
This is the final peer-reviewed accepted manuscript of:  

 

A. Conti, B. Masini, F. Zabini and O. Andrisano, "On the down-link performance of multi-carrier 
CDMA systems with partial equalization," in IEEE Transactions on Wireless Communications, vol. 6, 
no. 1, pp. 230-239, Jan. 2007. doi: 10.1109/TWC.2007.05112 

The final published version is available online at:  

https://ieeexplore.ieee.org/document/4114273 

Rights / License:  

The terms and conditions for the reuse of this version of the manuscript are specified in the 
publishing policy. For all terms of use and more information see the publisher's website.  

 
 



0 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. XX, NO. Z, MONTH YYYY

On the down-link Performance of Multi-Carrier
CDMA Systems with Partial Equalization

Andrea Conti, Barbara Masini, Flavio Zabini, and Oreste Andrisano

Abstract— This paper addresses the performance evaluation
of multi-carrier code division multiple access systems. A partial
equalization technique depending on a parameter adapted to dif-
ferent conditions such as the number of sub-carriers, the number
of active users and the mean signal-to-noise ratio is evaluated
for the down-link. We analytically derive the performance of
this system and the value of the equalization parameter that
maximizes the performance. The partial equalization technique
is shown to have the same complexity of the well known max-
imal ratio combining, equal gain combining and orthogonality
restoring combining techniques, with significative performance
improvement. Analytical results are compared with simulations
showing a perfect agreement.

Index Terms— MC-CDMA, fading channel, performance eval-
uation, partial equalization

I. INTRODUCTION

MULTI-carrier code division multiple access (MC-
CDMA) techniques are considered for fourth genera-

tion mobile radio systems due to the efficiency in counteracting
both multi-user interference and frequency selective fading for
high data-rate communications (see, e.g., [1]–[5]). Different
schemes have been proposed in the Literature, for which an
overview can be found in [6].

We investigate the down-link performance of MC-CDMA in
a frequency selective fading channel following the scheme pre-
sented in [1], [7] modified for what concerns the equalization
and combining technique of signals coming from different sub-
carriers. In this scheme the spreading is done in the frequency-
domain, with spreading factor equal to the number of sub-
carriers, and Walsh-Hadamard (W-H) codes are used (see
Figg. 1 and 2 for the transmitter and receiver block schemes,
respectively).1

Even if it can be assumed that at the receiver side of the
down-link the information associated to all users experiences
the same channel and the system remains always synchronous,
the orthogonality between the sequences of different users is
lost, in spite of the use of W-H code, due to the different fading
in each sub-channel. Therefore, the choice of the combining
technique becomes critical.

Within the family of linear combining techniques, different
schemes based on the channel state information are known
in the literature (see, e.g., [10]), where signals coming from
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1Note that other solutions (see, e.g., [8], [9]) consist in performing the
spreading in the time domain.

different sub-carriers are weighted by suitable coefficients Gm

(m being the sub-carrier index). The equal gain combining
(EGC) consists in weighting equally each sub-channel contri-
bution and compensating only the phases as in (1):

Gm =
H∗

m

|Hm| , (1)

where by Gm we indicate the mth complex channel gain and
Hm is the mth channel coefficient.2 As investigated in [1], if
the number of active users is negligible with respect to the
number of sub-carriers, that is the system is noise-limited, the
best choice is represented by a combination in which the sub-
channel with higher signal-to-noise ratio (SNR) has the higher
weight, as in the maximal ratio combining (MRC):

Gm = H∗
m . (2)

On the other hand, this choice totally destroys the orthogonal-
ity between the codes. For this reason, if the number of active
user is high (the system is interference-limited), a good choice
is given by restoring at the receiver the orthogonality between
the sequences. This means to cancel the effects of the channel
on the sequences as in the orthogonality restoring combining
(ORC), where:

Gm =
1

Hm
. (3)

This implies a total cancellation of the multiuser interference,
but, on the other hand, this method enhances the noise,
because the sub-channels with low SNR have higher weights.
It is evaluated in [1] that for a Rayleigh fading channel it
raises to infinity the noise contribution (i.e., the E

{|Hm|−2
}

approaches infinity). Consequently, a correction on Gm is
introduced in [11], as follows:

Gm = u(|Hm| − ρTH)
1

Hm
, (4)

where u(·) is the unitary-step function and the threshold
ρTH is introduced to cancel the contributions of sub-channels
highly corrupted by the noise. This method is the so-called
controlled equalization (CE) or threshold orthogonality restor-
ing combining (TORC) technique.

However, exception made for the two opposite cases of
one active user (giving MRC) and negligible noise (giving
ORC) the presented methods do not represent the optimum
solution for real cases of interest. The optimum choice for
linear equalization is the minimum mean square error (MMSE)
technique. For the particular case of fully-loaded system (i.e.,

2Operation ∗ is the complex conjugate, whereas E {·} represents the
statistical expectation.
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Fig. 1. Transmitter block-scheme.

Fig. 2. Receiver block-scheme for the nth user.

the number of users is equal to the number of sub-carriers),
in [12] it has been proved that it results in:

Gm =
H∗

m

|Hm|2 + 1
Nuγ

, (5)

where Nu is the number of users and γ is the mean SNR
averaged over fast fading. When the system is not full-loaded
it is cumbersome to obtain the MMSE coefficients [12].

