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Q1 Q2Q3Highly efficient perturbative + variational strategy
based on orthogonal valence bond theory for the
evaluation of magnetic coupling constants.
Application to the trinuclear Cu(II) site of
multicopper oxidases†

Lorenzo Tenti,*a Daniel Maynau,b Celestino Angelia and Carmen J. Calzado*c

A new strategy based on orthogonal valence-bond analysis of the wave function combined with

intermediate Hamiltonian theory has been applied to the evaluation of the magnetic coupling constants

in two AF systems. This approach provides both a quantitative estimate of the J value and a detailed

analysis of the main physical mechanisms controlling the coupling, using a combined perturbative +

variational scheme. The procedure requires a selection of the dominant excitations to be treated

variationally. Two methods have been employed: a brute-force selection, using logic similar to that of

the CIPSI approach, or entanglement measurements, which identify the most interacting orbitals in the

system. Q5Once a reduced set of excitations (about 300 determinants) is established, the interaction matrix

is dressed at the second-order of perturbation by the remaining excitations of the CI space. The

diagonalization of the dressed matrix provides J values in good agreement with experimental ones, at a

very low-cost. Q6This approach provides evidence for the key role of d - d* excitations in the quantitative

description of magnetic coupling, as well as the importance of using an extended active space,

including the bridging ligand orbitals, for the binuclear modelling of the intermediates of multicopper

oxidases. The method is a promising tool fro dealing with complex systems containing several active

centers, as an alternative to both pure variational and DFT approaches.

1 Introduction

The rationalization of the physical mechanisms controlling the
interaction between unpaired electrons in magnetic systems
has been a matter of study in molecular magnetism for dec-
ades. Driven by this aim, different models have been proposed
to interpret magnetic coupling, including that of Anderson1 in
the solid state physics domain, and the models introduced by
Kahn and Briat,2 and Hay, Thibeault and Hoffmann3 conceived
for magnetic transition metal complexes. Mainly devoted to the
study of binuclear complexes with S = 1/2 centers, these models
only took into account the unpaired electrons occupying the

magnetic orbitals, a and b, and their success resides in provid-
ing simple expressions for the magnetic coupling constant J on
the basis of a reduced number of parameters; Kab, tab and U,
where Kab is the direct exchange between the active orbitals, tab
is the hopping integral between the magnetic centres and U is
the energy difference between the ionic forms, with two elec-
trons in the same magnetic center, and the neutral forms,
containing one unpaired electron per magnetic site.

These models have been successful in qualitatively describ-
ing the nature of the interaction but soon after de Loth et al.4

showed that these active-electron-only approximations are not
able to provide J values in agreement with the experiment, J
being in general at least one order of magnitude too small or
even of incorrect sign, and many subsequent applications have
corroborated this.5–10 Indeed, the seminal work by de Loth et al.
provided evidence that the other electrons play a key role in
magnetic coupling by means of different processes such as hole
and particle polarization, spin polarization, ligand to metal and
metal to ligand charge transfer (LMCT and MLCT), and com-
bined (higher order) effects. They have proposed an expression
of J based on second-order perturbation theory (PT), which only
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takes into account the differential effect playing a role on the
energy difference between the states involved in the coupling.
The procedure has been useful for rationalizing the magnetos-
tructural behaviour of several Cu(II) binuclear
compounds,6,11,12 and it has been quickly surpassed by a
variational version, the difference dedicated configuration
interaction (DDCI) approach by Malrieu and coworkers,13,14

which ensures the introduction of higher-order effects and
avoids the intrinsic convergence problems of the perturbation
expansion. The first DDCI calculation was carried out by Broer
and Maaskant15 with the aim of analyzing magnetostructural
correlations in the [Cu2Cl6]

�2 complex. From then on, the DDCI
approach has been particularly successful in the quantitative
evaluation of magnetic coupling constants in many solid and
molecular magnetic systems16 and at present it is considered as
the reference method in this field.

The possibility of accessing quantitative estimations of J
using the DDCI method has renewed interest in the rationaliza-
tion of magnetic interactions and stimulated a series of works
dedicated to the analysis of the physical effects governing
coupling at the DDCI level.17–19 The DDCI space contains
different classes of determinants, characterized by the number
of inactive doubly occupied (holes, h) and virtual (particles, p)
orbitals involved in the excitation. Among all excitations in the
DDCI space, those carrying the largest effect on the coupling
constant are the 1h1p determinants (responsible for the stabili-
zation of the ionic forms and the introduction of spin polariza-
tion mechanisms) and the 2h1p and 1h2p excitations, which
contribute to a large fraction (30–50%) of the coupling. The
2h1p determinants only bring a small antiferromagnetic con-
tribution when acting directly on the CAS space, far removed
from the large effect found at the DDCI level. This suggests that
their impact is not related to a direct coupling with the ionic
and neutral forms (second- and third-order effects), but that it
must be mediated by indirect coupling through other electronic
configurations (a higher-order effect). This proposal has been
supported by a series of class-partitioned CI calculations where
the variational space is step-by-step increased by different
classes of excitations.19 Meticulous analysis of the so-
obtained J values supports a complex mechanism where the
2h1p excitations acquire their key role only in presence of the
LMCT and 1h1p determinants. The origin of this cooperative
effect could be related to a stabilization of the ionic and LMCT
configurations due to the 2h1p and 1h1p excitations, resulting
in a remarkable amplification of the AF character of J.

It is worth noting that this analysis has been performed on
wave functions based on the triplet CASSCF molecular orbitals
(MOs) expanded in a minimal CAS. It takes into account the
relative energy of the intermediates generated on this basis,
and the amplitude of the interaction terms following argu-
ments such as Brillouin’s theorem. The use of the singlet
CASSCF MOs only marginally modifies the scheme reported.
However, if DDCI natural orbitals are employed, for which
magnetic orbitals are more delocalized on the ligands than
the CASSCF ones,20 both the excitation energies and the
interaction terms are affected. Hence, the relative importance

of each interaction pathway on the magnetic coupling is also
revised, some pathways that are negligible on the basis of
canonical MOs become dominant, while others appear to
contribute at a lower order of perturbation.

In this work we provide direct and numerical evidence for the
cooperative effect introduced by 2h1p excitations and the whole
set of mechanisms controlling the magnetic coupling. Based on
the orthogonal valence bond (OVB) reading of the wave func-
tion and the use of the intermediate Hamiltonian theory, a
rational strategy is proposed to analyze and finally quantify the
physical effects in terms of the modification of some inter-
action terms and the lowering of the effective energy of those
configurations strongly affecting the coupling.

This strategy provides guidance for classifying the determi-
nants that are able to provide a quantitative estimate of J on two
groups, those that need to be treated variationally and those
whose effect can be introduced by perturbation. The former
group contains a reduced number of excitations (less than
0.05% of the whole space), those with a large interaction with
the model space or those with a large impact on the effective
energies of the determinants in the model space. The resulting
CI matrix is dressed by the effect of the excitations belonging to
the second group using second-order PT. This perturbative +
variational strategy could be a powerful tool for dealing with
large and complex polynuclear magnetic systems, combining
the benefits of the variational methods and the low-cost
requirements and high performance of the perturbation
approach. To illustrate this strategy, two antiferromagnetic
systems have been considered here, a binuclear model related
to one of the native intermediates of the multicopper oxidases
cycle (vide infra) and a binuclear Cu(II) complex, with similar
ligands in the metal coordination spheres.

2 Description of the systems and
computational details

Two antiferromagnetic binuclear Cu(II) systems have been
considered. Their geometries have been taken from X-ray
crystal data21,22 and are shown in Fig. 1.

