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1. Introduction and main result

The Korteweg-de Vries equation

L /g 3 9 3
+ =1/ = +4/= + = = R R 1.1
Oru \/;Uaxu \/; (a u) Oru 0, te R,z e, ( )

has been introduced in [27] to describe the wave motion in shallow waters; u(t,z) represents the wave
elevation, h is the (constant) water level, g the gravity, o a (small) constant, o = %3 - %, T describes the
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surface tension and p the water density. It is the most famous example of dispersive third order evolution
equation with (real) constant coefficients. Denoting D = —id, the equation (1.1) can be written in the form
P(u, D¢, Dy )u = 0, where

1 /g g 3
P(u,D;,D,) = Dy — 5\/%@3; + \/% (a + 5u) D,. (1.2)

Notice that the principal symbol of P (in the sense of Petrowski) is given by

Oprincipal (T, €) =T — % 5053

and admits the real characteristic root 7 = %\/%053. An operator of the form (1.2) can be referred to
as a quasilinear 3-evolution operator, cf. [3,30]. A huge number of variants of the equation (1.1) has been
introduced and studied along the years to model different phenomena connected with the wave propagation,
see for instance [26,29,33] and the references therein. One of these variants is the so-called KdV-Burgers
(KdVB) equation, see [21,22], which appears for instance in the analysis of the flow of liquids containing gas
bubbles and of the propagation of waves in an elastic tube containing a viscous fluid. The KdVB equation
reads as follows

Opu + 2audyu + 5b02u + cdu = 0, (1.3)
cf. [21], where a, b, ¢ are real constants. The associated operator
P(u, Dy, D,) = Dy — ¢D? + 5ibD? + 2auD, (1.4)

is again a semilinear 3-evolution operator with constant coefficients. With respect to (1.2), the operator
(1.4) admits complex-valued coefficients in the lower order terms. We recall that complex-valued coefficients
naturally arise in the study of other evolution equations of physical interest (think for instance to the Euler-
Bernoulli vibrating beam operator studied in [8]). We also observe that assuming the coefficients of the
equations (1.1), (1.3) to be constant is just a simplification; in principle some of the coefficients may depend
on t and/or x.

Starting from these considerations our aim is to consider a class of quasilinear 3-evolution equations with
variable coefficients connected with the previous physical models. Namely we shall consider the Cauchy
problem for equations of the form P(t, z,u, Dy, D, )u(t,z) = f(t,x) where

2
P(t,x,u, Dy, Dy) = Dy + as(t)D5 + Y _ a;(t,z,u)DJ, (t,z) €[0,T] x R, (1.5)
j=0

and f is an assigned function. Before addressing the general problem, let us spend some words about the
linear case, that is the case when the coefficients a;,j = 0,1,2, do not depend on . In this situation, we
are led to consider the initial value problem

P(t,z, Dy, Dy)u(t,x) = f(¢t,x)
, t,x 0,7] x R, 1.6
{um,z)g(x) e o
where
P(t,x, Dy, Dy) = Dy + as(t)D3 + > a;(t, z)DJ. (1.7)
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When the coefficients a;,j = 0,1,2,3, are all smooth and real-valued, the related Cauchy problem is well
posed in L? and in Sobolev spaces H™ for every m € R, whereas when as(t, ) is complex-valued, in [5] it
was proved that if the Cauchy problem is well-posed in H*(R) = N,,,ecr H"™(R), then there exist M, N >0
such that Vo > 0

4

sup  min /Im as(t,x + 3as(7)0)dd < Mlog(l+ o) + N. (1.8)

2eR 0<T<I<T
-0

On the other hand, by [4] we know that if there exists C' > 0 such that for every (t,z) € [0,7] x R

C C
%) and \Imal(t,x)\+|6mRea2(t,x)|g<x>1/2,

with (z) = (1 + |2|?)!/2, then the Cauchy problem is well-posed in H>(R) with a loss of derivatives.
Namely, given f(t),g € H*(R) for some s € R, there exists a unique solution with values in H*~°(R) for

[Tm as(t, x)| <

(1.9)

some suitable § > 0. This type of results has been also extended to general linear p-evolution operators of
the form

p—1
P(t,x,Dy, D;) = Dy + ap(t)D2 + Y aj(t,x)D),  (t,z) € [0,T] x R, (1.10)
7=0

where p is a positive integer, see [4,5]. In the recent paper [2], we considered the Cauchy problem (1.6) for
the operator (1.7) under weaker decay conditions (compared to (1.9)) on the second order terms. Namely,
we replaced the decay of [Imag| in (1.9) by a decay of type (x)~7 for some o € (1/2,1). In this case, H*®
well-posedness is lost due to the violation of (1.8). However, in analogy with the case p = 2 treated in
[11,23], under suitable assumptions on the regularity of the coefficients, it is natural to study the Cauchy
problem in the Gevrey-Sobolev spaces

=

H(R) = {uec ' (R): (DYeP D%y e L2(R)}, 6>1, m,peR,

=

where (D)™ and e?(P)? are the Fourier multipliers with symbols (£)™ and e?{¢)

are Hilbert spaces with the following inner product

respectively. These spaces

=
D=

(u,v)H% = <<D>me”<D> u, <D>m6p<D> V)2, U,V E H;?G(]R).

The spaces

He(R) = |J Hs(R), Hi*(R):= (] H(R)

p>0 p>0

are related to Gevrey classes in the following sense:
Go(R) C HF(R) C G°(R),  7(R) € H*(R) € 7’(R),
where G?(R) (respectively, v?(R)) denotes the space of all smooth functions f on R such that

sup sup h™ 1ol =09% f ()| < +o0 (1.11)
aeN™ zeR
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for some h > 0 (resp., for every h > 0), and G4(R) (resp. 7§ (R)) is the space of all compactly supported
functions contained in GY(R) (resp. 7?(R)).
In [2], we proved that if

(i) az € C([0,T];R) and there exists Cy, > 0 such that |as(t)| > Cy, Vt € [0,T],
(ii) a; € C([0,T); G%(R)), 6 > 1, for j =0,1,2,
(iii) 3o € (3,1) with 6y < and C,, > 0 such that |0%as(t,z)| < CEF1B1% (2)77 for every t €
[0,T], z € R, € N,
(iv) 3C,, such that |Im a;(¢,z)| < C,, {x)~ % for every t € [0,T], = € R,

1
2(1—o0)

then the Cauchy problem (1.6) for the operator (1.7) is well-posed in Hg°(R) for every 0 € [0y, ﬁ)
Moreover, the solution satisfies the energy estimate

t
[Ju(t, ')H%I;':a;g <cC HgH%{% + / 1f(, )H%{pe dr), te[0,T], (1.12)
0

for a suitable 6 € (0, p). More recently, we realized that also well-posedness in H§°(R) can be obtained with
minor modifications in the proof of the latter result, and assuming the coefficients a; to satisfy suitable
projective Gevrey estimates; in this case, we can prove an energy estimate of the form (1.12) for every
0 € (0,p), and by this estimate well-posedness in Hj°(R) follows. The proof of this result is a particular
case of Theorem 3.1 here below when the coefficients a; are independent of u, cf. Corollary 3.10.

Going back to quasilinear equations, in this paper we shall consider the Cauchy problem

{P(t,x,u(t,x),Dt,Dx)u(t,x) = f(t.x), (t.z)€[0,T] xR, (113

u(0,z) = g(x), =z €R,

for the operator (1.5) in the Gevrey setting described above. As far as we know, there are only a few
results concerning KdV-type equations with constant coeflicients in Gevrey spaces, see [15,17,18,20]. Due
to the loss of regularity appearing in the linear case, it is not possible in general to deduce local well-
posedness for the problem (1.13) from the above mentioned results for linear equations via a standard
fixed point argument but we need more sophisticated techniques. To prove our main result we use an
approach inspired by the method proposed in [13,14] for hyperbolic equations and in [3] for p-evolution
equations in the H* setting. Here we adapt this method to the Gevrey setting. The proof relies on the
application of Nash-Moser inversion theorem and gives the existence of a unique solution u of (1.13) in
C*([0,T*], Hg°(R)) for some T* € [0,T] by solving the equivalent integral equation Ju = 0 in [0, 7*], where
the map J : C1([0,T], H*(R)) — C*([0,T], H§°(R)) is defined by

t t

J(u) :u—g—!—i/(Pu)(s)ds—z'/f(s)ds. (1.14)
0

0

This can be achieved by proving that J is a locally invertible map. The main reason to work in HJ°(R)
instead than in H3°(R) is the following: Nash-Moser theorem applies in the category of tame Fréchet spaces
and Hj°(R), equipped with its natural topology, is such a space, whereas this is not the case for H5°(R).
In order to give a precise assumption on the regularity and decay of the coefficients, we need the following
definition.
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Definition 1.1. For §; > 1 and 7 > 0 we denote by '™ (R x C) the space of all functions f(z,w) defined
on R x C which are smooth in z and holomorphic in w and satisfy the following condition: for every A > 0
and every compact set K C C there exists a constant C'xr > 0 such that

sup  sup |90 f(x,w)|C N AT B0 ()T < oo,
B,7ENg zeR,weK

where 9, stands for a real derivative and 9,, stands for a complex derivative.