More complex non-linear equalizers, such as the maximum
likelihood detection (MLD), and iterative detection presented
attain better performance [4]. However, since we are analyzing
the down-link of a mobile radio system, the computation is
done in the mobile unit and it is fundamental to have a
detection scheme capable to attain good performance with low
complexity.

Then, we will focus on linear equalization techniques with
the same complexity of EGC, MRC and ORC, but more robust
to both multiuser interference and thermal noise.

In particular, we will analyze a partial equalization tech-
nique where coefficients Gm depend on a parameter β as
follows:

Gm =
H∗

m

|Hm|1+β
. (6)

Note that (1), (2), (3) can be viewed as particular cases of
(6) for which the parameter β assumes the values 0 (EGC),
−1 (MRC) and 1 (ORC), respectively. The key idea is that,
since MRC and ORC are optimum in the extreme cases of
noise-limited and interference-limited systems, respectively,
for each intermediate situation there should exist an optimum
value of the parameter β which minimizes the mean bit error
probability (BEP) averaged over fast fading.

In this paper we analytically evaluate the optimum β for
all possible number of sub-carriers, active users, and for all
possible values of the SNR. After that, it will be shown that a
partial equalization technique with parameter β properly cho-
sen (e.g., to be optimum for a fully-loaded condition) improves
the system performance still maintaining the same complexity
of MRC, EGC and ORC. The accuracy of analytical results
will be verified by comparison with simulations. In addition,
as a bench-mark, our results will be compared with those in
[13] where a similar technique was studied by simulations (in
the particular case of full-load system, M = 64 sub-carriers
and some given values of the SNR) and it was pointed out that
it can attain BEP not far from the one of MMSE. The great
advantage of the proposed solution is that (once β is fixed) it
has the same complexity of MRC and ORC schemes.

The paper is organized as follows: methodology, assump-
tions and system model are discussed in Sect. II and Sect. III.
The test statistic and the BEP are analytically derived in
Sect. IV and Sect. V, respectively. Numerical results are re-
ported in Sect. VI, and our conclusions are given in Sect. VII.

II. METHODOLOGY AND ASSUMPTIONS

We are dealing with the down-link of a MC-CDMA system
for which we make the following commonly accepted assump-
tions (see, e.g., [1], [7], [13]):
• the system remains always synchronous, and possible

different delays affecting each sub-carriers are assumed
to be perfectly compensated;

• the channel is time invariant for several symbol-time and
each sub-carrier experiments flat fading uncorrelated on
different sub-carriers;

• we assume perfect channel state information for each sub-
carrier;

• we adopt the central limit theorem (CLT) and the law of
large numbers (LLN) to assess the BEP analysis.

¿From one hand, the assumption of uncorrelated fading among
sub-carriers represents a realistic case when the sub-carriers
are sufficiently spaced in frequency (i.e., more than the coher-
ence bandwidth) or when only a subset of the amount of sub-
carriers is used for a symbol transmission. On the other hand,
it allows a completely analytical evaluation of the performance
with careful investigation of dependencies between system
parameters, the comparison with previous results appeared in
the literature, and a lower-bound of the performance in realistic
scenarios.

With regard to the adoption of CLT and LLN, it is reason-
able for sufficiently high number of sub-carriers, as for prac-
tical systems, such as the terrestrial digital video broadcasting
(DVB-T), where the number of sub-carriers is 2K or 8K. The
suitability of the approximation on the BEP obtained through
these assumptions will also be checked by simulation.

On the other hand, it is important to underline that the main
objective of this work is not to assess an exact expression for
the BEP itself, but to derive the value of β which provides
the lower BEP. We will show through both the analytical
methodology and simulations, that the optimum value of β
which minimizes the exact BEP is in perfect agreement with
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the value that results in the lower approximated BEP obtained
through the analytical methodology. The main advantage of
this approach is to derive the analytical dependence between
the optimum β and other parameters (such as the number
of active users, the signal-to-noise ratio, the number of sub-
carriers, etc.) representing slow processes with respect to the
performance perceived by users. Then two interesting cases
can be investigated: one in which β is adaptively changed
tracking the variation of slow processes and the other in which
β is assumed to be fixed at a particular value suggested by
analytical results.

For a discussion on the performance evaluation in the
presence of processes varying with different rapidity see,
as example, [14]. The BEP averaged over fast fading is a
common performance figure for applications in which the
user’s perceived quality of service is related to the error
rate observed in a time interval of few seconds. Thus, the
variability of processes affecting the useful signal during this
interval has to be carefully taken into account (e.g., due to the
shadowing, γ slowly varies with respect to the BEP).