The system referred to as bisOH in Fig. 1 can be obtained
from the tris(m-hydroxy)tricopper(II) complex, [Cu3(dbed)3(m-
OH)3](ClO4)3 (trisOH), by substitution of a Cu atom with a Zn
atom. The trinuclear complex trisOH is a bio-mimetic
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Fig. 1 Geometries of the systems here considered.
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compound that models one of the native intermediates of the
multicopper oxidases catalytic cycle.22–25 In this complex, with
rigorous D3 symmetry, the Cu centers are arranged in a triangle,
connected to each other by an hydroxo group. The Cu–OH–Cu
angle is 140.51 and the Cu–OH distance is 1.96 Å. The bidentate
N,N0-di-tert-butylethylendiamine (dbed) ligand completes the
coordination sphere of each metal atom. The magnetic inter-
action between the Cu(II) centers in the trimeric complex is
antiferromagnetic, resulting in a spin-frustrated two-fold (four-
fold considering the spin degeneracy) degenerate doublet
ground state. In the frame of the isotropic exchange Heisen-
berg–Dirac–Van Vleck (HDVV) Hamiltonian,26–28

ĤHeis ¼ �
X

io j

Jij Ŝi � Ŝj (1)

these degenerate 2E doublet states are separated by an energy of
3J/2 from the quartet state 4A2. The fitting of the magnetic
susceptibility data22 yields a J value ofE�210 cm�1 and then a
doublet–quartet splitting energy of 3J/2E �315 cm�1. The EPR
and variable-temperature variable-field magnetic circular
dichroism (VTVH MCD) spectra demonstrate the existence of
the competing effects of antisymmetric exchange and symmetry
lowering, in addition to the dominant isotropic exchange
coupling. These terms are important for explaining the
observed magnetic and spectroscopic data at low
temperature.23

The electronic structure and EPR g tensors of the trisOH
system together with many other inorganic models of the
trinuclear Cu(II) sites of multicopper oxidases have been pre-
viously studied by multireference ab initio calculations,29

including CASPT2, MS-CASPT2, DDCI and MRCI calculations.
As the authors claimed, these multireference methods only
yield qualitatively correct results, the main issue being the
correct description of the relative energies of the ground
doublet and the excited quartet states. Table 1 collects the
doublet–quartet gap (D) and J values obtained by Vancoille
et al.29 for trisOH. In general, the calculated CASPT2 values of
the magnetic coupling constant are lower than the experi-
mental ones, while DDCI largely overestimates the doublet–
quartet gap. The inclusion of the spin–orbit coupling effect only
modifies the J values by a few wavenumbers. As the authors
noticed, the underestimation of the CASPT2 values is somewhat
expected, but the large overestimation of the DDCI values is
highly unusual for this method.

In the present study we focus on the evaluation of the
isotropic exchange coupling constant J. For this purpose, a
simplified binuclear bisOH model is employed, where one of
the Cu(II) atoms is replaced by a diamagnetic Zn(II) ion. To
reduce the computational cost, the external tert-butyl groups
are replaced by H, with a fixed N–H distance of 1.02 Å.

The second system explored, named Cu2(OH)2 in Fig. 1,
consists of two Cu(II) centers bridged by two hydroxo groups,
[Cu(tmen)OH]2Br2. The Cu atoms present a square-planar
coordination, where the Cu–O–Cu angle is 104.11 and the Cu–
OH distance is 1.90 Å. The coordination sphere is completed
with tmen (N,N,N0,N0-tetramethylethylenediamine).21 The two
Cu(II) centers show strong antiferromagnetic coupling with J =
�509 cm�1, relative to the HDVV Hamiltonian.21

Both systems contain only two active S = 1/2 antiferromag-
netically coupled centers and J can be evaluated from the
singlet–triplet energy difference, J = E(S) � E(T). For the sake
of comparison, for both systems we have used the basis sets
employed in ref. 29: the ANO-S basis sets with contraction
[6s4p3d2f] for Cu and Zn atoms, [3s2p1d] for O, N and C atoms,
and [2s] for H atoms. All CASSCF calculations have been
performed using the MOLCAS 7.8 program package.30 The OVB
analyses31–33 were made with ad hoc codes developed by the
Ferrara group. The CASDI34,35 code has been used for DDCI
calculations.

Several sets of MOs have been employed, both delocalized
and localized. As will be discussed later, the DDCI calculations
show a strong dependence on the MOs, in contrast to what is
usually expected. The common strategy based on the use of
CASSCF orbitals optimized for the triplet state is unable to well
describe the physics of the systems considered here. A set of
natural orbitals (obtained from the diagonalization of the
average singlet and triplet DDCI one-particle density matrices)
allows one to overcome this problem.

3 Method

In the following, the two main methods used in this work, the
orthogonal valence-bond and the intermediate Hamiltonian
approaches, are briefly outlined. In addition, a few details are
provided regarding the localization method.

3.1 The orthogonal valence-bond method

The main aim of the OVB method is to combine, in an optimal
way, the effectiveness and computational efficiency of the MO
approach with the interpretative potential of the valence-bond
(VB) method.

The VB approach played a fundamental role in the dawn of
modern theoretical chemistry, but quickly faced the problem of
an explosion of the number of structures, that, along with their
non-orthogonal nature, has made this method highly compu-
tationally demanding, at least when compared with the rising
MO theory. The delocalized MO picture, indeed, has offered an
extremely efficient tool for the calculation of ionization and
excitation processes and has rapidly become a standard
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Table 1 Variational and perturbation estimates from ref. 29 of the doub-
let–quartet gap, D, and magnetic coupling constant, J, (in cm�1) for the
trisOH system

D J = 2D/3

Exp. �315 �210

CASSCF(27,15)/CASPT2 �105 �70
CASSCF(27,15)/CASPT2/MS-CASPT2 �112 �75
DDC2(3,3) �875 �583
DDCI(3,3) �718 �479
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method in the field, leaving the VB method to a niche of users.
However, the VB method is not only a method for computing
approximate wave functions and energies, but is also a tool for
analyzing the electronic structure from a point of view that is
close to the chemist’s way of thinking, through the use of Lewis’
concepts concerning bonds and lone pairs.36,37

Staying within the MOs framework, it is important to note
that the core, active and virtual delocalized MOs obtained from
a standard CASSCF approach can be rotated among themselves
and transformed into localized orbitals, leaving the CASSCF
wave function and its properties unchanged.38 For active space
the flexibility of the localization procedure is maximum if a full
valence active space is used: two interesting possibilities are
orthogonal atomic orbitals (OAOs) and localized molecular
orbitals (LMOs), the latter essentially describing bonding and
antibonding orbitals, lone pairs, etc. The possibility of trans-
forming delocalized MOs to localized OAOs or LMOs shows the
perfect compatibility between the MO, VB and Lewis pictures
and allows one to perform a VB-type reading of a correlated MO
wave function. One of the peculiarities of this approach, when
compared with traditional VB procedures, is the use of ortho-
gonal orbitals. For this reason, the method is called the
orthogonal valence-bond method.

Q7 The use of localized orthogonal orbitals (in particular OAOs)
as building blocks for the study of VB-like electronic molecular
structures has recently received theoretical foundation follow-
ing a deep analysis on the simple H2 molecule,32 in particular
due to the possibility of associating a given OVB structure with
a well defined nature.33 Indeed, the orthogonality of the mono-
electronic functions, and therefore of the Slater determinants
from those obtained, is not only a technical concern but
involves a deeply different interpretation of the nature of the
chemical bond32 and in general of the electronic structure.39–41

The OVB reading of a wave function, already very interesting
by itself, draws further interest when a few relevant VB-like
structures are identified (defining a model space) and the
Hamiltonian matrix in such a space is dressed by the effect of
the rest of the CI space. In this way, one can include a
dynamical correlation of the electrons by considering the
effective energies and interactions within the model space.
This procedure is used in the present work, performing a VB
reading of the DDCI wave function (or a subspace of this
function) using localized orbitals in agreement with Lewis’
structures and considering the theory of the intermediate
Hamiltonians for the dressing, shortly described in Section 4.3.

3.2 The Lewis localization method

Several methods can be found in literature for the generation of
localized orbitals optimized at the mean field level (both single
reference or multireference). In most of them, the MOs are
firstly optimized in a standard procedure and the final canoni-
cal (delocalized) MOs are then localized. To this aim, most of
the localization methods42–44 use an intrinsic criterion of
localization, in general by maximizing some localization func-
tion, while other localization procedures are based on an
extrinsic criterion, as, for instance, the projection of localized

MOs on the canonical SCF ones. The method employed in this
article belongs to the latter group, in which a set of strongly
localized (not optimized) MOs built using the Lewis method
(vide infra) is projected on a set of optimized MOs.