We recall the notion of convergence in I'%7(R x C). For {f;};en, C I'%7(R x C) and f € I'%"(R x C)
we have f; — f in ['%7(R x C) as j — 0o, whenever for every A > 0 and every compact K there exists
Ck > 0 such that

swp  sup 00OYLS; (e w) — (e, w)) ORI AP B (@) 50, asj - oo,
B,vENg zeR,weK

Now we are ready to state the main result of this manuscript.

Theorem 1.2. Let ag € C([0,T];R) such that |az(t)] > Cay, > 0 for some constant Co, and for every

3

t € [0,T). Let moreover o € (3,1) and 6y < 2(1% and assume that for j = 0,1,2 the coefficients a; €

: )
C([0,T],T% % (R x C)). Then the Cauchy problem (1.13) is locally in time well-posed in Hg®(R) for every
0 e [90, ﬁ) namely for all f € C([0,T]; H°(R)) and g € Hy°(R), there exists T* = T*(g, f) € (0,T]
and a unique solution u € C*([0,T*]; HZ°(R)) of (1.13). Moreover, T*(g, f) is lower semi-continuous with
respect to the data g and f (in the H3°(R) x C([0,T*]; H3°(R)) topology).

Example 1.3. Simple examples of coefficients a; satisfying the assumptions of Theorem 1.2 are given by
aj(t,z,w) = a(t,z)(x)~ 5 b(w) with a € C([0,T];7%(R)) and b(w) = w", r € N, or b(w) = ¥ or some
other entire function. Indeed, given an entire function h, for every compact K C C there exists a positive
constant C such that for every w € K we have |02h(w)| < Cotlal.

Remark 1.4. The result obtained in this paper concerns 3-evolution equations in one space dimension as
(1.1), (1.3). The extension of this result to higher space dimension requires a major technical effort in the
definition of the change of variable needed to study the linearized problem associated to (1.13). We will
treat this extension in a future paper.

The paper is organized as follows. In Section 2 we recall some basic definitions and properties of tame
Fréchet spaces and the statement of Nash-Moser theorem. Moreover, we prove that Hj°(R) is a tame
Fréchet space. Then, we introduce pseudodifferential operators of infinite order which are employed in the
next sections to study the linearized Cauchy problem associated to (1.13). Section 3 is devoted to the study
of this linear problem which is done using similar techniques as the ones used in [2] adapted to the projective
Gevrey setting. Finally, in Section 4 we apply Nash-Moser theorem to obtain local in time well-posedness
of (1.13).

2. Preliminaries
2.1. Function spaces
In this subsection we recall some basic facts concerning tame Fréchet spaces and prove that Hg°(R) is

such a space. Moreover, we recall the statement of Nash-Moser inversion theorem, see [19]. A graded Fréchet
space X is a Fréchet space endowed with a grading, i.e. an increasing sequence of semi-norms:
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|z]n < |@|nt1, Vn € Ng, z € X.

Example 2.1. Given a Banach space B, consider the space X(B) of all sequences {vj }ren, C B such that

o 1/2
Hop}n = <Z 62”k||vk.|23> <400, VneNg.
k=0

We have that X(B) is a graded Fréchet space with the topology induced by the family of seminorms |- |,
(which is in fact a grading on %(B)).

We say that a linear map L : X — Y between two graded Fréchet spaces is a tame linear map if there
exist r,ng € N such that for every integer n > ng there exists a constant C,, > 0, depending only on n,
such that

|Lz]n < Cnl|n4r, Vo e X. (2.1)
The numbers ngy and r are called respectively base and degree of the tame estimate (2.1).

Definition 2.2. A graded Fréchet space X is said to be tame if there exist a Banach space B and two tame
linear maps L; : X — X(B) and Lo : ¥(B) — X such that Ly o Ly is the identity on X.

Obviously, given a graded Fréchet space X and a tame space Y, if there exist two linear tame maps
Li: X =Y and Ly : Y — X such that Ly o Ly is the identity on X, then also X is a tame space.

Theorem 2.3. The space Hy°(R"™) is a tame Fréchet space.

Proof. As standard, we shall denote here and throughout the paper the Fourier transform of a function (or
a distribution) w by @ or by F(u). First of all, it is easy to verify that Hj°(R") is a graded Fréchet space
with the increasing family of seminorms

\1/0 A
‘f|k = ||fHH2’9 = ||ek<> f(')”sz k= 1a2737 s

Consider now the space £(L?(R™)) and the map L; : H;°(R™) — X(L*(R™)) defined as Li(f) = {f;},7 =
1,2,3,..., where f; = F~'(x;f) and the functions x; are such that x;(¢) = 1 if j% < (€) < (j +1)? and
X; (&) = 0 otherwise. Then we have

oo o0
AR =D e 1112 = D e Ix flZ
j=1

j=1

PN

it [ (e e o) dg

o

j=1 R”
o0 1/0

< S eAED e F ()2, < Crfl g
j:l

for every p > k. In particular, for p = k + 1 we obtain that [{f;}|x < C}|f|k+1, hence L; is a tame linear
map. Similarly, we define the map Lo : X(L*(R")) — H°(R") as

L({iH=F (D xfs
j=1
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‘We have
oo 2 o0
Lo{ i} = |0 S O F0)|| = / 3RO [y () f(€)1? de
j=1 12 Rn J=1
<

S et / NGOF )P de < Y T fil17a = (£} -
Jj=1 R™ J=1

Hence, also Lo is a tame linear map. Moreover, it is easy to verify that L, o L is the identity map on
He(R™). O

Definition 2.4. Let X,Y be two graded spaces, U be an open subset of X. A map T : U — Y is said to be
tame if for every u € U there exist a neighborhood U’ of u, r > 0 and ng € N such that for every n > ng
there exists a constant C,, > 0 such that

1T (u)] < Cn(1+ [ulntr)

for all uw € U’. The map T is said to be smooth tame if T is C* and its derivatives D"T : U x X™ — Y are
tame for every n € N.

Finally, we recall the statement of Nash-Moser inversion theorem, cf. [19].

Theorem 2.5. (Nash-Moser) Let X, Y be tame Fréchet spaces, U be an open subset of X and letT :U —Y
be a smooth tame map. If for every fixed w € U h € Y the equation DT (u)v = h has a unique solution
v = S(u,h) and if the map S : U xY — X is smooth tame, then T is locally invertible at any point and
each local inverse is smooth tame.

2.2. Pseudodifferential operators

In this subsection we introduce the pseudodifferential operators of infinite order which will be used to
prove the well-posedness for the linearized Cauchy problem associated to (1.13). Although the arguments
in the next sections concern one space dimensional problems, it is convenient to introduce these operators
in arbitrary dimension for future applications.

Fixed p > 1, A > 0 and m, my, my € R we will consider the following Banach spaces:

p(z,€) € ST(R*™; A) <= sup |9800p(x,&)| AT (Bl ~# (&) ~mHel < too,

recRh
p(w,€) € SH(R*™ A) <= |pla:= sup |080]p(w,&)|A”I*FPH(B) (€)™ < +o0,
rEcRy
p(x,€) € SG 2 (R¥™ A) & sup [9£0p(, &) AT (alpl)~#(g) it () e Al < oo,
reckh
We set

SR = ] SR 4), SR = | SR A), (2.2)
A>0 A>0
SGj ™2 (R?) = | ] 8GR A) (2.3)

A>0
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endowed with the inductive limit topology and

LR = (1) SR> A), TR = (] SPR>™ A), (2.4)
A>0 A>0
LG (R?) == (1) 8GR A) (2.5)
A>0

endowed with the projective limit topology.

Remark 2.6. We observe that if 1 < 6, then for every A > 0 we have S7(R?"; A) C I'j*(R*"), S/T (R2"; A) C
I'7(R?) and SG'™2(R2"; A) C TGy ™2 (R™).

Taking into account the latter remark, in the sequel we shall consider symbols satisfying the estimates
above for a fixed constant A > 0 as subsets of some projective symbol classes with a weaker Gevrey regularity
as in (2.4), (2.5). For this reason we shall state the next results only for this type of classes.

For a given symbol p € fgl(RQ") we denote by p(z, D) or by op(p) the pseudodifferential operator defined
by

pla, Dyu(x) = / CEp(r, AE)TE, u € ALR™), (2.6)

where d¢ = (27) "d¢. Arguing as in [32, Theorem 3.2.3] or [34, Theorem 2.4] it is easy to verify that
operators of the form (2.6) with symbols from I'y(R?") map continuously 7§(R") into v?(R™). Moreover,
from the classical theory of pseudodifferential operators, they extend to linear and continuous operators
from H™ (R™) to Hm/_m(]R”). For our purposes, it is also important to state the action of these operators
on the Gevrey-Sobolev spaces defined in the Introduction. The following result is a direct consequence of
[24, Proposition 6.3] applied to symbols from I'y*(R?").

Proposition 2.7. Let p € T (R?"). Then the operator p(z, D) maps continuously H;T(; (R™) into H;';LQI_T”(R”)
for every m’, p € R.