III. SYSTEM MODEL

A. Transmitter

A block scheme of the transmitter is depicted in Fig.1.
Following, as an example, the MC-CDMA architecture in [6],
the number of sub-carriers, M , is equal to the spreading factor,
N . Each data-symbol is copied over all sub-carriers, and
multiplied by the chip assigned to each particular sub-carrier.
Consequently, the spreading is performed in the frequency-
domain.
We consider W-H orthogonal code sequences for the multiple
access and binary phase shift keying (BPSK) modulation; the
transmitted signal referred to the kth user, can be written as
follows:

s(k)(t) =

√
2Eb

M

+∞∑

i=−∞

M−1∑
m=0

c(k)
m a(k)[i]g(t− iTb)

× cos(2πfmt + φm), (7)

where Eb is the energy per bit, i denotes the data index,
m is the sub-carrier index, cm is the mth chip (taking value
±1)3, a(k)[i] is the data-symbol transmitted during the ith time-
symbol, g(t) is a rectangular pulse waveform, with duration
[0, T ] and unitary energy, Tb is the bit-time, fm = f0+m ·∆f
is the sub-carrier-frequency (with ∆f ·T and f0T integers that
implies orthogonal frequencies) and φm is the random phase
uniformly distributed within [−π, π].

In particular, Tb = T + Tg is the total OFDM symbol
duration, increased with respect to T of a time-guard Tg (in-
serted between consecutive multi-carrier symbols to eliminate
the residual inter symbol interference, ISI, due to the channel
delay spread). Considering that, exploiting the orthogonality

3We assume orthogonal sequences c(k) for different users, such that:

< c(k), c(k
′) >=

M−1∑

m=0

c
(k)
m c

(k′)
m =

{
M k = k′,
0 k 6= k′.

of the code, all the different users use the same carriers, the
total transmitted signal results in:

s(t) =
Nu−1∑

k=0

s(k)(t) =

√
2Eb

M

Nu−1∑

k=0

+∞∑

i=−∞

M−1∑
m=0

c(k)
m a(k)[i]

× g(t− iTb) cos(2πfmt + φm), (8)

where Nu is the number of active users and, because of the
use of orthogonal codes, Nu ≤ M .

B. Channel Model

Since we are considering the down-link, we assume that,
focusing on the nth receiver, the information associated to
different users experiments the same fading. Due to the CDMA
structure of the system, each user receives the information
of all the users and select only its own data through the
spreading sequence. We assume the impulse response of the
channel h(t) as time-invariant during many symbol intervals.
We employ a frequency-domain channel model in which the
transfer function, H(f), is given by:

H(f) ' H(fm) = αmejψm for |f − fm| < Ws

2
, ∀ m, (9)

where αm and ψm are the mth amplitude and phase coeffi-
cients, respectively, and Ws is the the transmission bandwidth
of each sub-carrier. The assumption in (9) means that the pulse
shaping still remains rectangular even if the non-distortion
conditions are not perfectly verified. Hence, the response g′(t)
to g(t) is a rectangular pulse with unitary energy and duration
T ′ , T + Td, being Td ≤ Tg the time delay.

We assume that each H(fm) is independent identically
distributed (i.i.d.) complex zero-mean Gaussian random vari-
able (r.v.) with variance, σ2

H , related to the path-loss Lp as
1/LP = E

{
α2

}
= 2σ2

H .

C. Receiver

The received signal can be written as

r(t) =

√
2Eb

M

Nu−1∑

k=0

+∞∑

i=−∞

M−1∑
m=0

αmc(k)
m a(k)[i]g′(t− iTb)

× cos(2πfmt +

ϑm︷ ︸︸ ︷
φm + ψm) + n(t), (10)

where n(t) is the additive white Gaussian noise with two-side
power spectral density (PSD) N0/2 and ϑm , φm + ψm.
Note that, since ϑm can be considered uniformly distributed
in [−π, π], we can consider ∠H(fm) ∼ ϑm in the following.

The receiver structure is depicted in Fig. 2. Focusing,
without loss of generality, to the lth sub-carrier of user n, the
receiver performs the correlation at the jth instant (perfect syn-
chronization and phase tracking are assumed) of the received
signal with the signal c

(n)
l

√
2 cos(2πflt + ϑl), as:

z
(n)
l [j] =

1√
T

∫ jTb+T

jTb

r(t) c
(n)
l

√
2 cos(2πflt + ϑl)dt . (11)

Substituting (10) in (11), the term z
(n)
l [j] results in (12). It is

shown in Appendix A that um,l[j] is independent on j and its
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value is 1 for m = l, 0 for m 6= l. Then the second term in
(12) (i.e., the ISI) is zero. In addition, it can be proved that
terms nl[j] are zero mean Gaussian r.v.’s with variance N0/2.
After some algebra, (12) results in

z
(n)
l [j] =

√
Ebδd

M
αla

(n)[j] (13)

+

√
Ebδd

M
c
(n)
l αl

Nu−1∑

k=0,k 6=n

c
(k)
l a(k)[j] + nl[j] ,

where δd , 1/(1+Td/T ) represents the loss of energy caused
by the time-spreading of the impulse.