In the Lewis approach, the first step is to build a set of (non
optimized) localized orbitals. The procedure starts with a
representation of the molecule following the idea of the Lewis
structures, where different kinds of orbitals appear. One may
identify bonding and anti-bonding orbitals between neighbour-
ing atoms, atom-centered doubly occupied orbitals (as, for
instance, core orbitals) and unoccupied diffuse orbitals. The
lone pairs can also be considered as atom-centered orbitals.
Moreover, orbitals involving more than two atoms may be
considered, such as partially delocalized p (occupied or not)
orbitals distributed on a small part of the molecule. The user
must build all core and valence orbitals, while the virtuals are
automatically generated by the program as atom-centered
orbitals. In summary, this step corresponds to a thorough
analysis of the system studied and is thus far removed from
looking like a black box. Indeed, a large degree of freedom is
given to the user who, in the end, is required to have a good
understanding of the chemical nature of the molecule.

The guess local (non orthogonal) orbitals are orthogonalised
through a hierarchical orthogonalisation method, which con-
sists of a series of S�1/2 and projection (Gram-Schmidt) steps.
The first priority is given to the core orbitals, as they are
responsible for the largest part of the energy of the system.
They are orthogonalised among themselves through a S�1/2

procedure. The second class corresponds to the active orbitals.
They are projected on the space complementary to the space
spanned by the core orbitals (Gram-Schmidt projection) and
orthogonalised among themselves through a S�1/2 transforma-
tion. The next class is the valence class and, finally, the virtual
orbital class, for which a similar strategy is applied.

Once the guess local orthogonal orbitals are generated, they
can be used as a starting point for a CASSCF calculation45 or
projected on an optimized set of MOs, the CASSCF MOs or the
natural DDCI MOs, as it is the case in this work. Each orbital
space (doubly occupied, active, and virtual) is projected sepa-
rately. Compared to a localization method based on an intrinsic
criterion, for which a simple keyword is enough to get a set of
localized orbitals, the Lewis approach is more demanding for
the user, even if it is computationally very efficient. One must
however emphasize that all orbitals can be localized without
difficulty, in particular the virtual ones. Indeed, the localization
criteria appearing in the most diffused methods require, in
general, the presence of electrons in the orbitals, so localizing
the virtual MOs can be difficult. Finally, the application of
methods based on intrinsic criteria can give orbitals that, even
if they have a small spatial extension and they are therefore
local, do not correspond to bonds, lone pairs, or any of the
orbitals typical of the Lewis description. The advantage of
working with orbitals that exactly correspond to the Lewis
description of the molecular architecture is helpful in particu-
lar from a VB logic, as will be evident in the following.
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3.3 The intermediate Hamiltonian theory

As reported previously, the DDCI method takes into account the
most important physical effects governing magnetic coupling.
Nevertheless, understanding the nature of this wave function is
not straightforward, due to its highly multiconfigurational
nature. The most rigorous way to return to the simplicity of
the one or two-bands model (or of other more refined models)
is to make use of the effective Hamiltonian theory.46,47 For the
study of magnetic coupling, only the first few roots of the full
DDCI Hamiltonian matrix are required and one can resort to
the less ambitious theory of the intermediate Hamiltonians.48

The intermediate Hamiltonian theory is based on the parti-
tion of the CI space in a model space, S0, and its orthogonal
counterpart S>0 , the outer space. The model space is further
partitioned into a main model space, Sm, of dimension Nm, and
an intermediate space, Si, of dimension Ni.Q8 In simple words, the
definition of the intermediate Hamiltonian is based on the idea
of bringing together information from the model space and the
CI space required to describe Nm FCI wave functions in the best
possible way. The intermediate Hamiltonian can be built
through the use of perturbation theory. For the special case
of Nm = 1, relevant for the problems considered in this work,
the matrix elements of the second order perturbation correc-
tion of H in the model space are

i H
ð2Þ
int

���
���j

D E
¼
X

a

hijVjaihajV jji
E0 � E0

a
(2)

where i and j are in the model space and a is in the outer space.
In this way, one dresses the true Hamiltonian in S0 with the
effect of the outer space. The diagonalization of the dressed
Hamiltonian matrix relative to the model space (of dimension
Nm + Ni) provides Nm eigenvalues and eigenstates, which
approximate at best to the corresponding exact quantities,
and Ni solutions, which is a lower approximation than the
exact ones. Here Nm = 1 and in principle only the lowest state is
correctly treated. However, noticing that the lowest singlet and
triplet states are almost degenerate (at least with respect to the
value of the energy differences in the denominators of eqn (2)),
one can consider both states in an optimal way using the energy
of one of the two states or the average of their energies for E0, as
is the case in this work.

4 Results and discussion
4.1 Difference dedicated CI results

The common approach for evaluation of J in systems with two
unpaired electrons is based on the use of triplet CASSCF MOs,
where the active space contains the singly occupied 3d orbitals
of the metallic centers (or in-phase and out-of-phase combina-
tions of them). These orbitals are not purely atomic given that
they show tails on the surrounding ligands. Afterwards, the
application of the DDCI method on this minimal active space
usually gives J values in good agreement with the experimental
data (see for instance, ref. 16 and references therein).

Fig. 2 shows the triplet CASSCF(2,2) active orbitals for bisOH
and Cu2(OH)2. In both cases, they have dominant Cu 3dx2�y2
character. For the Cu2(OH)2 system, each Cu center adopts
square-planar coordination, and the 3dx2�y2 orbitals are in the
same plane of the OH bridges. In contrast, in the bisOH system,
the Cu coordination polyhedra are distorted with respect to the
square-planar one, with the two N atoms slightly rotated out of
the plane containing the Cu atoms and the OH ligands (tetra-
hedral distortion). As a result, the active 3dx2�y2 orbitals are not
in the same plane. Actually, the active orbitals are not strictly
speaking 3dx2�y2 orbitals, but hereafter we maintain this nota-
tion for simplicity.

When the triplet MOs are employed in the DDCI calcula-
tions, the resulting J values are largely underestimated with
respect to the experimental ones, as shown in Table 2. This
result is particularly surprising for Cu2(OH)2 because previous
studies with the same methodology have provided good agree-
ment with the experimental J value.19,49,50 The only difference
between these studies and this work is the Cu basis set. The
incorporation of the f basis functions has been related to a
slight underestimation of J on previous studies.51 The marked
effect found here will be discussed in a forthcoming paper, here
we will focus on the impact of the nature of the MOs and of the
size and composition of the active spaces on J.
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Fig. 2 Triplet CASSCF(2,2) active orbitals for bisOH (a and b) and
Cu2(OH)2 (c and d).

Table 2 Magnetic coupling constants J (in cm�1) at DDCI(2/2) level with
different sets of MOs

bisOH Cu2(OH)2

Triplet MOs �109 �350
Natural CAS + S MOs �125 �394
Natural DDCI MOs �150 �493

Jexp �210 �509
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Regarding the nature of the MOs, the question of whether
the CASSCF MOs are well suited for variational or perturbation
treatments of electron correlation in magnetic systems has
been previously raised by different authors.52–54 In perturbation
treatments, the use of a minimal active space CASCI zeroth-
order wave function with triplet (or singlet) orbitals usually
gives underestimated values of J. A generally accepted strategy
for obtaining better results is to extend the CAS with a set of
virtual d-orbitals (introducing the radial correlation of the 3d
electrons) and a few selected occupied ligand orbitals, which
partially introduce at zeroth-order the effects brought about by
LMCT.16,55–57Q9 Alternatively, it is possible to rely on the minimal
active space if optimized (not in terms of the lowest energy)
MOs are employed to build the reference wave functions, such
as those resulting from the diagonalization of an average
density matrix built from the two lowest CASSCF singlet states,
mainly neutral and ionic in nature.52 This procedure gives
magnetic MOs which are more delocalized on the ligands,
leading to a stabilization of the ionic forms, thus reducing U,
and to an increase of the hopping integral between the mag-
netic orbitals. They resemble the natural DDCI orbitals and
result in a significant improvement in the CASPT2 and NEVPT2
results.52,58

Among variational treatments, the DDCI J values have been
traditionally considered highly independent of the MOs, with
the exception of organic conjugated biradicals, where DDCI
calculations on the basis of a minimal active space produce very
poor results and an optimized set of MOs is required to obtain
quantitative results.52,53

To this aim, two MO sets have been generated, the natural
MOs obtained by the diagonalization of the average density
matrix computed from the CAS(2,2) + S and from the DDCI
wave functions. Table 2 reports the J values obtained with these
two sets of MOs at the DDCI(2,2) level. The use of the natural
DDCI MOs significantly improves the result for the bisOH
system and gives a quantitatively correct estimate of J for the
Cu2(OH)2 compound. The impact of the MO set is then notice-
able and somewhat unusual for the DDCI approach, that is to
say larger than what has been reported so far.