By [24, Proposition 6.4], given p € I3*(R?") and ¢ € Tj* (R*"), the operator p(x, D)q(x, D) is a pseu-
dodifferential operator with symbol s given for every N > 1 by

s(z,€) = Y (o) 'ogp(x, ) DYq(x, &) + ru(x,§),

la|<N

where 7y € D+™ =N (R2m),

In the following we shall consider also particular symbols of infinite order, that is growing exponentially at
infinity. Such operators are frequently used in the analysis of evolution equations in the Gevrey setting, see
for instance [1,2,6,7,10,11,23,24 34]. In particular, in this paper they will be employed to define the change of
variables which allows to treat the linearized problem associated to (1.13). We shall not develop a complete
calculus for pseudodifferential operators of infinite order here since for our purposes we can limit ourselves
to considering some particular examples of such operators, namely defined by a symbol of the form e*(*:€)
for some A € S,l/ "(R?"; A), where x > 1 and A is real-valued. It is easy to verify that e*? satisfies an
estimate of the form

1
K

092 eEA O] < APl g)lel (a1 g1yme2eo ) (2.7)

for some positive constant A; independent of «, 5, where



118 A. Arias Junior et al. / J. Math. Pures Appl. 178 (2023) 110-140
po = sup sup A_|a+m(a!ﬁ!)‘“({)‘l/'ﬁlo‘l|8§“3§A(w,§)|,
(a,8)ENG™ (z.£)eR>"
see [24, Lemma 6.2]. The estimate (2.7) guarantees that the related pseudodifferential operator
Mo Dyule) = [ @A) de
R~

is well defined and continuous as an operator from 7§(R") to v?(R") for every 6 € (u, ). We shall also
consider the so-called reverse operator of e*(z, D), denoted by {e*(x, D)}. This operator, introduced
n [25, Proposition 2.13] as the transposed of e**(z, —D), is defined as an oscillatory integral by

R{e*A (i, D)Ju(z) = Os — / / S UENWO y (y) dyde.

The following continuity result holds for the operators e*(x, D) and #{e*(z, D)}.

Proposition 2.8. Let A € 5’2/5(]1%2”;/1) for some A >0 and k,u € R such that 1 < p < k and let p,m € R
and 0 € (i1, k). Then the operators e™(z, D) and %{e*(x, D)} map continuously HJ'»(R™) into H] 5.9(R™)
for every 6 > 0.

1
Proof. We observe that e®(z, D) = a(z, D)e’P)? for every § > 0, where a(z,£) = 2@ Since
p < 0 <k we easily obtain a € I'j(R?"). So we obtain from Proposition 2.7 that e : H"y(R") — H/’]ié;e(R")
continuously for every m, p € R. The continuity of #{e”(z, D)} follows by similar arguments. 0

In the next result we shall need to work with the weight function (¢);, = (h? + |¢|?)}/2 where h > 1. We
point out that we can replace (£) by (£), in all the previous definitions and statements, and this replacement
does not change the dependence of the constants, that is, all the previous constants are independent of h.
Moreover, we also need the following stronger hypothesis on A(x, ¢):

0895 Az, €)| < Ol 1T qu g ey 1ol (2.8)

whenever |3] > 1. This means that 8?85 A behaves like a symbol of order 0 if 8 # 0. We will show in the
next Section that this condition will be fulfilled by the symbol A appearing in the change of variable.

Theorem 2.9. Let p be a symbol in I'y'(R?™) and let A satisfy, for some Cp >0 and pn < 0 < k:

02 A (2, )] < CleHat (g1 (2.9)

and (2.8) for B # 0. Then there exists ho = ho(Cp) > 1 such that if h > hg, then

Mz, D)p(z, D) {e ™M@, D)} =p(z, D)+ op | Y —08{00e O DIp(x, &) Dye ")}

1<atB|<N

|ﬂ'
+ TN(an> + TOO('TvD)’

where vy and o satisfy the following conditions: there exists ¢ = ¢'(A) > 0 and for every A > 0 there
exists Ca > 0 such that

08027 (2, )] < CaAl 2N 10 1o 120 gy =(1 =N el (2.10)
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1080000 (,€)] < CAlHAIFIN 010 510 1201 o= (O] (2.11)

Remark 2.10. Notice that choosing N sufficiently large depending on x, we can consider ry as a symbol of
order 0. Concerning the remainder term r, it is easy to verify that the corresponding operator possesses
regularizing properties in Gevrey classes, namely it maps (G§)(R"™) into G?(R™). However, to prove our
results it will be sufficient to regard also r, as a symbol of f‘g (R?7). In conclusion, in the computations of
Section 4, choosing N large enough, we shall always consider the remainder term ry + 7 as a symbol of
['Y(R?") and apply to it Proposition 2.12 below.

Remark 2.11. The proof of Theorem 2.9 follows by applying readily in the projective Gevrey setting the
same argument used in the proofs of Theorems 6.9 and 6.10 of [24] and Theorem 2 of [2] in the classical
Gevrey framework. For this reason, we omit it for the sake of brevity. We just stress the fact that dealing
now with projective Gevrey regular symbols p, it is possible to conclude that the remainders ry and r
also satisfy this type of estimates, cf. (2.10), (2.11).

Now we consider the conjugation with an operator of the form e+ » (¢, D) where A, 1 (t,&) = o/ (£)1/? +
k(T —1)(€)?1=9) for some p’ € (0, p) and k > 0 (where p > 0 is the same index appearing in the statement of
Theorem 3.1). The next result can be proved following the same argument as in the proof of [6, Proposition
3.1]. Compared to the latter result, in the present case, the conjugation can be performed for every p’ > 0
since the symbol of the operator satisfies projective Gevrey estimates. Namely, we have the following result.

Proposition 2.12. Let p € T'*(R?). Then we can write

1

et (t, D) o p(z, D) o e~ (t, D) = op < > —,aé“eAp'v“t@)sz(x,f)eAn'vk“@) +rw(tx, D),

.
a<N

where Ty satisfies the following condition: for every A > 0 there exists Cx , a.n > 0 such that
0A,
10807 x (12, )| < [plaClyp, 4w AT (N0,
3. The linearized problem

Fixed u € Q C X7 := C([0,T); Hg°(R)), where  denotes a bounded set, we now consider the linear
Cauchy problem

{Pu(D)v(t,x) = P(t,z,u(t,z), Dy, Dy)o(t,z) = f(t,2), (t,z) € [0,T] x R, 51)

v(0,z) = g(=),
in the unknown v. In this section we shall prove the following result.

Theorem 3.1. Under the assumptions of Theorem 1.2, given m € R, p > 0, 0 € [Go,ﬁ), u €
Q c ON[0,T}; H(R)), f € C([0,T]; HJy(R)) and g € H%(R), there exists a unique solution v €
C’l([O,T];H;”_(;;G(R)) for every § € (0,p) of the Cauchy problem (3.1) and the following energy estimate
s satisfied:

t
o€t Mg, < Conper (Nl + [ 177 B, ar | ¥ € 0.7) (3:2)
0



120 A. Arias Junior et al. / J. Math. Pures Appl. 178 (2023) 110-140

for some positive constant Cq , 1. Moreover, if f € C([0,T],Hg°(R)), g € HF(R), then v belongs to
CH([0,T]; Hg®(R)).

In order to prove the theorem above we shall follow the same method used to prove the well-posedness
of the Cauchy problem for linear 3-evolution equations in 73°(R) in [2]. This method is based on making
a suitable change of variable in order to transform the Cauchy problem (3.1) for the operator P,(D) into
an equivalent Cauchy problem which turns out to be well-posed in Sobolev spaces. The transformation we
have in mind will be the composition of two transformations both defined by invertible pseudodifferential
operators of infinite order. Namely it will be of the form

Qi sy (t. 2, D) = ek (t,D) o Mz, D), (3.3)
where A = Ay + \; € Si(lfa)(]RQ) for some p > 1, and A,y i (t,€) = p'(«f)}% + k(T — t)(f)i(lfg) for some
p € (0,p),k >0 and h >> 1 to be chosen later on. Then, by the inverse transformation, we recover the
solution v = Q3 (t,z, D)~ *w of (3.1), where w stands for the solution of the auxiliary problem. The
mapping properties of the transformations Q[\Jmp/(t,x, D) and Qf\,k,p’ (t,z, D)~! will determine the space
where the Cauchy problem (3.1) is well-posed. The role of each part of the transformation @ Ak p,(t, z, D)
will be, broadly speaking, the following:

¢ in the transformation e’i(ac7 D) the functions Ay and Ay will play two different roles: namely Ay will not
change az D3, but it will change the operator az D2 into the sum of a positive operator plus a remainder
of order 1 which satisfies the same assumptions as a; D,, plus an error of order 2(1 — o) whereas A, will
not change the terms of order 2 and 3, but it will turn the terms of order 1 into the sum of a positive
operator, plus a remainder of order zero, plus an error of order at least 2(1 — o);

HT=0(D)" ™" Wil not change the terms of order 1, 2 and 3, but it will correct

¢ the transformation with e
the error of order 2(1 — o), changing it into the sum of a positive operator plus a remainder of order

Z€ro;

1
« finally, the transformations with er' (D) simply serves to change the setting of the Cauchy problem from
Gevrey-Sobolev spaces to standard Sobolev spaces: since 2(1—0) < 1/ the leading part of Q3 , o (t,z,€)

1
is e?" (1 , then the inverse of Qj ,. o (t,z, D) possesses regularizing properties with respect to the spaces
HT,, because p' > 0.