IV. TEST STATISTIC

The decision variable (i.e., the test statistic), v(n)[j], is
obtained by linearly combining the weighted signals from each
sub-carrier as follows:4

v(n) =
M−1∑

l=0

|Gl|z(n)
l , (14)

where |Gl| is a suitable amplitude of the lth equalization coef-
ficient. By considering MC-CDMA with partial equalization,
the weight for the lth sub-carrier is given by:

Gl =
H∗(fl)

|H∗(fl)|1+β
, −1 ≤ β ≤ 1 . (15)

Note that, the correlation of the signal on each sub-
carrier with

√
2 cos(2πflt + ϑl) is equivalent to multiply by

H∗(fl)/|H(fl)|. Hence, each sub-carrier is weighted by a gain

|Gl| = |H(fl)|−β = α−β
l , −1 ≤ β ≤ 1 . (16)

Therefore, from (13) and (14) we can write:

v(n) =

U︷ ︸︸ ︷√
Ebδd

M

M−1∑

l=0

α1−β
l a(n) +

N︷ ︸︸ ︷
M−1∑

l=0

α−β
l nl

+

I︷ ︸︸ ︷√
Ebδd

M

M−1∑

l=0

Nu−1∑

k=0,k 6=n

α1−β
l c

(n)
l c

(k)
l a(k) . (17)

At this point, the distribution of the test statistic can be
obtained by studying the statistics U , I and N in (17).

4For the sake of conciseness in our notation, since ISI is avoided, we will
neglect the time-index j in the following.

1) Interference Term: Exploiting the properties of orthog-
onal codes as in [7], after some algebra the interference term
can be rewritten as:

I =

√
Ebδd

M

Nu−1∑

k=0,k 6=n

a(k)




A1︷ ︸︸ ︷
M
2∑

h=1

α1−β
xh

−

A2︷ ︸︸ ︷
M
2∑

h=1

α1−β
yh




, (18)

where indexes xh and yh define the following partition

c(n)[xh]c(k)[xh] = 1 (19)

c(n)[yh]c(k)[yh] = −1 (20)

{xh} ∪ {yh} = 0, 1, 2, ....,M − 1 . (21)

For large M , we can apply the CLT to each one of the internal
sums in (18) obtaining:

A1 ∼ N
(√

M

2
E

{
α1−β

}
,
M

2
ζβ(α)

)
(22)

A2 ∼ N
(√

M

2
E

{
α1−β

}
,
M

2
ζβ(α)

)
, (23)

where ζβ(α) indicates the variance of α1−β that is given by

ζβ(α) , E
{
(α1−β)2

}− (E
{
α1−β

}
)2 . (24)

Therefore, A , A1 −A2 is distributed as:

A ∼ N (0,M ζβ(α)) . (25)

By exploiting the symmetry of the Gaussian p.d.f. and the
property of the sum of uncorrelated (and thus independent)
Gaussian r.v.’s (Ak = a(k)A ∼ N (0,M ζβ(α))), the interfer-
ence term is distributed as:

I ∼ N
(
0, σ2

I , Ebδd(Nu − 1)ζβ(α)
)

. (26)

2) Noise Term: The thermal noise at the combiner output
is given by

N =
M−1∑

l=0

α−β
l nl , (27)

where terms αl and nl are independent and nl is zero mean.
Thus, N consists on a sum of i.i.d zero mean r.v.’s with
variance N0/2 E

{
α−2β

}
. Following the approximation done

z
(n)
l [j] = 2

√
Eb

MT

+∞∑

i=−∞

∫ jTb+T

jTb

Nu−1∑

k=0

M−1∑
m=0

αmc(k)
m c

(n)
l a(k)[i] g′(t− iTb) cos(2πfmt + ϑm) cos(2πflt + ϑl)dt (12)

+

nl[j]︷ ︸︸ ︷∫ jTb+T

jTb

√
2
c
(n)
l√
T

n(t) cos(2πflt + ϑl)dt =

√
Eb

M

T

T ′

Nu−1∑

k=0

M−1∑
m=0

um,l[j]︷ ︸︸ ︷
1
T

∫ jTb+T

jTb

2 cos(2πfmt + ϑm) cos(2πflt + ϑl)dt

× αmc(k)
m c

(n)
l a(k)[j] + nl[j] =

√
Eb

M

T

T ′





Nu−1∑

k=0

αlc
(k)
l c

(n)
l a(k)[j]ul,l[j] +

M−1∑

m=0, m 6=l

Nu−1∑

k=0

αmc(k)
m c

(n)
l a(k)[j]um,l[j]



 + nl[j] .
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in [1] and in [7], involving the CLT, we approximate the
unconditioned noise term N as:

N ∼ N
(

0, σ2
N , M

N0

2
E

{
α−2β

})
. (28)

3) Useful Term: By applying the CLT, the gain U on the
useful term in (17) results distributed as

U ∼ N
(√

EbδdME
{

α1−β
l

}
, Ebδdζβ(α)

)
. (29)

4) Independence between each term: By noting that a(k)

is zero mean and statistically independent on αl, A, and nl,
it follows that E {I N} = E {I U} = 0. Since nl and αl are
statistically independent, the E {N U} = 0. The fact that I ,
N and U are uncorrelated Gaussian r.v.’s implies they are also
independent.