Fig. 3 and 4 show the magnetic orbitals of the natural DDCI
MO set for the bisOH and Cu2(OH)2 molecules, respectively.
One may qualitatively note that, compared to the corres-
ponding triplet CASSCF MOs (Fig. 2), these orbitals are more
delocalized on both the ethylendiamine ligand and on the
bridging hydroxy group(s). Indeed, it is well known that natural
orbitals partially describe the delocalization of the active elec-
trons on the ligand orbitals.20,59,60 Such a difference between
the mean field singly occupied orbitals and the natural orbitals
of a correlated wave function is also observed in complexes with
only one metal center and in recent works,61,62 it has been
explained as a different composition of the wave function in
OVB terms. In particular, the mean field approach (here
CASSCF(2,2)) attributes an excessively large weight to the OVB
structure with the unpaired electron on the metal center.
Moreover, the importance of metal–ligand delocalization has
also been invoked as a key ingredient in the non-orthogonal CI

(NOCI) approach,63–65 first applied to the prediction of mag-
netic couplings in La2CuO4 by Van Oosten et al.66,67

The results in Table 2 indicate that by using optimized MOs
it is possible to obtain a good value of J for Cu2(OH)2, while for
the bisOH system, at best only 70% of the experimental value is
recovered. Actually, this is not an isolated case, similar beha-
viour can be found for other binuclear transition metal
complexes.16,52 Looking in detail at the characteristics of both
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Fig. 3 Natural orbitals for bisOH from the average density matrices of the
DDCI singlet and triplet wave functions: (a) and (b) magnetic orbitals, (c)
and (d) ligand centered natural orbitals antisymmetric and symmetric with
respect to the OH axis.

Fig. 4 Natural orbitals for Cu2(OH)2 from the average density matrices of
the DDCI singlet and triplet wave functions: (a and b) magnetic orbitals, (c
and d) ligand centered natural orbitals antisymmetric and symmetric with
respect to the OH axis.

6 | Phys. Chem. Chem. Phys., 2016, 00, 1�17 This journal is c the Owner Societies 2016

Paper PCCP



systems, besides the number of bridges, the main differences
come from: (i) the Cu–Cu bond distances (3.0 Å in Cu2(OH)2
and 3.69 Å in bisOH); (ii) the Cu–OH–Cu bond angle, 1051 in
Cu2(OH)2 and 1401 in bisOH, and (iii) the coordination poly-
hedron of the Cu centers, square-planar for Cu2(OH)2 and
slightly distorted square-planar in the bisOH molecule.

As a consequence of these structural differences, the OH
group in bisOH acquires special relevance. To check whether
the OH bridge is conveniently represented in the active space,
we decided to extend the active space to two orbitals mainly
located on the hydroxy group(s). Two different OH orbitals are
relevant in this case, those able to overlap with the in-phase
and out-of-phase combinations of the magnetic 3d orbitals,
that is the sp hybrid orbital aligned with the O–H bond, and the
O 2pz orbital, aligned with the Cu–Cu axis.

Different approaches can be conceived to identify the MOs
needed to extend the CAS. One possibility is to use the occupa-
tion numbers of the natural orbitals as a criterion to identify
the extra orbitals. The two occupied orbitals with the largest
deviation with respect to a double occupation (NATs and NATp)
are presented in Fig. 3c and d for bisOH and Fig. 4c and d for
Cu2(OH)2. NATs is symmetric with respect to the OH axis, while
NATp is antisymmetric.

Two CI spaces have been explored, a CAS(6,4) + S space with
all the 1h, 1p and 1h1p excitations with respect to the CAS(6,4),
and the CAS(6,4) + DDC2 space, including also the double
excitations involving two active orbitals (i.e. the 2h and 2p
determinants). This strategy has been proposed in the past as
an alternative to DDCI for systems where the DDCI space is too
huge and the calculation becomes unfeasible.50,60,68 When
applied to our systems, this strategy has a different effect on
the two systems considered (Table 3). In the case of Cu2(OH)2,
the behavior is the same as that found in previous studies. The
results obtained with the extended CAS are around the experi-
mental value, representing 90% to 110% of the accepted value.
In the case of bisOH, the situation is different. The extended
CAS enhances the AF coupling and improves the agreement
with the expected J value, but the agreement with the experi-
mental value remains not fully satisfactory.

Instead of using the occupation number as a criterion, it is
possible to localize a whole set of DDCI natural orbitals (with
the Lewis procedure) and select those orbitals with a significant
weight on the bridge(s). The resulting localized MOs are
depicted in Fig. 5 and 6 for bisOH and Cu2(OH)2, respectively.
The MOs labelled as Ls and Lp correspond to those with a large

weight on the O sp hybrid and the O 2pz orbitals, or in their out-
of-phase combinations in the case of Cu2(OH)2. The Ls and Lp
orbitals are symmetric and antisymmetric with respect to the
O–H axis, respectively. The localization also facilitates the
identification of the core and virtual orbitals that can be safely
frozen and deleted, respectively, thus reducing the computa-
tional cost of these calculations.

The results obtained with this extended CAS, are almost
stable for Cu2(OH)2 with respect to the DDCI(2,2), as shown in
Table 3, while they are nicely improved for bisOH. In particular,
at the CAS(6,4) + DDC2 level, the J values obtained with the
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Table 3 Magnetic coupling constants J (in cm�1) using extended CAS and
Lewis localized natural DDCI MOs

bisOH Cu2(OH)2

Delocalized MOs CAS(6,4) + S �205 �462
CAS(6,4) + DDC2 �175 �568

Localized MOs CAS(6,4) + S �212 �447
CAS(6,4) + DDC2 �232 �522

Jexp �210 �509

Fig. 5 Localized most relevant orbitals for bisOH (Lewis procedure on
natural DDCI MOs set, see text).

Fig. 6 Localized most relevant orbitals for Cu2(OH)2 (Lewis procedure on
natural DDCI MOs set, see text).
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localized DDCI natural MOs agree with the experimental values
for both systems. The main difference with respect to the
delocalized set comes from the bisOH system, where the use
of localized bridging orbitals significantly improves the J esti-
mates at both levels. This can be related to the localization
procedure, which allows for larger control of the nature of the
MOs included in the active space. In the case of Cu2(OH)2, after
localization the two extra orbitals maintain essentially the same
shapes as the delocalized ones, but the tails on Cu 3d orbitals
have been eliminated and the weight on OH has slightly
increased. In the case of bisOH, the delocalized ligand orbitals
have a dominant weight on N, in particular for the NATs one
(Fig. 3d), while the weight on OH is negligible. The origin of
this difference can be found in the structural characteristics of
bisOH, with the tetrahedral distortion of the Cu coordination
sphere that places the N and OH ligands in different molecular

planes, and the larger Cu–OH–Cu angle (1401 vs. 1051 in
Cu2(OH)2) that reduces the overlap between the O sp hybrid
and the Cu 3dx2�y2 orbitals. The localization allows us to select
a well defined MO on the bridge, for both symmetries, but it is
important to keep in mind the differences between the Ls
orbitals of the two systems, which will have implications on
the dominant magnetic pathways, as discussed in next section.