Working step by step, in the next subsection we define the symbol A and briefly state its main features, then

in Subsection 3.3 we perform the conjugation Qi\,k,p' (iP,) /T\lk e and finally in Subsection 3.4 we prove
Theorem 3.1. o
3.1. Change of variables
For My, M7 > 0 and h > 1 a large parameter, we define
A = M § —0 <y> d RQ
2({1;‘, 5) = Maw h <y> (0 ) Y, (xv f) € ) (34)
J G5

(3.5)

M) = b (5 ) €17 / i (S ) o er?

where
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w<£>{0’ =t w<y){1’ V< s

—sgnas, |€‘ >2, 0, ‘y| > 1,
|0gw(E)| < Cotlalr, 054(y)| < C’i“ﬁ!“, with g > 1. The functions A; and Az have been introduced in
[2]. They satisfy peculiar estimates where the powers of the weight functions (£);, and (z) can be adjusted as
needed thanks to the special structure of supp 1 and supp1)’. These estimates are contained in the following

two lemmas which have been proved in [2].

Lemma 3.2. Let \o(x,€) as in (3.4). Then the following estimates hold:

(i) 108 A2(z, &) < MaCH ol (€)@ min{(€)7""7 (2)1=}, for a > 0;
(ii) [9208Xa(,€)] < Mo ol B (€) (@) =0~ F L, for a > 0,8 > 1,

where Ch, 1s a constant depending only on Cy,Cy and o.
Lemma 3.3. Let Ai(x,&) as in (3.5). Then

() [0g M (2, &)] < MiCSH al(€),* min{(€), 77, (€)' (2)' 7%, (2) 272}, for a > 0;
1

E
~3
<3
>
flr
—
&
722"
=
INA
=
3
s+
™
+
=
=
=
=
=
™
=
Q
&
|
[ME)
|
™
+
=
=
=
—~
A%
~
s
S
|
M|
et
T
3
Q
IV
=)
®
Y
=

where C, is a constant depending only on Cy,, Cy, and o.

Remark 3.4. Lemmas 3.2 and 3.3 imply g, \; € SGg’lf" (R?). Moreover, we also have that A; € S}~ (R?)
and Ay € S2UT7)(R2).

The following result proves the invertibility of the transformation e®(x, D) and expresses the inverse in
terms of a composition of R{e_A(x,D)} with a Neumann series, see [1, Lemma 4] for the proof. In the
statement we shall denote by ¥, (R?) the space of all symbols 7(z, &) satisfying for every A > 0,¢ > 0 an
estimate of the form

108007 (2,€)] < CaA™H (all)Re e/ HEOW),

cf. [31].

Lemma 3.5. Let yn > 1. For h > 1 large enough, the operator e®(x, D) is invertible and its inverse is given
by

{Ma, D)}t = Ble Mz, D)} o Y (~r(z, D)Y,

§>0

for some r =7+ T, where T € SG;L_U(R2), 7 € X, (R?) for every k> 2 —1 and

1 ~ ~
F— Y S0l(Dre ) e 8GN TN (R?), YN > 1L
1<y2n

Moreover, S"(—r(x, D)) has symbol in SG?L"O(]RQ) + B, (R?) for every k > 2u — 1. Finally, we have

{eMa, D)}t = Ble M, D)} o op(1 — i0e0, A — %ag(agfx — [0.A%) = [0e0: AP +q-5),  (3.6)
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where q_3 € SG, > %7 (R?) + £,.(R?).

Remark 3.6. Since we can choose p > 1 arbitrarily close to 1, we may assume 2u — 1 < 0. Therefore we can
take xk < 6 in the above lemma.

3.2. Estimates for the linearized coefficients

Before starting to prove Theorem 3.1, we need to state which type of estimates the coefficients of the
linearized problem (3.1) satisfy under the assumptions of Theorem 1.2.
Since 2 C X7 is bounded, we have that for any k& € N there exists By > 0 such that

sup [lw||go , < B.
we ’

On the other hand we can write
Déu(t,z) = /ei£$6_p<5>%§“ep<£>%ﬁ(t,{)dg.
Since u(t) € Hg°, then for any p > 0 Holder inequality gives
Dutto) < [ 290 e fuv),

20\*"* 0y —e(y2 2
() oPlem 0 ey,

The above estimate implies that for any A > 0 there is a positive constant Cq 4 such that
|D§U(t,$)| < CQ,AAaalev te [O,T],IE € R,OZ € NOv (37)

for every u € Q. In particular, we conclude that the values of w = w(¢,z) lie in a fixed compact set
Kq = K C C(= R?) for every u € Q. We shall fix this compact from now on. Using (3.7) and the
fact that a; € C([O,T],FGO’%(R x C)),7 = 0,1,2, in what follows we shall estimate the z-derivatives
of the maps « — a;(t,z,u(t,x)). For this we need the Faa di Bruno formula in several variables: let
g=1(91,...,9p) :R" = RP, f:R?” = R and € N, then

L p 85 g (2)1%°
DA o)) = 3 oy 0P eyt TTTT |2 9)

where the notation ) means that the sum is taken over all £ € N, all sets {01, ...,d,} of £ distinct elements

of N — {0} and all (ki,...,k¢) € (NJ — {0})¢ such that > j=11kjl0; = B. We also report two useful
inequalities:

[fr o Rellfn] P51l < 1)
and

|
Z - B! . ')\|k1+~~+kz| < C\AB|+1, VA0,
Z.

10
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where 3,4, (61,...,d¢), (k1,...,k¢) are as in formula (3.8). For details on Faa di Bruno formula we address
the reader to Proposition 4.3, Corollary 4.5 and Lemma 4.8 of [9].
Let now 8 € Ny, then

L3 D’g t:c) s
k k T Jr\Y»
DB (a;(t,z,u(t,z))) Zkl (;‘;)‘*‘fa]}txutx HH[ ] )

where g1 (t,z) = x, g2(t,z) = Reu(t,z) and g3(t,2) = Imu(t,z). Applying (3.7) and the assumptions on
the a;, we get for every A, B > 0:

! .
|D2(a;(t, z,u(t,z)))| < Z ﬁCK,AA‘kl—i_"'_‘—klukl b 100 () O/

¢ 3
. H H [CQ,BBéj(;jle_l]kﬁ
j=1li=1
< C,aB? ()~ 72!

14
ki 4 -+ k! e - .
Xz‘kl“—(cthA)'k + +k€|‘k1+...+k€|!9 1H5j|(9 1)|k;|

T ! i
<plo-1
k ko|!
< CK7ABB< UJ/25|9 Z I 1 + "]: ' 5‘ (CSZ,BA)“CIJF.”JF]C["

Taking A = 05’13 it follows
DS (a;(t,z,u(t, x)))| < C1Cx.0,5{C1B}* B’ (x)~ 7/

for some constant C; > 0 independent of A and B and Ck o, g > 0 which in fact depends only on B and €.
Rescaling the constant C; B we obtain the following result.

Lemma 3.7. Under the assumptions of Theorem 1.2, let Q C X be a bounded subset. Then for every B > 0
there ezxists a constant Cq g > 0 such that

|D8(a;(t, x,u(t,x)))| < CqpB?BY(x)~79/2 t€0,T],z € R, € Ny, (3.9)
for every u € Q.
8.8. The conjugation procedure

In the present subsection we perform, step by step, the conjugations needed to obtain the operator
QA k,p’ (ZP ) A, k: v

8.3.1. Conjugation with A

Now we perform the conjugation of P, by the operator e (:r D), with A(z,€) = Aa(x,€) + Ai(,€). In
the next computation, by abuse, we shall denote by as(t, D) and a;(t,z,u, D) for j = 1,2, the operators
as(t)D3 and a;(t,z,u)Di,j = 1,2, respectively, and by ai,as,as their symbols, sometimes omitting the
dependence on the variables ¢, z,u and &.
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« Conjugation of ias(t, D): Since as does not depend on x, Theorem 2.9 simplifies into (omitting (¢, z, D)
in the notation)

Mz, D) oias(t, D) of {e Mz, D)} = ias(t, D)
+op (Octian D (R} + 302 lDE(-8) + (DAV]) + a0 7o )

Since z-derivatives kill the &-growth given by the integrals of A, we can conclude that ¢s has order zero.
Composing with the Neumman series we get

e\, Dyia(t, D){e" (x, D)}~ = op ( — 0c(as0,R) + 50Blas (024 — (0.4)%)] + gs + rm)
o op (1 — 09, A — %ag(agfx — [0:A)?) — [0:0, A2 + qg,)
— iag(t, D) + op (—ag(agagcix) + %ag{ag(ag]\ {0,A1%)} + as0c0, A — iagagagag[\>
+ op <i3§(a38x/~\)3§8$1~\ - %ag{ag(agA + [0:A]%) + 2(0:0, A} + 7“0)
— ias(t, D) + op (-agagax]\ + %ag{ag 024 — (9,4)2]} — iagagagagﬁ)
+op (iag(agaxﬁ)agaxﬁ - %ag{ag(agﬂ +[0,A]7) + 2(0:0,A)%) + f()) ,
where 7o € C ([0, T]; TY(R?)). From now on we are going to denote by 7o all remainders of class
C ([0, T); TY(R?)) satisfying uniform estimates with respect to u € Q. Writing A = A3 + A; and noticing
that D, A1 has order —1 we get
M, D)ias(t, D){e®(z, D)}~ = ias(t, D)
+op (—agagazxg — Deasdohs + %ag{ag(ag& C{})) - iagagagagxg)
+ op (iaf(agaxxz)agam - %ag{ag(agAz + [0222)?) + 2[00 2]} + f()) .
For simplicity we write in short
d(t,,) = 50 {as(02 — {0.0a1)} — Deasedhe
+ D050 72)060hs — 55 {OF(D2Na + [0.00]?) + 200D No]?).
Hence
e[\(x, D)ias(t, D){eﬂ(x, D)}~ =ias(t, D) + op (—0ga30z A — Ocaz0y A1 + idy + 7o) .