V. BIT ERROR PROBABILITY EVALUATION

¿From (26) and (28) we obtain

I + N ∼ N
(

0, Ebδd(Nu − 1)ζβ(α) + ME
{
α−2β

} N0

2

)
,

(30)
that can be applied to the test statistic in (17) to derive the
BEP conditioned to the r.v. U as

Pb|U =
1
2

erfc

{
U√

2(σ2
I + σ2

N )

}
. (31)

By applying the LLN as in [1], that is approximating∑M−1
l=0 α1−β

l with ME
{
α1−β

}
, we can derive the uncondi-

tioned BEP as follows:

Pb ' 1
2

erfc

{√
Ebδd(E {α1−β})2

2Ebδd
Nu−1

M ζβ(α) + E {α−2β}N0

}
. (32)

In Appendix B we show that:

E
{
α1−β

}
= (2σ2

H)
1−β

2 Γ
(

3− β

2

)
, (33)

E
{
α−2β

}
=

(
2σ2

H

)−β
Γ(1− β) , (34)

ζβ(α) = (2σ2
H)1−β

[
Γ(2− β)− Γ2

(
3− β

2

)]
, (35)

where Γ(z) is the well known Euler Gamma function. By
substituting (33), (34) and (35) in (32) we obtain

Pb ' 1
2

erfc{
√

SNIR} , (36)

where

SNIR =
Γ2

(
3−β

2

)
2σ2

HEbδd

N0

2Nu−1
M

[
Γ(2− β)− Γ2

(
3−β

2

)]
2σ2

HEbδd

N0
+ Γ(1− β)

.

(37)
By defining the mean SNR at the receiver as γ ,
2σ2

HδdEb/N0, the BEP results in a function of the mean SNR
and the combining parameter β as in (36) with

SNIR '
Γ2

(
3−β

2

)
γ

2Nu−1
M

[
Γ(2− β)− Γ2

(
3−β

2

)]
γ + Γ(1− β)

.

(38)

Note that this BEP expression is general in β and it is
immediate to verify that results in the expressions for EGC
(β = 0) and MRC (β = −1) found in [1] as:

(EGC) Pb(0, γ) ' 1
2

erfc

{√
π
4 γ

2Nu−1
M

(
1− π

4

)
γ + 1

}
,(39)

(MRC) Pb(−1, γ) ' 1
2

erfc

{√
γ

2Nu−1
M γ + 1

}
. (40)

As a benchmark, note that for MRC with one active user (i.e.,
Nu = 1) the (40) becomes:

Pb(−1, γ)|Nu=1 ' 1
2
erfc(

√
γ) , (41)

that is independent on the number of sub-carrier M and
represents the well known limit of the antipodal waveforms
in AWGN channel. This means that the approximation due
to LLN is equivalent to assume that we have a number of
sub-carriers (M ) sufficiently high to saturate the frequency-
diversity, then the transmission performs as in the absence of
fading.

A. Optimum Choice of the combining parameter β

Now we will analyze the proposed partial equalization
technique with the aim of finding the optimum value of β,
defined as the value within the range [−1, 1] that minimizes
the BEP as expressed in (38):

β(opt) = arg min
β
{Pb(β, γ)} ' (42)

arg max
β





Γ2
(

3−β
2

)
γ

2Nu−1
M

[
Γ(2− β)− Γ2

(
3−β

2

)]
γ + Γ(1− β)



 .

It will be shown in the numerical results that the approximation
on the BEP does not significantly affect the optimized value
of the parameter β. By forcing to zero the derivative of the
argument in (42), calling Γ′(x) , dΓ(x)/dx, and considering
γ > 0 together with Γ

(
3−β

2

)
6= 0 for −1 ≤ β ≤ 1, after

some algebra we obtain the following equation:

− Γ′
(3− β

2

){
2γ

Nu − 1
M

[
Γ
(
2− β

)
−Γ2

(3− β

2

)]

+ Γ
(
1− β

)}
= Γ

(3− β

2

){
2γ

Nu − 1
M

[
−Γ′(2− β)

+ Γ
(3− β

2

)
Γ′

(3− β

2

)]
−Γ′(1− β)

}
. (43)

It is known that Γ′(x) = Ψ(x)Γ(x), where Ψ(x) is the
logarithmic derivative of the Gamma Function, the so-called
Digamma-function defined as (see, e.g., [17]) Ψ(x) ,
d ln Γ(x)/dx. Then, we are able to rewrite (43) as

Γ (1− β)
[
Ψ

(
3− β

2

)
−Ψ(1− β)

]

= 2γ
Nu − 1

M
Γ(2− β)

[
Ψ(2− β)−Ψ

(
3− β

2

)]
. (44)



CONTI, MASINI, ZABINI & ANDRISANO: ON THE DOWN-LINK PERFORMANCE OF MC-CDMA. . . 5

Since Γ(x + 1) = xΓ(x) and Γ(1− β) 6= 0 for −1 ≤ β ≤ 1,
we obtain:

Ψ
(

3− β

2

)
−Ψ(1− β)

= 2γ
Nu − 1

M
(1− β)

[
Ψ(2− β)−Ψ

(
3− β

2

)]
. (45)

Considering also that (see, e.g., [17]) Ψ(x+1) = Ψ(x)+1/x,
after some manipulations and defining the parameter

ξ , 2γ
Nu − 1

M
, (46)

we obtain the following expression:
[
Ψ

(
3− β

2

)
−Ψ(1− β)

] [
1
ξ

+ (1− β)
]
− 1 = 0 . (47)

Note that the parameter ξ quantifies how much the system
is noise-limited (low values) or interference-limited (high
values), and (47) represents the implicit solution, for the
problem of finding the optimum value of β for all possible
values of SNR, number of sub-carriers and number of users.
Indeed, (47) open the way to an important consideration.
In fact, the optimum β only depends, through ξ, on slowly
varying processes such as the SNR (averaged over fast fading
then randomly varying according to shadowing), the number
of users and the number of sub-carriers. This means that it
could be reliable an adaptive partial equalization technique in
which β is slowly adapted to the optimum value for the current
set of γ, Nu and M .