In summary, the use of an extended active space on the basis
of the localized MOs seems to be a key ingredient for obtaining
quantitative agreement with the experimental J value in the
bisOH system. To explore the origin of this effect, an orthogo-
nal valence-bond analysis of the CAS(6,4) + DDC2 wave func-
tions was performed for both systems. It is worth noting that
during the OVB analysis, for practical purposes, orthogonal
atomic 3d orbitals were used, instead of the in-phase and out-
of-phase combinations of them, as shown in the previous

1

5

10

15

20

25

30

35

40

45

50

55

1

5

10

15

20

25

30

35

40

45

50

55

Table 4 OVB structures and their energies. The energy of the neutral determinant is taken as the reference

Type Structure Determinant Degeneracy

Energy (eV)

bisOH Cu2(OH)2

Neutral 8s�sp�pa
�
b8 2 0.00 0.00

Ionic 8s�sp�pa�a8 2 23.96 25.25

CT p 8s�sp�aa
�
b8 4 13.11 11.29

CT s 8s�ap�pa
�
b8 4 29.04 12.67

Double CT p 8s�sa�ab
�
b8 1 24.96 21.36

Double CT s 8p�pa�ab
�
b8 1 60.73 24.06

Mixed CT 8s�pa�ab
�
b8 2 40.07 22.11
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figures. This does not change in any way the results of the
calculations.

4.2 Orthogonal valence-bond analysis

In the following, an orthogonal valence-bond analysis of the
CAS(6,4) + DDC2 wave functions is performed for the bisOH
and Cu2(OH)2 systems using the Lewis localized average natural
orbitals.

The CAS(6,4) space consists of sixteen different OVB Slater
determinants (indicated also with the term ‘‘structures’’ or
‘‘forms’’ in the following) of four different types: neutral, ionic,
charge transfer and double charge transfer. Calling a and b the 3d
active orbitals localized on the Cu atoms and s and p the Ls and
Lp orbitals of the bridge (or their combinations in the case of
Cu2(OH)2), the neutral determinants are 8s�sp�pa

�
b8 and

8s�sp�pb�a8. These two determinants are degenerate and their
in-phase and out-of-phase combinations identify a singlet and
a triplet state, respectively. The ionic determinants are
8s�sp�pa�a8 and 8s�sp�pb

�
b8 and they show a charge separation

between the two magnetic centers. Together with the neutral
structures, they form the one-band model CAS(2,2). The other
determinants of the CAS space are charge transfer structures,
specifically LMCT, with a transfer of electrons from the bridge
ligands to the Cu atoms. A representative of a single CT is
8s�sp�aa

�
b8 and it refers to the excitation of a spin down electron

from the p bridge orbital to the a metallic center. There are
eight different single LMCT forms, considering the spin and
the involved metallic center. The last four determinants are
double LMCT forms: 8s�sa�ab

�
b8 for a double CT from the p

orbital, 8p�pa�ab
�
b8 from the s orbital and 8s�pa�abb8, a mixed

double CT involving both the s and p orbitals.
A graphical representation of these structures is reported in

Table 4, together with the corresponding Slater determinants
and their energy with respect to the energy of the neutral
determinant. The ionic determinants are very high in energy
in both systems, U being B24–25 eV. The charge transfer
structures have different energies depending on the system.
For Cu2(OH)2, the double charge transfer forms have an energy
similar to that of the ionic ones, while the energy of the LMCT
structures, DECT, is definitely lower. In bisOH, on the contrary,

the excitations involving the s orbital (LMCT s in the following,
CT s for short) is much higher in energy than those involving
the p orbital (LMCT p, or CT p for short). Indeed, the LMCT p is
13 eV above the neutral determinant, while this gap increases to
29 eV (even larger than U) in the case of the LMCT s. The double
charge transfer involving the Ls orbital (DCT s) is particularly
destabilized, by more than 60 eV. In fact, for the bisOH system
all excitations involving the s orbital are higher in energy than
in Cu2(OH)2 (they are almost twice the energy). This suggests
that the s orbital is much lower in energy (more stabilized) in
bisOH and that it plays a different role in the mechanism of the
magnetic coupling in these systems.

The most important interactions between the 16 OVB struc-
tures are shown in Table 5. The Kab and tab parameters are the
same of the one-band model while the others are characteristic
of an extended two-band model. In more detail:
� Kab: the direct exchange between the magnetic orbitals,

which is the interaction between the two neutral structures.
� tab: the hopping integral, which is the interaction between

ionic and neutral determinants.
� tNCT: the interaction between a neutral determinant and the

LMCT. Two different terms can be distinguished depending on
the type of ligand orbital (s or p) involved in the CT, labelled as
CT s or CT p, respectively. The interaction is strong only when
the unpaired electrons on the Cu atom and on the ligand have
the same spin in the LMCT and in the neutral determinants, or
in other words, when they are connected by a single-excitation.
� tICT: the interaction between an ionic determinant and the

LMCT. As in the previous case, there is a strong interaction only
when they are connected by a single-excitation, that is, when
the same Cu atomic orbital is doubly occupied in both
determinants.
� tDCTCT : the interaction between the double charge transfer

and LMCT forms. In this case, the value is the same for all
LMCT forms.

From Table 5 one can note that Kab and tab are relatively
small compared to the other terms. Indeed, the LMCTs show a
strong interaction with the ionic and neutral determinants,
highlighting their fundamental role in the description of the
physics of the system. In bisOH the interactions involving the
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Table 5 Absolute values of the main interactions (in eV) in the CASCI(6,4) matrix on the basis of the OVB determinants

Name Matrix element

Interaction (eV)

bisOH Cu2(OH)2

Kab s �sp �pa �b Ĥ
�� ��s �sp �pb �a


 �
0.02 1 � 10�3

tab s �sp �pa �b Ĥ
�� ��s �sp �pa �a


 �
0.72 0.03

tNCT p s �sp �pa �b Ĥ
�� ��s �sp �aa �b


 �
2.97 3.17

tNCT s s �sp �pa �b Ĥ
�� ��s �ap �pa �b


 �
1.55 3.24

tICT p s �sp �pa �a Ĥ
�� ��s �sp �ba �a


 �
1.36 2.03

tICT s s �sp �pa �a Ĥ
�� ��s �bp �pa �a


 �
0.62 1.35

tDCT p
CT p s �sp �ba �a Ĥ

�� ��s �sa �ab �b

 �

2.59 3.24

tDCT s
CT s s �bp �pa �a Ĥ

�� ��p �pa �ab �b

 �

1.09 3.25
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ligand Ls orbital are smaller than the corresponding parameters
concerning the Lp orbital. All interactions, with the exception of
Kab and tab, are larger in Cu2(OH)2 than in bisOH, in agreement
with the relative values of their magnetic coupling constants.

The knowledge of these parameters allows the identification
of the main pathways governing the magnetic interaction. In
the one-band model, J can be calculated using the well-known
equation

J ¼ 2Kab �
4t

2

ab

U
(3)

where the first term is a ferromagnetic contribution that takes
into account the direct exchange between the neutral forms
(Kab always being positive) and the second term is antiferro-
magnetic and considers the kinetic exchange through the ionic
determinants, as shown in Fig. 7a.

It is well-known that this one-band model involving only the
ionic and neutral determinants significantly underestimates
the J value. The deviation is particularly severe in those systems

where the active centers are far apart from each other, and both
the kinetic and direct exchanges are negligible. The model then
needs to explicitly introduce the ligand orbitals, leading to a
two-band model. In this model, other interaction paths are
conceivable and some of them are of key importance. For
instance, the superexchange path that involves, besides the
ionic structures, the LMCT forms (see Fig. 7b) plays a crucial
role for a correct description of the energy splitting.