Notice that d; is a real valued symbol of order 1 which does not depend on A;. Namely, we have the
following estimates: for every A > 0 there exists C, 4 > 0 such that

0805 du (1,2, €)| < Cx, aA*FTPal?BI0 (€)= (2) 7 (3.10)
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o Conjugation of ias(t,x,u, D): for N € N such that 2 — N(20 — 1) < 0, Theorem 2.9 and (3.9) give

eMa, D) oias(t,x,u, D)o R{ef[\(x, D)} =iax(t,z,u, D)

1 A G- _i ~
+op Z a!—ﬁ!ag{afe DPiagDee ™Y | +70.
1<a+pB<N

=: (ia2)N
Composing with the Neumann series and using the fact that d, \; has order —1 we get

eA(a:, D) oiay(t,x,u,D) o {e;\(:v,D)}*1 = op(taz + (tag) N + To + 7) 0 op(1 — 10Dy Ao + q—2)
= ia2(t7 X, U, D) + Op((iGQ)N +ag o 8§8LA2 — i(iag)N o 8561/\2 + fo)
= ias(t, x,u, D) + op((iaz)n — i(ia2)N8§az/\2 +a20: 0, A0 + 7o)

::(iag);\

Moreover, in view of (3.9), we have the following estimates: for every A > 0 there exists C5 o 4 > 0
such that

10208 (iaz) 5 (t, 2,1, €)| < Cf g 4 A" Pl 310 ()7 P77V = (z) =7 (3.11)

for every u € Q.
o Conjugation of ia;(t,z,u, D): working as in the previous conjugation, we get

e, D) o (i) (t, 2, u, D) o {e (2, D)} 1 = opliay + (iar)z + 1) 0 Y (~r(z, D))’
7>0

=ia1(t,x,u, D) + op((ia1) 5 + 7o),

where we have the following estimates: for every A > 0 there exists Cx , , > 0 such that for every
u €

o . o 2(l—0)—« —o
0802 (ia1) (8, @, u,€)| < C g 4 APl B ()31 ™77 @) /2. (3.12)
o Conjugation of iag(t, z,u): e[\(x, D) o (iag)(t,z,u) o {ef‘(x, D)}~ = 7.
Gathering all the previous computations we get (omitting (¢, x,u, D) in the notation)

ej\(x, D)(iPu){eA(x, D)} ! =0, +ias(t, D) + op (—0¢azdxAa — OgazOx A1 + idy)
+iag(t, x,u, D) + op((iaz); + a20¢0. A2) + iai(t, x,u, D) 4+ op((ia1); + 7o),

where di, (ia2); and (ia;); satisfy the estimates (3.10), (3.11), (3.12) for every u € Q.

3.8.2. Conjugation by o' x(t, D), with Ay x(t,&) = p'(f},% + k(T — t)(f)i(ko)
« Conjugation of 9;: €™k (t, D) 0 9, 0 e o'k (t, D) = 9, + k(D),QZ(l_U).
o Conjugation of iaz(t, D): since az does not depend on z, we simply have

eMok (t, D) o ias(t, D) o e A"k (t, D) = ias(t, D).
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Conjugation of op{ias — OzazdyA2}:

Motk (157 D) o 0p(ia2 — 850,381)\2) oe Mok (t, D) = tas (t; z,u, D)
— 0p(0¢asz0zA2) + (ba,pr 1 + T0)(t, x, u, D)

where by , 1, satisfies: for any A > 0 there exists C, o,,/.x,4 > 0 such that (for every u € Q)
10208bs, 4 (£, 2,1, €)| < Oy 4 A AT (1B ()2 7007 (29— (3.13)
Conjugation of (iaz); (¢, z,u, D):
eMo'k(t,D) o (tag)x (t,z,u, D) o e Mk (t, D) = {(iaz) ; 4 & + To}(t, z,u, D),
where (iaz) ,  ; satisfies: for any A > 0 there exists Cf o ,; 4 > 0 such that (for every u € )
0807 (102) 1 (12,10, 6)] £ C 1 a AP (@1B) €177 )77 (3.14)
Conjugation of op{ia; — Jzasd; A1 + idi + a20:0; A2 }: we have

ek (t, D) o op(iay — Deazdpdy +idy + azdedp o) 0 e Aok (t, D)
= Op(ia1 - 8£a38z)\1 + idy + a26§8z)\2 + b1+ 7o),

where by, satisfies: for any A > 0 there exists Cf o ;. 4 > 0 such that (for every u € Q)
_(1-1y_
1020001 1t 2,1, €)| < Ci 4o a AP (@1BNO(E), ™70 () /2, (3.15)
Conjugation of (ia); (¢, x,u, D):
eApl’k (tv D) o (ial)fx(tv T, U, D) © e_Ap/"k(t7 D) = {(ial)p’,k,f\ + fo}(t, Z,u, D),

where (ia1) , 3 satisfies: for any A > 0 there exists Cf  , ; 4 > 0 such that (for every u € (2)

1002 (ia1) 4 1 (12,0, )| < O 5 A AT (BN ()77 7 () =72, (3.16)

Finally, gathering all the previous computations we obtain the following expression for the conjugated

operator (provided that the parameter h is sufficiently large)

Qipy (PQTY = 0+ KDY +iay(t, D) (3.17)
+ op(iag — OgagOzra + ba p 1 + (iag)p,’k,[\)
+op(iar — OgagOz A1 + idi + a20¢0z A2 + b1 pr i + (ial)p,7k71~\)
+ 7o (t, z,u, D),

where by 1, satisfies (3.13), (ia2), ; x satisfies (3.14), b1y satisfies (3.15), (ia1), , ; satisfies (3.16), 7o
is a projective symbol of order zero satisfying uniform estimates with respect to u € €.
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3.4. Proof of Theorem 3.1

This Subsection is devoted to the proof of Theorem 3.1. First of all we need some estimates from below
for the terms appearing in the operator (3.17) in order to apply to these terms Fefferman-Phong and sharp
Gérding inequalities. Let us start with the terms deas(t,€)0,\;(x, &) = 3a3(t)&20. (2, €), j = 1,2.

For || > 2h, by (3.4) and (3.5) we have

—0gazdu Ao (w, &) = 3Mzlaz(1)[€(x) 79 (%)

= 3Ma|as(t)[€* () 7 — 3BMs|as (1) |€*(x) ™ [1 v <>} ’

—O¢asO(x,€) = 3Mnlas(1)|€(€),, (x) ™% ¢ (%)

Since (z) > 1(£)2 on the support of (1 — ) ((z)(£),?), we have

—3Malas(t)[€2(x) " [1 —4 (é%ﬂ > —273C" Ma(€)3 7,

and

—adlas]€€); @) [1-v (15 )| = —2iacan(i

where O = sup,¢(o 77 las(t)]. In this way we may write (|¢| > 2h)

Q;\’k’p, o(iP,) o Qi_\,lk,p' =0 + iag(t)Df; +aq(t,x,u, D)+ ay(t, =, u, D) + a1 (t, x, D) + ro(t, 2, u, D),

where rg is an operator of order 0 and
Reas = —Imag + 3M2|a3(t)|§2<x>7” + Reby 1 + Re (ia2)p',k,7xa

Im&Q = Rea,2 + Imbz)p’7k + Im (ia/2)p/ k,[\’

Rea; = —Imay + 3|a3(t)\§2M1<§>,71<x>_% + Reazafam)\g + Rebypr + Re (ia1)p,’k7]\,

tati-ay = MO = B0l |1 - 0 (%)} ~ loa(I€ME); 0)F |1 - (&)} .

Now we decompose iIm @o into its Hermitian and anti-Hermitian part:

iImag + (ZITTL&Q)* i iImag — (’leég)*

5 5 = Hima, + Armas;

iIm C~L2 =
we have that 2Re (A, a,u, u) = 0, while Hy,, 5, has symbol

v _ 1 { .
Y 508D Imay =) | o= 0¢ DyReas + ) s 08 Di{Imba e+ Im (iaz) 5} -

a>1 ’ a>1 ’ a>1

=:c(t,z,u,§) =:e(t,z,u,§)
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The hypothesis on as implies
02O c(t, w1, )| < Co a AP (alB)(€), ™" (x) 77,

whereas from (3.13), (3.14) and using the fact that 2(1 — o) < 4 we obtain

S o=

020 e(t, 2,1, §)| < CF g, 1,4 A" T (a1B)’(€) 5 (2) 7.

We are ready to get the desired estimates from below. Using the above decomposition we get

o(iPy) o {eA}fl = 0 +iaz(t)D3 + Ready(t, x,u, D) + Arpma, (t, x,u, D)
+ (C~l1 +c+ 6)(t,$,U,D) + &2(170)(75"%71)) + To(t,l',u,D)-

Note that (£)7 < 2¢? provided that |¢| > 2h. In the next we shall fix A = 1 in the estimates and we shall
omit the dependence on A in the constants. Estimating the terms of order 2 we get

3C,,

Redy > (Mz G~ Cryp ™18 — CA,Q,p.kh—@”—”) (€02 (),

where C, is the constant appearing in the statement of Theorem 1.2. For the terms of order 1 we obtain

~ 300. — —_ = — o— -
Re(a;+c+e) > <M1 5 > —Ca—Capn, —Cx g il (1-%) = Cxapih (2 1)> (E)p(x)~ 2.