B. Bit Error Probability for CE detection

For a wider comparison of results, we also evaluate the
performance when a CE detector is implemented. The test
statistic for this case is evaluated in Appendix C resulting in
(69), (71) and (72). Hence, we obtain that I +N are gaussian
distributed as following:

N
(

0, Ebδd(Nu − 1)ζβ(α) + ME
{
(u(α− ρTH))2

} N0

2

)
,

(48)
and by applying the same methodology as for the partial
equalization technique, we derive the BEP conditioned to the
r.v. U as in (36) with SNIR equal to

Ebδd

M

[∑M−1
l=0 u(αl − ρTH)

]2

2Ebδd(Nu − 1)ζ(α) + ME
{[

α−1
l u(αl − ρTH)

]2}
N0

.

Through the LLN as in [1], that is approximating∑M−1
l=0 u(αl − ρTH) with ME {u(αl − ρTH)}, and since

E {u(α− ρTH)} = e
− ρ2

T H
2σ2

H , (49)

E
{
(α−1u(α− ρTH))2

}
=

1
2σ2

H

Γ
[
0,

ρ2
TH

2σ2
H

]
, (50)

ζ(α) =

[
e

(
− ρ2

T H
2σ2

H

)

− e

(
− ρ2

T H
σ2

H

)]
, (51)

we obtain the BEP expression in the case of CE detector as
given by (36) with SNIR equal to

SNIR =
γe
− ρ2

T H
σ2

H

2Nu−1
M

[
e

(
− ρ2

T H
2σ2

H

)

− e

(
− ρ2

T H
σ2

H

)]
γ + Γ

[
0,

ρ2
T H

2σ2
H

] .

(52)

VI. NUMERICAL RESULTS

In this Section, numerical results on the BEP and the
optimum β in different system conditions will be shown.
Firstly, the goodness of the presented approach is proved
by comparison with simulations. In particular, Fig. 3 shows
the BEP as a function of β for different values of γ (5dB,
10dB and 12dB) and Nu = M = 1024. Analytical results
coming from (38) and simulative results appear to be in a
good agreement, in particular for what concerns the value of
β providing the minimum for the BEP. Moreover, it can be
noted that the choice of the optimum value of β guarantees
a significant improvement in the performance with respect to
the cases of MRC (β = −1), EGC (β = 0) and ORC (β = 1);
this improvement appears more relevant as the SNR increases.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
β

10
−4

10
−3

10
−2

10
−1

10
0

Pb

anal.
simul.

γ=5dB

γ=10dB

γ=12dB

Fig. 3. Analytical and simulated BEP as a function of the parameter β for
γ = 5, 10dB and 12dB with M = Nu = 1024.

Fig. 4 shows the optimum value of β for different com-
binations of γ, M , Nu, that is for different values of ξ.
The analytical curve is obtained by simply noting that the
β satisfying the (47) can be written as a function of ξ which
is invertible as

ξ =


 1

Ψ
(

3−β
2

)
−Ψ(1− β)

+ β − 1



−1

. (53)

An immediate comment is necessary at this point. In fact, this
means that the optimum β does not depend on γ, M and
Nu separately, but it is a function of the ensemble parameter
ξ. In addition, a perfect agreement with simulations can be
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Fig. 4. Analytical and simulated optimum β as a function of the parameter
ξ.

0 2 4 6 8 10 12 14
γ (dB)
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0
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β opt.
MRC
CE
MMSE

SL=20%,60%,100%

SL=20%,60%,100%

Fig. 5. BEP as a function of the mean SNR for system load SL =
(Nu − 1)/M equal to 20%, 60% and fully-loaded when MRC or partial
equalization with optimum β are adopted. For the fully-loaded case, the
comparison includes also MMSE (from [13]) and CE detectors.

appreciated. In particular, this figure confirms that if the system
is noise-limited (low ξ), MRC solution is optimum, while, if
the system is interference-limited (high ξ), a choice close to
ORC is required.

The performance improvement of partial equalization tech-
nique with optimum β with respect to classical MRC can be
evaluated, for different system load SL = (Nu − 1)/M and
SNRs, by observing Fig. 5. As an example, at γ = 8dB with
SL = 20% the BEP is about 0.005 with optimum β against
0.03 with MRC, whereas for SL = 60% is about 0.015 and
0.11, for optimum β and MRC, respectively. When the system
is fully-loaded, Fig. 5 also shows a comparison with MMSE
(from [13]) and CE detectors. For CE we checked that ρTH =
0.25 is a good value for the SNR range considered. As can be
observed, MMSE always provides the better performance and

−10 −5 0 5 10 15 20
γ (dB)

−1.2

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

β

Nu=1,16,32,64,128,256

Fig. 6. Optimum β as a function of the SNR for different numbers of active
users and M = 256.