The contribution to the magnetic coupling is antiferromag-
netic, and it depends on the hopping integrals, tNCT and tICT,
following:

J  �4 tNCT
� �2� tICT

� �2

DE2
CT �U

(4)

Depending on the nature of the ligand orbital, s or p, two
different contributions can be distinguished, passing through
the LMCT s or LMCT p forms. To return to the one-band model,
these contributions can be included in an effective hopping
integral, calculated as following:

teffab ¼ tab þ
4 � tNCT � tICT
DECT

(5)

Since in bisOH tab does not have a negligible value, in this
case it is possible to conceive also third-order pathways, as
shown in Fig. 7c, which contributes to J as:

J  8
tab � tICT � tNCT
U � DECT

(6)

Two other third-order mechanisms are also possible,
reported in Fig. 7d and e. Here, Kbl is the interaction between
two LMCT structures only differing for the spins of the two
unpaired electrons on the ligand l and metallic b orbitals. For l

= p, the integral is Kbp ¼ s �sp �aa �bjĤjs �sb �aa �p

 �

. tCTCT is the inter-
action between two LMCT structures only differing on the

doubly occupied Cu orbital, tCTCT ¼ s �sp �aa �bjĤjs �sp �ab �b

 �

contri-
buting, respectively, by

J  4
tNCT � Kbl � tNCT

DE2
CT

(7)

and by

J  4
tNCT � tCTCT � tNCT

DE2
CT

(8)

to the magnetic exchange. These contributions are proportional
to the inverse of the energy of the charge transfer forms,
therefore, for bisOH they are more important for the LMCT
involving the p orbital than for those involving the s orbital.

Using energetic arguments, it is possible to also consider
pathways involving the doubly ionic structures, or doubly
charge transfer forms, known as the Goodenough mechanism
in solid state physics,69,70 as shown in Fig. 7f. Their
contribution is:

J  �8 tNCT
� �2� tCTDCT

� �2

DE2
CT � DEDCT

(9)
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Fig. 7 Main pathways governing the magnetic interaction.
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and similar expressions can be written for the pathways with
mixed double charge transfer forms (MCT). The impact of each
doubly ionic form on J will depend on their relative energies
(Table 4). These energies are similar in the case of Cu2(OH)2,
while only the DCT p structures are expected to play a signifi-
cant role in the case of bisOH. It is worth noticing that most of
these mechanisms involve the interaction between the LMCT
and neutral forms, tNCT. If CASSCF triplet MOs are employed,
this interaction tNCT in the CASCI matrix diminishes due to
Brillouin’s theorem,18 since LMCTs are single excitations with
respect to the neutral forms. However, when using natural
MOs, these terms are far from negligible, as shown in
Table 5.Q10 Hence, the Goodenough mechanism, usually consid-
ered as non-relevant due to the high energy of the doubly ionic
form and the diminished interaction of the LMCT, is respon-
sible for additional antiferromagnetic pathways when working
with natural MOs. This role results in a non-negligible weight of
the doubly ionic structures in the singlet wave function.

Other pathways are possible considering higher orders of
perturbation. In an extended model such as the one considered
here, one should evaluate hundreds of different paths. In the
traditional DDCI procedure the diagonalization procedure
takes into account all interactions at every possible order of
perturbation. In this way one may obtain the correct J value but
the physics of the system remains hidden. The use of the
intermediate Hamiltonian theory allows one to overcome this
problem.

For the systems studied in this work, the main model space
(see Section 4.3) is clearly identified by the two degenerate
neutral determinants. The identification of the intermediate
model space is not straightforward. At a glance, the most
natural choice is the rest of the CAS space: ionic, charge
transfer and double charge transfer structures. Hence, the
model space (main + intermediate) contains 16 determinants.
Therefore, the outer space contains all other determinants of
the CAS(6,4) + DDC2 space and using eqn (2) one may dress the
16 by 16 bare Hamiltonian matrix with the effect of the other
determinants, which are 1 794 393 for bisOH and 792 324 for
Cu2(OH)2.

The results obtained from the application of this procedure
are shown in Table 6 (entries with t =N, vide infra). As one can
see, the J value obtained from the diagonalization of the
Hamiltonian in the full model space, Jbare, is not even qualita-
tively correct for bisOH, producing a ferromagnetic splitting.
On the other hand, the diagonalization of the bare matrix
dressed under the effect of the DDC2 space, provides correct
magnetic behaviour (JHint2 in Table 6) but the splitting is
strongly overestimated for both systems.

In order to understand the reason why this procedure fails,
one can look at the bare and dressed Hamiltonian matrix
elements, reported in Table 7 (BCAS(6,4) and DCAS(6,4) columns,
respectively). It is apparent that the ionic, CT and double CT
structures withstand a very large stabilization by about 18, 12
and 16 eV, respectively. This large stabilization is the footprint
of excitations contained in the outer space that strongly interact
with the model space. In such a case, their effect cannot be

treated through perturbation theory. To overcome this problem
one has to include these excitations in the intermediate space,
at the cost of losing the simplicity.

Several ways to identify these determinants have been
tested. A brute-force method consists of the definition of a
threshold t and in the inclusion in the model space of all the
determinants of the outer space whose absolute perturbative
contribution to a given matrix element of the model space is
larger than t, following the logic of the CIPSI algorithm.71

Table 6 collects the results obtained with this method, ranked
in order of decreasing t. The first row with t =N corresponds
to a model space containing only the CAS(6,4) determinants. As
the most important excitations are included in the model
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Table 6 Magnetic coupling constants (in cm�1) obtained with different
brute-force thresholds

System t n. det Jbare JHint2

bisOH N 16 44.9 �1090.7
0.010 208 29.43 �316.17
0.009 220 11.00 �298.59
0.008 232 11.00 �298.59
0.007 250 �11.02 �255.50
0.006 258 �11.18 �255.72
0.005 274 �46.52 �217.41
0.004 308 �46.99 �220.57
0.003 438 �99.20 �168.73
0.002 632 �99.48 �164.17
0.001 1081 �108.98 �204.55

Cu2(OH)2 N 16 �64.5 �1725.5
0.020 128 �221.62 �357.20
0.019 164 �39.04 �820.78
0.018 176 �199.40 �516.74
0.015 192 �204.02 �505.08
0.009 212 �200.82 �494.16
0.007 214 �227.81 �485.50
0.005 222 �230.76 �484.53
0.004 230 �233.53 �482.91
0.003 374 �247.86 �481.17
0.002 448 �255.73 �484.53
0.001 883 �287.60 �520.41

Table 7 Bare (B) and dressed (D) Hamiltonian matrix elements (in eV)
obtained using different model spaces: CAS(6,4) and the more extended
CAS(6,4) + selected, where selected stands for d- d* + 1h N + 1h Cu 3d
(see text)

System Element BCAS(6,4) DCAS(6,4) DCAS(6,4)+selected

bisOH E0 0.0 0.0 0.0
U 23.96 5.72 15.22
DECT p 13.11 2.12 7.71
DECT s 29.04 13.09 16.58
DEDCT p 24.96 8.39 15.94
DEDCT s 60.73 41.61 45.40
DEMCT 40.07 21.63 27.00

Cu2(OH)2 E0 0.0 0.0 0.0
U 25.19 7.78 18.10
DECT p 11.29 1.57 6.93
DECT s 12.67 2.84 8.09
DEDCT p 21.36 4.94 13.49
DEDCT s 24.06 8.26 16.41
DEMCT 22.11 6.03 14.54
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space, the large overestimation of JHint2 is progressively cor-
rected. The Jbare values gradually improve with the size of the
space and they converge to the DDC2 values. However, the
behaviour of JHint2 is rather erratic, in particular for bisOH
system. Different t values are required to obtain a JHint2 value of
similar quality for both systems. The contributions are larger
and concentrated in a smaller number of determinants in the
case of Cu2(OH)2, while they are individually smaller and much
more spread out in the case of bisOH.

Hence, the brute-force method solves the problem of over-
stabilization of the structures in the model space but its
dimension increases very fast and in an uncontrolled way,
resulting in a difficult interpretation of the results. Actually,
using a different selection procedure, it turns out that the
number of determinants which have to be included in the
model space is quite small and their nature well defined. One
may describe these structures by both manually looking at the
most important excitations in the brute-force method or using
the orbital entanglement maps (vide infra), which allow one to
identify the most important orbitals that are needed for the
description of the system.

