lattices to this continuous periodic medium clarifies
that the effective "hopping rate” - and with it the magnon conductivity
- emerges from the balance among exchange, dipolar, and anisotropy
interactions [8, 9]. The voltage control of Ku thus becomes the ultimate
actuator for a real-time, reversible magnonic metal–insulator transi-
tion, a key capability for low-dissipation magnonic logic and memory
[10].

Finally, these ideas are translated to the device level by studying a
directional nanocoupler formed by two parallel magnonic waveguides
made of YIG. In the coupling region the easy axis is periodically
rotated to imprint a sinusoidal modulation of the equilibrium mag-
netization. The dipolar interaction between the conduits splits the
fundamental mode into symmetric and antisymmetric combinations,
and the periodic undulation modulates both the group velocity vg and
the frequency splitting ∆ f between these modes [11]. As Ku is increased
from zero, the population transfer pt initially rises toward completeness,
then is progressively suppressed and nearly vanishes within a window
of a few hundred J/m3, before resurging to a substantial fraction at
around 1 kJ/m3. In practice, the directional coupler can be reconfig-
ured to act as a power divider, a connector, or a frequency-selective
multiplexer by voltage-tuning the anisotropy landscape in its coupling
region. This dependence is robust to the choice of the anisotropy
modulation period Λ in the experimentally relevant range; at shorter
Λ, the functional range can be extended to higher Ku values before
stationary behavior and evanescence suppress the device functionality.
Simple theoretical descriptions capture these regimes: a constant vg

approximation suffices at low Ku, while at larger Ku phenomenological
laws for a decreasing vg and a saturating mode splitting reproduce
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the simulated transfer curves with good fidelity. We have also shown
that a STIRAP-inspired three-level protocol implemented on the same
directional coupler can be mapped onto a three-guide magnonic struc-
ture. In this picture, the two low-loss YIG channels play the role of
long-lived endpoint states, while a thin, strongly damped permalloy
guide acts as the dark intermediate state that enables nearly loss-free
transfer even when direct dipolar coupling between the outer guides
is too weak. Micromagnetic simulations confirm that, for separations
where a conventional coupler fails, the presence of this lossy conduit
and a suitable pattern of uniaxial anisotropy restore a sizable popu-
lation transfer that can be tuned by the same voltage-controlled Ku

used elsewhere in this work. This establishes STIRAP as a natural
design principle for robust, phase-coherent spin-wave routing in re-
alistic, dissipative magnonic networks. More broadly, it illustrates
how adiabatic control concepts borrowed from quantum optics can
complement static band-structure engineering, enriching the toolbox
for programmable, low-dissipation magnonic circuitry.

Naturally, there are limitations that bound the quantitative extrapo-
lation of these findings to experiment and product-relevant environ-
ments. For instance, finite damping will broaden spectral features and
shorten the lifetime of flat-band modes; disorder, edge roughness and
finite-size effects may scatter magnons and reduce bandgap contrast.
The realized Ku and its spatial fidelity depend on the ferroelectric
domain configuration and strain transfer. The practical realization
of a chiral bias field may rely on interfacial Dzyaloshinskii–Moriya
interaction, chiral multiferroics or patterned current paths, each pre-
senting specific implementation constraints. However, these caveats
do not undermine the mechanisms uncovered here (e.g., Bragg scat-
tering from a programmable periodic potential, symmetry breaking,
anisotropy-driven mass renormalization) but they do emphasize the
need for careful co-design of materials, patterning and measurement.

The outlook that follows from this work is both concrete and, in sev-
eral respects, immediately actionable. On the experimental front, Bril-
louin light scattering, time-resolved magneto-optical Kerr microscopy
and scanning-probe magnetometry can validate the predicted gap
opening and tuning by ΘF and Ku, map the emergence of further
modes and quantify group-velocity and effective-mass renormaliza-
tion. On the materials side, advances in multiferroic interfacing and
nanoscale domain engineering should make it possible to transfer
anisotropy patterns with the spatial fidelity assumed in the simu-
lations and to actuate them by voltage with low leakage and high
endurance. On the device level, time-multiplexed voltage gating could
dynamically switch, on nanosecond timescales, between propagating
and stationary regimes, thus enabling hybrid logic–memory opera-
tions. Finally, inverse-design strategies that combine compact models
with global optimization or machine learning approaches could map
desired transfer functions (e.g., filters, delay lines, demultiplexers, or
directional couplers) onto realizable texture parameter sets, accounting
for fabrication constraints.
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