Finally, for the terms of order < 2(1 — o) we have
Reda—g) = k(€))7 = 27300, Ma(€), ™7 = 253C0, Mi(€),7
> (k 9930, M — 2%3Ca3M1h’(1*")> (€)20=), (3.18)
From the previous lower bound estimates we obtain the following proposition.

Proposition 3.8. There exist constants My, My, k > 0 and hg = ho(k, My, M1, T,Q,p") > 0 such that for
every h > ho the Cauchy problem associated to the conjugated operator (3.17) is well-posed in H™(R) for
every u € Q. More precisely, for any Cauchy data f € C([0,T]); H™(R)) and § € H™(R), there exists a
unique solution w € C([0,T]; H™(R)) N C*([0,T); H™3(R)) such that the following energy estimate holds:
there exists a constant Cq , 17 > 0 depending on Q, p' >0 and T > 0 such that

t
lwo@)llFm < Capr | 19117m +/||f(T)II%de , te0,T].
0

Proof. First we take My > 0 large in order to get

2, 30

—Cq >0, (3.19)

then we set My = M;(Ms) > 0 in such a way that

3C,
M,y 2

—Cq—Cqx, >0. (3.20)
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Thereafter we choose k = k(Ms) > 0 such that
k — 273C,, Ma > 0. (3.21)

Making the parameter hgy large enough, we obtain

2, 3Cas

—Co = Oy, kh™ 170 = Cj 0 B30 >0,

3C, o o
M,y 5 = —Ca—Capn, —Ci g il (-3 _ Crap il (20-1) >
k —293C,, My — 2%3C,, Myh~(179) > 0.

With these choices Re ax(t, z,u,§), Re (a1 +c+e)(t, x,u,§), Re Ga1—o)(t, x,§) are non-negative for large [£].
Applying the Fefferman-Phong inequality, cf. [16], to Reas we have

Re(Reag(t, x,u, D)w,w)r2 > —Cllw|/2:, w € .Z(R).
By the sharp Garding inequality, cf. [28, Theorem 4.4], we also obtain that
Re((ay +c+e)(t,z,u, D)w,w)rz > —Clw|32, we L (R)
and
Re(as(1 — o) (t,z, D)w,w)r> > —Cllw|?:, we.Z(R).

The constant C' > 0 that we just wrote in the above inner product estimates depends on a finite number of
seminorms of the symbols, in this way we have that C' depends on Q, p’, T, A and k. As a consequence we
get the energy estimate

d .
—llw®)|7z < Capr(lw®)iz + [GP)sw®)]z2),
dt

which gives the well-posedness in H™(R). O

Remark 3.9. We underline that the assumption |as(t)| > C,, > 0,V¢ € [0,T] is crucial in the choice of
My, My. If a3 may vanish for some t € [0, T], then some Levi type conditions are needed on az, a; to let the
choice of My, My work, see [4].

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Givenm € R and 0 > 1, take f € C([0,T], H)(R)) and g € Hy(R) for some p > 0.

Let My, My, k, ho > 0 so that Proposition 3.8 holds. Since A and k(T — t)(-)i(lfg) have order 2(1 — o) < ¥,
we have by Proposition 2.8 that

fip = Qi pp (B2, D) f € C([0,T]; H™(R))
IRk = QR (0,7, D)g € H™(R),
provided that p’ < p. Proposition 3.8 ensures that the Cauchy problem associated with the operator in (3.17),

call it Py ; . is well posed in Sobolev spaces H™(R). Hence, there exists a unique w € C([0,T]; H™(R))
satisfying
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{Pf\,k,p’,uw(t’ JJ) = f[\,k,p’ (t7 J}),
w(0,2) = g3 1. (2),

and

t
lwo@®l7m < Caprr | 195k, 1 m + / 13, (DIFmdr |t €[0,T]. (3.22)
0

Setting v = {Qf (t,z,D)}~lw we obtain a solution for the original problem (3.1). Let us now study
which space the solution v belongs to. We have

o(t,x) = {Qx 4 (t, T, D)} tw(t,x)

=

= "M, D) > (=r(z, D))ie=RT=XD) "7 o= (D)

w(t,z), we H™(R).

3 2(1—0)
h

v(t,x) = R{e_A(ac,D)} Z(—r(m,D))je_k(T_mD) v, v € H;T”;@(R),

Y 2(1—0) . 3
but, e~ k(T —t)(D)" )vl = ¢ R(T=t)(D);, e 91D 81(DY gy =y € H}_5..9(R), for every 61 > 0, so

order zero

o(t,z) = R{efﬁ(x,p)}ZH(x,D))f vy = *{e™Na, D)yvs, vs € HY 5, 4(R).

order zero

By Proposition 2.8, #{e=*(x, D)} maps HJ'p into HJ' 5 4, for every d2 > 0, hence we finally obtain (6 =
61+ 02) that v(t,-) € H' 5 o(R) for all 6 > 0, € [0, T]. We remark that the solution exhibits an arbitrarily
small loss ¢ in the coefficient of the exponential weight: the solution is then less regular than the Cauchy
data. Moreover, denoting p”" = p’ — 4, from (3.22) we obtain that v satisfies the following energy estimate

lo@

.9

= [{e(t.. D} wt) iy, | < Cprllw(®Fm

t
< CpCaprir (193, + [ 173 (Dlfndr
0

t
< Copr | lollg, + [ 170 gdr | te 0,70
0

Finally, let us notice that if the data are valued in Hl%(R) for every p > 0, then the solution belongs to
HY, o(R) for every p” € (0, p), that is v € C([0,T]; Hg°(R)). O

The argument of the proof of Theorem 3.1, suitably simplified, provides a well-posedness result in projec-
tive Gevrey-Sobolev spaces also for linear 3-evolution equations, that is when the coefficients of the operator
do not depend on u. Since also this result is new in the literature we state it here below as a separate result.
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Corollary 3.10. Let P be a linear differential operator of the form (1.7) and assume that as € C([0,T];R)
is such that |az(t)] > Cqay > 0 for all t € [0,T] and for some constant C,,. Let moreover o € (3,1) and
0o < ﬁ such that for j = 0,1,2 the coefficients a; satisfy the following assumptions: for every A > 0
there exists C4 > 0 such that

02a;(t,2)] < Cad”B1% ()~ %,

for every x € R,t € [0,T] and B8 € Ny. Then for every m € R, p > 0, 0 € [Qo,ﬁ) and f €
C([0,T}; Hy(R)), g € HJTy(R), there exists a unique solution v € cL([0,T); H)" 5.4(R)) for every 6 € (0, p)
of the Cauchy problem (1.6) and the following energy estimate is satisfied:

t
(e 3 ,, < Cor { gl + / 1, dr | Ve (0.7, (3.23)
0

for some positive constant C, . Moreover, if f € C([0,T], H°(R)) and g € Hg°(R), then v belongs to
CH([0,T]; H3*(R)).

4. The quasilinear problem

In this section we consider the quasilinear Cauchy problem (1.13) and prove Theorem 1.2. First of all,
by Theorem 2.3, it is easy to verify that the space

Xp = CH([0,T]; Hi*(R))
is a tame Fréchet space endowed with the family of seminorms

lulls = sup {fu(t,)[x + |Deu(t,)lc}, k€ No,

t€[0,T]
for every 6 > 1. Let us consider, for every u € X7, the map

t t

J(u) == u(t,z) — g(x) —l—i/ag(s)Diu(s,x)ds—i—i/ag(s,x,u(s,x))Diu(s,x)ds (4.1)
0 0

—H’/al(s,x,u(sw))Dzu(s,x)ds+i/ao(s,x,u(s,x))u(s,x)ds
0

0
¢

—i [ f(s,x)ds.
/

Remark 4.1. By Lemma 3.7, we have a;(t,z, u(t,z))¢/ € C([0,T];T}(R?)), then from Proposition 2.7 we
conclude that a;(s,z,u(s,z))Diu(s,z) € C([0,T]; Hg°(R)). This implies that the map J maps X7 into
itself.

As anticipated in the introduction we shall prove the existence of a unique solution u € C1([0, T*]; Hg°(R))
for some T* € (0,7] of the Cauchy problem (1.13) by showing the existence of a unique solution
u € CY([0,T%]; H3°(R)) of the integral equation
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J(u) =0in [0,T7] x R. (4.2)

This will be achieved using Theorem 2.5. It is not difficult to prove that J is tame together with all its
derivatives. To apply the Nash-Moser Theorem we only need to prove that the equation DJ(u)v = h has a
unique solution v := S(u, h) € Xr for all u, h € X7 and that the map

S XTXXT*)XT:(U,}L)*)”U:S(U,}I) (43)
is smooth tame, where D.J(u)v stands for the derivative of J at u in the direction v.