Entanglement, or mutual information, takes its roots in the
field of quantum information theory and it has only recently
been applied to quantum chemistry, especially in the frame-
work of the Density Matrix Renormalization Group (DMRG), as
a way to quantify orbital interactions.72 In a given molecular
system, one can define the entanglement between one orbital i
and the other orbitals as the one-orbital von Neumann entropy:

sð1Þi ¼ �
X4

a¼1
oa;i lnoa;i (10)

where oa,i are the eigenvalues of the one-orbital Reduced
Density Matrix (RDM) corresponding to the 4 possible

occupations of orbital i: 0, 1 (a or b spin) and 2 electrons. In
the same way, one can define the two-orbital entropy from the
eigenvalues (oa,i,j) of the two-orbital RDM:

sð2Þi;j ¼ �
X16

a¼1
oa;i;j lnoa;i;j (11)

This value quantifies the entanglement between the pair of
orbitals i and j, and the other orbitals. If i and j are not
entangled with each other, one has the equality s(1)i + s(1)j =
s(2)i,j. Therefore, the entanglement Ii,j between the two orbitals
can be defined as the deviation from this equality:

Ii;j ¼
1

2
sð1Þi þ sð1Þj � sð2Þi;j
h i

1� dij
� �

(12)

where the factor 1/2 prevents the double counting and d assures
that Ii,i = 0.

The quantity Ii,j is often called ‘‘mutual information’’
because in some sense it represents how much the orbital i
knows about orbital j. Starting from these values it is possible
to obtain qualitative and quantitative information not only
about the interaction between the orbitals and their roles in a
given active space, but also about electron correlation effects
and bond-formation processes.73,74

The entanglement maps of the triplet CAS(6,4) + DDC2
wavefunction for bisOH and Cu2(OH)2 are reported in Fig. 8
and 9, respectively. Similar maps are obtained for the singlet.
The data have been obtained using a code recently developed by
two of the authors of the present work (LT and CA). In the
figures, each point corresponds to a localized orbital and the
size of the red-dot is proportional to its one-orbital entropy. The
color of the lines connecting two dots represents the magnitude
of their entanglement: black if Ii,j > 0.1, green if 0.01o Ii,jr 0.1
and grey if 0.001 o Ii,j r 0.01.
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Fig. 8 Entanglement measures for bisOH. Triplet wavefunction, CAS(6,4) + DDC2.
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The orbitals reported are only those presenting a significant
entanglement value. As one can see, besides the active orbitals,
there are, for both bisOH and Cu2(OH)2, the non-active Cu 3d
orbitals with their diffuse counterparts. Moreover, for bisOH,
the occupied orbitals of both the nitrogen and the hydroxo
ligands are also present. A strong entanglement between two
orbitals means that they are involved in excitations that play a
crucial role in the wave function. Thus, from the entanglement
maps one can deduce a qualitative picture of the wave function.
For instance, it is clear that for bisOH the Lp orbital plays a
more important role than Ls, while for Cu2(OH)2 the two
orbitals are almost equally important.

The entanglement maps help us identify (at least in the
present case) a small but meaningful model space, showing the
key role of a small number of 1h and 1h1p excitations in the
description of the coupling:

(i) the single excitations from the non-active 3d Cu orbitals
to their diffuse counterparts, in the following referred to as d-
d* excitations. Each metallic center has four non-active 3d
functions, resulting in eight different excitations per center.

(ii) the single excitations from the non-active Cu 3d orbitals
to the active Cu 3d, referred to as 1h Cu 3d.

(iii) the single excitations from the lone pair N orbitals to the
active Cu 3d orbitals. They correspond to ligand to metal charge
transfer forms, labelled as 1h N, and seem to be important only
for bisOH. It is worth noticing that these excitations introduce
ligand-to-metal delocalization. In Cu2(OH)2 this delocalization
is introduced via the Ls and Lp orbitals, both with a non-
negligible weight on the lone pair N orbitals. In bisOH, how-
ever, only the Lp contains a certain weight on N. This can
explain the different role of these excitations in both systems.

(iv) in minor extension, and only for bisOH, the single
excitations from the neighbouring OH ligand orbitals to the
active Cu 3d orbitals.

In principle, these excitations act on each determinant of
the CAS(6,4) model space. However, after careful testing, the
most important d- d* excitations are those acting on the CAS

determinants with two electrons on the same magnetic Cu 3d
orbital on which the excitation is applied. In other words, these
structures correspond to local excitations on the ionic, LMCT
and double charge transfer forms. With respect to the DDCI
formalism on the basis of a minimal active space, these
excitations belong to the 1h1p class when acting on the ionic
forms, to the 2h1p set when acting on the CT forms, and to the
3h1p group if they act on the double charge transfer forms.
They allow for orbital relaxation of the ‘‘overloaded’’ Cu center,
promoting electrons from the occupied 3d shells to the diffuse
ones, thus lowering the effective energy of the ionic and CT
forms. This effect has been invoked in our previous analysis,19

but here we provide numerical evidence of the impact of these
excitations on magnetic coupling and evidence that these
considerations are also corroborated by the entanglement
measures. This selected set of d - d* excitations are the only
ones considered for the enlargement of the model space.
Different groups of these excitations have been added and the
resulting model spaces are used in the intermediate Hamilto-
nian procedure. The so-obtained J values are shown in Table 8.
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Fig. 9 Entanglement measures for Cu2(OH)2. Triplet wavefunction, CAS(6,4) + DDC2.

Table 8 Magnetic coupling constants (in cm�1) obtained with the inter-
mediate Hamiltonian theory using different model spaces

Model space n. det Jbare JHint2

bisOH
CAS(6,4) 16 44.9 �1090.7
CAS(6,4) + d- d* 176 8.39 �304.3
CAS(6,4) + d- d* + 1h Cu 3d 240 7.6 �311.9
CAS(6,4) + d- d* + 1h N 208 �11.6 �220.3
CAS(6,4) + d- d* + 1h N + 1h Cu 3d 272 �12.0 �229.1
CAS(6,4) + DDC2 (reference) 1 794 393 �231.6 —

Cu2(OH)2
CAS(6,4) 16 �64.5 �1725.5
CAS(6,4) + d- d* 176 �199.4 �516.7
CAS(6,4) + d- d* + 1h Cu 3d 240 �199.4 �516.7
CAS(6,4) + d- d* + 1h N 208 �201.6 �515.9
CAS(6,4) + d- d* + 1h N + 1h Cu 3d 272 �201.6 �515.7
CAS(6,4) + DDC2 (reference) 792 324 �522.2 —
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It is evident that the d- d* excitations have a key effect. When
they are included in the model space, the diagonalization of the
dressed Hamiltonian matrix produces quantitatively correct
results, a coupling of J = �516 cm�1 for Cu2(OH)2, the expected
value being �522 cm�1, and J = �304 cm�1 for bisOH, still
overestimated with respect to the CAS(6,4) + DDC2 value (�232
cm�1). Looking at the Hamiltonian matrix elements within this
space, it becomes obvious why these determinants must be
included in the intermediate model space. Indeed, even if their
energies are more than 50 eV higher than the neutral determi-
nants, their interaction with the ionic and charge transfer
structures is surprisingly large, being of the order of 5–6 eV.
It is clear that it is not possible to treat an effect of this
magnitude through a perturbation approach. The key role of
these d - d* excitations can be related to the improvement
usually observed in the CASPT2 evaluations of J when the
minimal active space is extended with a set of formally virtual
d-orbitals (referred as the 3d 0 shell).16,55–57 A similar effect of
the d - d* excitations has also been recently observed in
simple mononuclear Cu complexes, where the lowering of the
LMCT energy and the corresponding increase in their coeffi-
cients in the wave functions has important consequences on
their spin densities.61,62 Actually, the key effect of d - d*
excitations on magnetic coupling was originally predicted by
the pioneering work of de Loth et al.,6 but technical constraints
at that time prevented a numerical evaluation through calcula-
tions using extended basis sets for Cu atoms.