0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64
Nu
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−0.2
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0.2

0.4

0.6

0.8

1

β (a)
(b)
(c)
(d)

Fig. 7. Optimum β as a function of the number of active users for M = 64,
γ=5dB (a), γ=10dB (b), γ=15dB (c) and γ=20dB (d).

it is about 1 − 1.5 dB away from that obtained with partial
equalization technique with optimum β. Note also that the
system with optimum β and system load 60% performs as
fully-loaded MMSE.

For a fixed value of sub-carriers M = 256, the Fig. 6 shows
the optimum value of β as a function of the SNR for different
numbers of active users, that is for different system loads
(interference free, 1/16, 1/8, 1/4, 1/2 and fully-loaded). For
low SNRs, the MRC represents the best choice, while for high
SNRs, the optimum tends to the ORC technique. For a fixed
SNR, the optimum β increases with the number of users.

To compare our results also with those obtained in [13], we
report in Fig. 7 the optimum value of β for M = 64 as a
function of the number of active users (i.e., the system load)
for four different values of the SNR (5, 10, 15, 20dB). In [13]
the fully-loaded case was examined providing values of β in
agreement with our analytical results for Nu = 64.
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Fig. 8. The impact of the parameter β on the BEP as a function of the number
of users for M = 1024 and γ = 10dB for different detection techniques.

In Fig. 8 the impact of different equalization strategies on
the BEP as a function of the number of active users, Nu, is
reported for γ = 10dB and M = 1024. First of all it can
be noticed that the optimum β always provides the better
performance; then, it can be observed that when few users
are active MRC represents a good solution, approaching the
optimum, crossing the performance of EGC for a system load
about 1/64÷ 1/32 (i.e., Nu = 16÷ 32) and the performance
of a CE detector with ρTH = 0.25 for a system load about
1/16÷1/8. Note that a fixed value of β equal to 0.5 represents
a solution close to the optimum for system loads ranging in
1/4 ÷ 1 (i.e., Nu = 256 ÷ 1024) and the performance still
remain in the same order for all system loads.
Since the point of view of a system designer is to evaluate the
SNR required by different solutions to obtain a target BEP,
in Fig. 9 the required SNR for Pb = 0.01 (a typical value
of interest for uncoded systems) is plotted as a function of β
for Nu = M = 1024 (fully loaded) and Nu = M/2 = 512
(half load). These results show a strong impact of the choice
of β on the required SNR: as an example, to obtain the target
BEP with a SNR up to 1dB above the value required with the
optimum β, the admitted ranges for β are 0.4 ÷ 0.75 for the
fully loaded and 0.1÷ 0.7 for the half load.

VII. CONCLUSIONS

In this paper we analytically evaluated the performance of
MC-CDMA systems adopting a partial equalization technique.
This technique depends on a parameter β for which the value
optimizing the performance has been analytically derived
depending on the SNR, the number of sub-carriers and the
number of active users. The proposed technique is shown
to have the same complexity of the well known maximal
ratio combining, equal gain combining and orthogonality
restoring combining techniques, with significative performance
improvement. Different situations for which β is varied adap-
tively to slowly varying processes or maintained constant to a
value about 0.5 have been compared with MRC, EGC, ORC

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
β

8

9

10

11

12

13

14

γ (dB)

Nu=M=1024
Nu=512, M=1024

Fig. 9. SNR required for a target Pb = 0.01, as a function of β, for
Nu = M = 1024 (fully loaded) and Nu = M/2 = 512 (half load).

and CE techniques. The gain in terms of required SNR to
achieve a target BEP has been reported in different system
conditions. In addition, comparisons with simulations have
been made and the perfect agreement validates the proposed
methodology.

APPENDIX A

In this Appendix we evaluate the term um,l[j] in (12). We
distinguish two cases (m = l and m 6= l) and we use the well
known property 2 cos A cosB = cos(A + B) + cos(A − B)
and the fact that, for the assumptions, f0T and ∆f · T are
integers. If m = l then

ul,l[j] =
sin(Q0 + 4πn0)− sin Q0

4πn0
+ 1 = 1 , (54)

where n0 , f0T + l∆fT integer and Q0 , 4πfljTb +2ϑl. If
m 6= l then

um,l[j] =
sin(Q1 + 2πn1)− sin Q1

2πn1

+
sin(Q2 + 2πn2)− sin Q2

2πn2
= 0 , (55)

where Q1 , 2π(fm + fl)jTb + ϑm + ϑl, Q2 , 2π(fm −
fl)jTb + ϑm − ϑl, n1 , 2f0T + (m + l)∆f · T integer and
n2 , (m− l)∆f · T integer. Summarizing, we have:

um,l[j] =

{
1 m = l,

0 m 6= l.
, (56)

independently on the index j.