Remark 4.2. We claim that lim._,o a;(s, z, u(s, ) —ev(s, z)) = a;(s, x, u(s, x)), where the limit is taken with
respect to the topology of C([0,T]; Hi°(R)). Indeed, first we write

€

d
a;(s,xz,u+ev) —a;(s,x,u) :/d—{aj(s,x,u—i—rv)}dr
r
0

€
:U/@waj(s,x,u—i—rv)dr
0

=v-o.(s,x).

Observe that o. € C([0,T]; T (R?)). Therefore, by Proposition 2.7, we get o.v € C([0,T]; H*(R)). More-
over, since the norms |o(s)| 4 are bounded by a constant of the form ¢Cq_ 4, 2 being a bounded neighborhood
of u, we are able to conclude

loc(s,z)v|r — 0, ase—0,
for every k € Ny, which finalizes the proof of our claim. In the same manner one gets

lim a;(s,z,u(s,z) +ev(s,x)) —a;(s, z,u(s, z))

e—0 c = 3u;aj(3,x,u(s,a:))v(57x)

in C([0,T], Hy°(R)). We shall use extensively these two types of limits in the sequel.

Proposition 4.3. For every u,h € Xr, there exists a unique v € X solution of the equation DJ(u)v = h,
and the function v satisfies for every k € N the following estimate:

t
[o(t, )i < Cakr |h(0)\i+1+/\Dth(T,~)|i+l dr |, vtel0,T], (4.4)
0

where ) stands for some bounded open neighborhood of .
Proof. By the definition (4.1) of the map J, let us compute the derivative of J, for u,v € Xr:

J(u+ev) — J(u)

DJ(u)v = lim

e—0

e—0 9

Jj=

€
t 5
= lim {v—&—i/ag(s)ng(s)ds—i—i /aj(S,l%u—l-av) _aj(s’x’u)D;u(s)ds
0 =00
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—H’i:/aj (5,2,u+ev)Div(s )ds}

Jj=0

t 5

= v—l—z/ag YD3u( ds—|—zZ/(@waj)(s,x,u)v(s)Déu(s)ds
0 =07

y

—|—zZ/a] s,x,u)Div(s)ds

¢ ¢
= as(s s)ds + 2/ o(s, x,u) D2v(s)ds + i /al(s, x,u)Dyv(s)ds
0 0

+1

o\

2
(ao(S z,u —1—2 (Owaj)(s,x u)DJu) v(s)ds =: Jo,u,0(v)
7=0

= ao(s,z,u)

where, given u, g, f € Xp, the map Jg . 5 : X7 — Xqp is defined by
t t
Jgu v = v(t,z) — g(x) —l—i/ag(s)Div(s,x)ds —|—i/ag(s,x,u(s,x))Div(s,x)ds
0 0

t t t
+i/a1(s,a:,u(s,x))D v(s, ar)ds—l—z/ o(s,z,u(s, z))v(s,x ds—z/f
0 0 0

Of course, v solves Jg ., r(v) = 0 if and only if it solves the linearized Cauchy problem

{pu(D)v(t7I) = f(tvx)
v(0,7) = g(7),

where P, (D) is obtained from P, (D) substituting ag with d.
Writing

t

J07u70(11) —h= Jo,wo(v) — ho — i/Dth(S, I)dS = Jho,u,Dth(U)
0

with hg := h(0, z), we see that v is a solution of D.J(u)v = h if and only if it is a solution of Jp, u p,n(v) =0,

or equivalently of the linearized Cauchy problem

P,(D)v(t, z) = D,h(t,

(D)v(t, z) = Dih(t, ) (4.5)
v(0,x) = ho(x).

Summing up, the solutions to DJ(u)v = h in X coincide with the solutions to (4.5).

The Cauchy problem (4.5) fulfills the assumptions of Theorem 3.1, indeed, on one hand the operators P, (D)
and P,(D) have the same coefficients but for the terms of order 0 for which no decay assumptions are
required; on the other hand, clearly D;h € C([0,T]; H;°(R)) and hg € Hg°(R). We obtain by Theorem 3.1
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a unique solution v € C([0,T]; Hg°(R)) of (4.5) which satisfies an energy estimate of the form (3.2) for every
p,0 >0 with 0 < 6 < p. Taking p=k+ 1 and 6 =1 in (3.2), k € N, we obtain (4.4). O

Lemma 4.4. The map S defined by (4.3) is smooth tame.

Proof. We have to prove that S and its derivatives DS are tame maps for any positive integer m. Let us
first prove that S is tame. First of all, notice that if we take u in a bounded set Q C X, from (4.4) we get

sup [v(t, )|k < Cap,r|[hllk+1 (4.6)
te(0,T

for every k € N and for some Cq > 0. Moreover, from the equation it follows that

|Dyv(t,)|r = |—as(t)D3u(t,-) — Z aj(t,,u)Div(t,-) + ao(t, -, u)v(t, ) + Dih(t,-)
J=1 k
< C(lv(t, )lk+1 + [1lk)

for some C' > 0 depending on the set 2 and on the coefficients. Hence

15 (u, h)[[x = S[up ] (Jo(t, )|k + [Dev(t, ) |k) < Caprllhllk+1 < Caprll(w, h)|lk41 (4.7)
telo,T

for some (possibly larger) constant Cq 1 > 0, and so S is tame.
Let us now consider the first derivative of S, defined for (u, h), (u1, h1) € Xr x X7 as

DS(u,h)(uy,hy) = lim S(utew,h+eh) = S(u h) — 1im 22— Y — lim We,

e—0 £ e—0 I3 e—0

where w, 1= ¢! (v. — v) and v, = S(u + euy, h + chy) is the solution of the Cauchy problem
Pu+8u1(D)U = Di(h +¢eh1) (4.8)
v(0,z) = h(0,z) + h1 (0, x). '

Since v, v solve the Cauchy problems (4.5) and (4.8) respectively, it is easy to check that the function w,
satisfies

(4.9)

pqueulwa = fs
we(0,2) = hy1(0, 2)

with (omitting (¢, x) in the notation for brevity’s sake)

a1 (u+euy) —aq(u) aop(u + euy) — aolu)

ax(utem) — az(u) Div — D,v — V.

9 9 3

fe == Dihy —

If we prove that the sequence {w,}. is a Cauchy sequence in X7, then we obtain that w. converges to some
w in X7p; this function w, which is on one hand the first derivative of S, is on the other hand the solution

w(0,2) = h1(0, )

to
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with
f1:= 1in%) fe =Dihy — 6wa2(u)u1Div — Oywa1 (w)ur Dyv — Oyt (u)uqv,
E—r

so, taking u in a bounded set 2, by Theorem 3.1 it satisfies the energy estimate

t
0t ) < Carr (IO + [ 1679 dr).
0

Now if we take uy in a bounded set €y, by (4.6) we get

lw(t, )k < Corr(|h1(0,)|kr1+ sup [fi(t-)|k+1)
t€(0,T]

< Ca,0, kT S[up ] (Jh1(t, ) ks1 + [ Deha(t, ) es1 + [v(t, )| rs2)
te[o,T

< Co, k1 (1M1 + [[]lk43)
for some positive constant Cq o, 7 depending on €2, )y, k,T and on the coefficients. Also
Dyw = —az(t)Diw — as(t, x, u)Diw — ay (t, x, u) Dyw — do(t, z,u)w + f1

satisfies a similar estimate, so the first derivative DS (coinciding with w) is tame.

Thus, we only need to prove that {w.}.co,1] is @ Cauchy sequence in X to conclude that DS is a tame
map.

To this aim, arguing as before, let us consider w,, and we, solutions of the Cauchy problems

Puteu (D)we, = fey, we, (0,7) = h1(0,2), i=1,2;

then we, — w,, solves

pu+61u1 (D) (e, — We,) = fe = fey + fere0
(e, — wey)(0,2) = 0

with (omitting (¢,2) in the notation)

feren i = (ag(u + eouy) — as(u + alul))Diwgz

+ (al(u + €2U1) — al(u + Elul))Dx’LUEQ + (dO(U + €2U1) — &Q(U + 51“1))“152

and the energy estimate (3.2) gives

|(w€1 - w€2)(t7 )|k < CQ’QIJQT SEél?F] (|f51 (t, ) - f52 (t7 ')|k+1 + |f61,€2 (t7 ')|k+1>' (410)
telo,

By Lagrange theorem, there exist @;,j = 0, 1,2, between u + e1u1 and u + e2uq such that, for all ¢ € [0, T,

|f51,52 (tv ’)‘k-‘rl < |€1 - 62| sup (|8wa2(ta '7ﬂ2)u1(t’ ')Dgzcw& (t? ')|k+1
t€[0,T]
+|8wa1(ta Yy al)U1(t7 ')Dzwsg (ta ')|k+1 + |awa0(t7 Yy ﬂo)ul (t7 ')w€2 (t7 ')|k:+1)

<le1 —e2lCa.0, kT

wEQ |k+2
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with Cq o, k7 independent of 1,2 € [0,1], where we used the algebra property of Hg° spaces: namely,
we know that H(R) is an algebra if m > 1/2, see for instance [12]. Hence, for every f,g € Hg® we have
fg € Hg® and, taking m > 5§ we may write

1f9llme, < Wf9lluz, < Cllfllan,lglur, < Callfllag, gl

p,0 — pi6 — p+e;0 p+€9

From the energy inequality for the linearized problem we see that |w,|j is bounded with respect to € € [0, 1]
for every k € Ny. Hence f., ., = 0 as €1,62 — 0 in the Hj°(R) topology. In the same manner one gets
fer — fey 7 0aseg,ea = 0.