The effect of the 1h Cu 3d is negligible for both systems,
while the incorporation of the 1h N excitations has a marked
effect for bisOH. Indeed, the Jbare value for bisOH becomes
antiferromagnetic in nature, and the application of the inter-
mediate Hamiltonian theory produces a quantitatively correct
result for this system, J = �220.3 cm�1. In the case of the
Cu2(OH)2 system the impact of the 1h N excitations is negli-
gible, in good agreement with the entanglement measure-
ments. These excitations introduce ligand-to-metal
delocalization, and the origin of their differential role on these
systems can be found in the distinct weight of the N lone pairs
on the Ls and Lp orbitals. In other words, these 1h N excitations
correct the defective ligand-to-metal delocalization of the Ls
orbital in bisOH. Notice that the quantitative evaluation of J in
bisOH requires both an orbital with a large weight on the OH
bridge and a correct description of the delocalization of the N
lone pair orbitals. Finally, if both the 1h Cu 3d and 1h N are
included in the model space, together with the d- d* excita-
tions, the J values for both systems are close to the fully
variational values.

Regarding the performance of the method, it is worth noting
that a reduced number of determinants (272) provides esti-
mates of the magnetic coupling that match the variational
values obtained from a space containing 1–2 million determi-
nants. This strategy, based on the perturbative dressing of a
rationally selected model space and the subsequent diagonali-
zation, can be envisaged as a promising approach for dealing
with more complex systems, containing several magnetic cen-
ters with several active electrons, and as an alternative to pure

variational approaches, which are usually too demanding for
polynuclear compounds, and to DFT approaches showing the
well-known dependence on the chosen functional.

A few (relevant) elements of the dressed matrices for this
selected model space are shown in Table 7, more details can be
found on the ESI† (Fig. S1 and S2). Comparing these values
with those of the bare CAS(6,4), the largest changes occur on
the relative energies of the neutral, ionic and CT forms, the
modifications of the interaction parameters being less signifi-
cant. There is a large stabilization of the ionic structures with
respect to the neutral ones, resulting in a lowering of the U
parameter. Also, the LMCT forms show a large lowering in the
energy. In both cases, the magnitude of this effect is less
extreme than that observed with the CAS(6,4) model space.
The overall decrease of the energy of these structures clearly
indicates their fundamental role in the description of the
splitting. One may say that the effective work of the outer space
is to stabilize these determinants in such a way that they can
take on more importance in the wave function and correctly
describe the physics of the system. The outer space consists
essentially of single excitations that, when applied to the model
space, can be seen as an orbital relaxation effect which lowers
the energy of ionic structures. It should also be remarked that
in the LMCT structures one of the metallic centers bears two
electrons, resulting in an ‘‘ionic’’ nature.

In light of these results, it is possible to reconsider the
different coupling pathways discussed above. Table 9 contains
the individual contributions to the JHint2 value of the mechan-
isms previously described in the frame of the two-band model.
The evaluation of each contribution follows eqn (3)–(9), but
using the interaction parameters of the dressed, ‘‘rationally’’
selected, model space. Q11It is worth noting that this small number
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Table 9 Magnetic pathways and contributions to JHint2 (in cm�1) for the
CAS(6,4) + selected model space

Pathway Type bisOH Cu2(OH)2

2Kab 82.3 �9.7
N–I–N �884.4 0.006

N–CT–I–CT–N p �610.5 �1684.1
s �1.4 �569.2
s–p +58.1 +1958.1

N–CT–I–N p +1469.6 �6.2
s �69.9 +3.6

N–CT–CT–N via tab0 p +1695.1 �330.9
s �52.0 +225.3

N–CT–CT–N via Kbl p +345.3 +249.2
s �13.0 +420.4

N–CT–DCT–CT–N p �2468.7 �7512.0
s �4.5 �4044.5

N–CT p–MCT–CT p–N p +130.5 +3194.8
N–CT s–MCT–CT s–N s +28.6 +2389.0
N–CT s–MCT–CT p–N s–p +122.2 +5525.3

Total �172.7 �190.9
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of contributions provides a significant fraction of the total J
value, which means that a reduced number of pathways invol-
ving only the CAS(6,4) determinants condenses the main phy-
sics effects described by the CAS(6,4) + DDC2 calculation with
almost 2 million determinants, and then, many more pathways
of higher order. The results confirm the differential role of the
LMCT s in these two systems: the pathways involving the LMCT
s have a similar impact as those involving the LMCT p for
Cu2(OH)2, while for bisOH the LMCT s are significantly less
important for the coupling than the LMCT p. The large inter-
action between the ionic and neutral forms in bisOH is also
crucial, enhancing all pathways involving this interaction. Such
a term is almost negligible for Cu2(OH)2. Third-order pathways
show different signs for Lp and Ls: they almost compensate for
each other in Cu2(OH)2, while they introduce an important
ferromagnetic contribution in the case of bisOH. Indeed,
neglecting all pathways involving the LMCT s gives a J value
of �240 cm�1 for bisOH. Finally, as mentioned above, the
double ionic forms play a significant role in these two systems,
an effect which could be partially ascribed to the use of
natural MOs.

5 Conclusions

In this work, we have applied a combined perturbative +
variational strategy to the evaluation of the magnetic coupling
constants in two antiferromagnetic systems. The method
makes use of an OVB reading of the wave functions and the
intermediate Hamiltonian theory to select the set of key excita-
tions which need to be treated variationally together with the
determinants of an extended active space. These key excitations
represent just a very small fraction (less than 0.05%) of the
whole CI space, but, once dressed, provide J values that
quantitatively reproduce the experimental ones.

The importance of this strategy is then twofold: (i) it is
possible to quantitatively estimate the coupling constants at
very low-cost, essentially the cost of the diagonalization of a
matrix with a few hundred determinants, and (ii) it is possible
to isolate and characterize the main excitations contributing to
the coupling. Concerning this point, entanglement maps have
proven to be a useful tool to identify the orbitals, and hence the
excitations, which play a crucial role in the coupling.

The interaction between the LMCT, 1h1p and 2h1p excita-
tions have been implicated in our previous studies as respon-
sible for the performance of the DDCI approach when dealing
with antiferromagnetic systems.17–20 Here, we have demon-
strated that among all 1h1p and 2h1p excitations contained
in the rather large DDCI space, those with a key role are the
local d- d* excitations, which introduce the relaxation of a 3d
shell completely filled in the ionic and charge transfer forms.
This result agrees with recent studies by Giner and Angeli61,62

on the impact of these excitations on the correct description of
the spin density.

The procedure requires the use of optimized molecular
orbitals, which are localized prior to the OVB reading of the

wave functions. Besides the satisfactory evaluation of J, the
method also provides values for the interaction parameters
among the determinants of the model space, which allow for
the identification of the main pathways controlling the
coupling.

Q12Regarding the two molecular systems considered here, this
study goes some way to explaining the difficulties encountered
by Vancoillie et al.29 in their previous estimation of the cou-
pling in the parent trisOH compound. First, the use of an
extended active space, including the bridging OH orbitals is
compulsory, the OMs need to be optimized to correctly intro-
duce metal–ligand delocalization and finally, the Cu basis
functions display a non-negligible and surprisingly high effect.

In summary, the work reported here can be considered as a
first step towards a general tool to deal with polynuclear
systems containing localized spin moments and systems where
calculations based on a minimal active space fail to quantita-
tively reproduce the magnetic coupling constant, as for many
ferromagnetic systems.75 Further work is needed to optimize
the molecular orbital sets in a simple and low-cost way. In this
regard, the recent proposal by Giner and Angeli62 for orbital
optimization in open-shell systems seems to be a promising
route. Q13Once this issue has been addressed, the perturbative +
variational strategy proposed here could pave the way for a
general and powerful approach for studying complex systems
and close the gap between the systems proposed by experimen-
talists and those that can be successfully described by afford-
able state-of-the-art quantum chemistry methods.
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