APPENDIX B

In this Appendix we evaluate E
{
α1−β

}
, E

{
α−2β

}
and

ζβ(α) = E
{
(α1−β)2

}− (E
{
α1−β

}
)2 where α is a Rayleigh

distributed r.v. Thus, the p.d.f. of α is

α ∼ α

σ2
H

e
− α2

2σ2
H , (57)
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for α ≥ 0 and 0 otherwise. It is known from [17] that
∫ +∞

0

xa−1e−px2
dx =

1
2
p−

a
2 Γ

(a

2

)
, a > 0 , (58)

where Γ(z) represents the Euler Gamma function. Hence:

E
{
α1−β

}
=

∫ +∞

0

α1−β α

σ2
H

e
− α2

2σ2
H dα

= (2σ2
H)

1−β
2 Γ

(
3− β

2

)
, (59)

E
{
α−2β

}
=

∫ +∞

0

α−2β α

σ2
H

e
− α2

2σ2
H dα

= (2σ2
H)−βΓ (1− β) , (60)

E
{
(α1−β)2

}
=

∫ +∞

0

α2−2β α

σ2
H

e
− α2

2σ2
H dα

=
(
2σ2

H

)1−β
Γ(2− β) . (61)

¿From (59) and (61) results

ζβ(α) =
(
2σ2

H

)1−β
Γ(2− β)−

[
(2σ2

H)
1−β

2 Γ
(

3− β

2

)]2

= (2σ2
H)1−β

[
Γ(2− β)− Γ2

(
3− β

2

)]
. (62)

APPENDIX C

In this Appendix we evaluate the test statistic for a CE (or
TORC) detector. Starting from (4),(13) and (14), the decision
variable v(n) is given by:

v(n) =

U︷ ︸︸ ︷√
Ebδd

M
ΣM−1

l=0 u(αl − ρTH) a(n)

+

I︷ ︸︸ ︷√
Ebδd

M
ΣM−1

l=0 ΣNu−1
k=0,k 6=nu(αl − ρTH)c(n)

l c
(k)
l a(k)

+

N︷ ︸︸ ︷
ΣM−1

l=0 α−1
l u(αl − ρTH)nl . (63)

The distribution of the test statistic can be obtained by studying
the statistics U , I and N in (63) as in the following.

1) Interference Term: Exploiting the properties of orthog-
onal codes as in [7], after some algebra the interference term
can be rewritten as:

I =

√
Ebδd

M

Nu−1∑

k=0,k 6=n

a(k)

×




B1︷ ︸︸ ︷
M
2∑

h=1

u(αxh
− ρTH)−

B2︷ ︸︸ ︷
M
2∑

h=1

u(αyh
− ρTH)




, (64)

where indexes xh and yh define the partition as in (19), (20)
and (21).

For large M , we can apply the CLT to each one of the
internal sums in (64) obtaining

B1 ∼ N
(√

M

2
E {u(α− ρTH)} ,

M

2
ζ(α)

)
, (65)

B2 ∼ N
(√

M

2
E {u(α− ρTH)} ,

M

2
ζ(α)

)
, (66)

where ζ(α) indicates the variance of u(α−ρTH) that is given
by

ζ(α) , E
{
(u(α− ρTH))2

}− (E {u(α− ρTH)})2

= e
− ρ2

T H
2σ2

H − e
− ρ2

T H
σ2

H . (67)

Therefore, B , B1 −B2 is distributed as:

B ∼ N (0, Mζ(α)) . (68)

By exploiting the symmetry of the Gaussian p.d.f. and the
property of the sum of uncorrelated (and thus independent)
Gaussian r.v.’s (Bk = a(k)B ∼ N (0,Mζ(α))), the interfer-
ence term is distributed as:

I ∼ N
(
0, σ2

I , Ebδd(Nu − 1)ζ(α)
)

. (69)

2) Noise Term: The thermal noise at the combiner output
is given by

N =
M−1∑

l=0

α−1
l u(αl − ρTH)nl , (70)

where terms αl and nl are independent and nl is zero
mean. Thus, N consists on a sum of i.i.d zero mean r.v.’s
with variance N0/2 E

{
(α−1

l u(αl − ρTH))2
}

. Following the
approximation done in [1], [7], involving the CLT, the uncon-
ditioned noise term N results in:

N ∼ N
(

0, σ2
N , M

N0

2
E

{
(α−1

l u(αl − ρTH))2
})

, (71)

with E
{
(α−1

l u(αl − ρTH))2
}

= 1
2σ2

H
Γ

[
0,

ρ2
T H

2σ2
H

]
; Γ[0, x] be-

ing the incomplete Euler Gamma function.
3) Useful Term: By applying the CLT, the term U results

in

U =

√
Ebδd

M

M−1∑

l=0

u(α− ρTH)

∼ N
(√

EbδdME {u(α− ρTH)} , Ebδdζ(α)
)

, (72)

where E {u(α− ρTH)} = e
− ρ2

T H
2σ2

H .
4) Independence between each term: By noting that a(k)

is zero mean and statistically independent on αl, B, and nl,
it follows that E {I N} = E {I U} = 0. Since nl and αl are
statistically independent, the E {N U} = 0. Since I , N and
U are uncorrelated Gaussian r.v.’s, they are also independent.
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