This gives that {w.}. is a Cauchy sequence in X7 and therefore we can conclude that DS is a tame map.
To conclude the proof it is sufficient to repeat the previous computations in an inductive procedure similar
to the one in the proof of [3, Theorem 1.3, Step 4]. O

We are now ready for the final step of this paper, that is the proof of Theorem 1.2.

Proof of Theorem 1.2. As described at the beginning of this section the existence of a unique local solution
u € C1([0,T*]; H°(R)) of the Cauchy problem (1.13) is equivalent to the existence of a unique solution
u € C1([0,T*]; H°(R)) of the equation

t t

u(t,x) = g(x) — i/ag(s)Diu(s,x)ds fi/az(s z,u(s, z))Du(s, z)ds (4.11)

0

—1

¢
a1(s,z,u(s,x))Dyu(s,z)ds —z/ao s,x,u(s, x))u(s, z)ds
0

+i [ f(s,x)ds.

o O~

Equation (4.11) provides the first order Taylor expansion of wu:

u(t,z) = g(x) — it (a3(0)D3g(x) + a2(0, z, g(x)) Dig(w)
a1(0, 2, 9(x)) Dzg(x) + ao(0, z, 9(x))g(x) = f(0,2)) + o(t)
= w(t, z) + o(t), as t = 0. (4.12)

+

If ¢ is sufficiently small, the function w € X7 is in a neighborhood of the solution u we are looking for.
The idea of the proof is then the following: we first approximate Jw € Xp by a function ¢. such that
¢:(t) =0 for 0 <t < T. <T; then, we apply Theorem 2.5, in particular the fact that J is a bijection of a
neighborhood U of w onto a neighborhood V of Jw. More precisely, we show that ¢. € V', and then by the
local invertibility of J there will be u € U such that Ju = ¢. =0 in [0, 7] and hence u is the local in time
solution of the Cauchy problem (1.13). Let us construct ¢.: given p € C*°(R) with 0 < p <1 and

p<s>—{°’ .

1, s>2,

we define

p (S) (0 Jw) (s, x)ds. (4.13)

-
m
—
\'P#
5
N—
I
o
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We immediately see that ¢. =0 for 0 < t < e. We are going to prove that, for every fixed neighborhood V'
of Jw in X7 = C1([0,T]; H**(R)), we have ¢. € V if ¢ is sufficiently small. To this aim let us notice that

Jult) - 6.(1) 0/<6th><5>@+in£91 / o (2) @uw)s)ds O/[l o (2)] @rw)(s)is.
Hence
"
[ Jw = bk < / @ T) e ds . sup (0000 (4.14)

Now we compute explicitly 0;(Jw(t,x)) and estimate its k-seminorms for small values of ¢. From (4.1) we
get

2
Oy (Jw(t,z)) = Opyw +daz(t)D3w + Z ia;(t,z,w)Diw —if(t,z).
j=0

Using the definition of w in (4.12) we get

2
O (Jw(t,x)) = —ias(0)D3g — > ia;(0,x,9)Dig +if(0,)
j=0

2

tias(t)D3g + tas(t)D? (a?,(o)Dgg + a;(0,2,9)Dig — f(0, x))
§=0

2
iaa(t, 7, w) D2g + tas(t,2,w)D2 (a3 (0)D3g + 3 (0,2, 9)Dig — f(0,))
j=0

2

+7;(L1(t,.’lﬁ, w)DIg + tal(t7x7w>D:L’ (CLS(O)DEZQ + Za’j(owxag)D‘;g - f(07$)>
j=0

2
+ia0(taxa w)g + t(l()(t, m,w) (a3(O)Dig + Zaj(oyx?g)Dng - f(O,JC))
j=0
*if(taw)
2

= Z[a’3(t) - (Zg(O)]Dig +ZZ [aj(tam7w) - a’J(vaag)]D:ch
j=0

2
Fas(t)iD? [a3<0>Dig ©3 " ay(0,2.9)Dig — £(0, x>]
j=0

2 2
+ 3yt iDL [as(0)D2g + 3 (0. ,9)D3 — £(0.3)]

=0 s=0

+Z(f(0,(£) - f(t’$))

Now observe that for every k € Ny we have:
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o for every e3 > 0 there exists 63 > 0 depending on g, a3 and k such that |(a3(t) — a3(0))D3g|x < e3 for
every t € [0, d3], since ag is continuous;
o for every g5 > 0 there exists d5 > 0 depending on g, ag, a1, as and k such that

2
> 1 (@t 2,w) = a;(0,,9)) Digli < e
§=0

for every t € [0, 2], since (t,x) — a;(t,z,w(t,z)) belongs to C([0,T];7%(R)) and henceforth (¢,z)

a;(t, z, w(t,x))¢’ belongs to C([0, T);TH(R?));
2

o i sup ‘ad(t” : |a3(0)Dgg + ZD;(CLJ(O,.T,Q)D%Q) - Dif(ovx”k S 0(0437&2,@1,0,0,9, f7 k)ta

te[0,T j=0
< C(as,az,a1,a0,9, f,k)t;

2 2
* tz a;(t, wi)D:jc <a3(O)Dig + ZQS(O,LQ)DEQ - f((),x))
)= s=0 k

o since f € C([0,T]; Hg°(R)), then for every ¢; > 0 there exist 67 > 0 depending on f and k such that
|£(0,2) — f(t,x)|r < &1 for every ¢ € [0, 41].

In this way we are able to conclude that for every & > 0 there exists 0, depending on &, k, f,¢ and on the
coefficients such that

|(OpJw)(t)x <&Vt e[,
If 26 < &, from (4.14) we obtain
HJ’LU - ¢e||k < 2¢.

Now let V' be an open neighborhood of Jw. Recalling that the topology of X7 is defined by the metric

L Jlu—wvllk
d(u,v) —Z2k+1 T o= ol Yu,v € Xp,
k>0

we see that there exists r > 0 such that the ball {d(u Jw) <r:u€ Xp} C V. Take K € Ny such that

K27 (k+1) < 1 5 and choose € > 0 such that £ < Then, if 2 < 5= mln 55 we infer that
i 0<k<

?"
d(Jw, ge) < Z”‘]w ¢6Hk+22k+1 =5 §*T~

k<K k>K

So, if € > 0 is sufficiently small then ¢. € V.

Now suppose in addition that V' = J(U) where U is an open neighborhood of w and that J : U — V is
bijective. Then there exists u € U such that Ju = ¢.. In particular, this proves that u € C*([0,¢]; H5°(R))
is a local solution of the Cauchy problem (1.13). Uniqueness follows by standard arguments. Indeed, if u, v
are two solutions of the Cauchy problem (1.13), then w := u — v solves the linear Cauchy problem

Puw = 0, w(0,z) =0,

for an operator P which is exactly as P, (D) except for the term ao which is substituted by another term
satisfying the same assumptions. From the uniqueness of the solution to the linearized Cauchy problem we
get w = 0, that is u = v.

To prove that T*(g, f) is a lower semi-continuous function of the initial data g, f we follow the ideas
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presented in [13]. Let us assume @ to be the solution of (1.13) with initial data §, f and life span 7' < T.
Then we consider the map

Q: C'([0,T); Hg*(R)) — HG®(R) x O([0, T]; Hi*(R))

defined by Q(u) = (u(0), P,u) for all u € C*([0,T]; Hg°(R)).
The derivative of Q is DQ(u)v = (v(0), P,v) where P, is the operator

P,=D,+ D3 4 ag(t, z,u)D2 + a1 (t,z,u) D, + do(t, z,u),
2

ao(t,z,u) = ap(t,x,u) + Z(@waj)(t,:c, u) Dl
7=0

So, the equation DQ(u)v = (h,w) is equivalent to the following linear Cauchy problem

P =w .
) te€[0,7],z € R.
v(0) = h.

Hence, similarly to what we did for the map J defined by (4.1), we can show that @ is locally invertible.
Therefore we obtain open neighborhoods U of §, Us of f and Uy of @ such that for all (9, f) € Uz x Ug
there exists a unique u € Uy satisfying Q(u) = (g, f), that is (u(0), P,u) = (g, f). This means that u
solves the Cauchy problem for every (t,z) € [0,7] x R. In particular, the life span T*(g, f) is not smaller
than T provided that (g, f) is close enough to (g, f), so T*(g, f) is a lower semi-continuous function in the

Hi®(R) x C([0,T]; H5*(R)) topology. O

Remark 4.5. We stress the fact that the life span T may be small. In fact, we need T* = ¢ small enough
in order to conclude that the function ¢, (defined by (4.13)) belongs to some suitable open neighborhood
of Jw (w given by (4.12)) provided by the Nash-Moser theorem.

Remark 4.6. In Theorem 1.2 we assume that the coefficient of the third order term is independent of x.
Indeed, if az depends on z, even allowing its derivatives with respect to x to decay like (z)~™ for m >> 0,
we obtain

e P (iag(t,0)DE)e " PI < iay(t, ) D3 + op (p0e(€)) - Das(t,2)€?) + Lot

with p’@g({)é - Opas(t, )E3 ~ (€)%F5 (z)~™. This term has order 2 + % > 2 and cannot be controlled by
other lower order terms whose order does not exceed 2.
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