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QUANTUM LINES FOR DUAL QUASI-BIALGEBRAS

ALESSANDRO ARDIZZONI, MARGARET BEATTIE, AND CLAUDIA MENINI

ABSTRACT. In this paper, the theory to construct quantum lines for general dual quasi-bialgebras
is developed followed by some specific examples where the dual quasi-bialgebras are pointed with
cyclic group of points.
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1. INTRODUCTION

For H a bialgebra over a field k and R a bialgebra in the category of Yetter-Drinfeld modules
HYD, the Radford biproduct or bosonization R#H is a well-known construction giving a new
bialgebra. Similarly, if H is a dual quasi-bialgebra and R is a bialgebra in a suitably defined
category of Yetter-Drinfeld modules over H, then by [@], a new dual quasi-bialgebra R#H can
be defined, called the bosonization of R and H.

Given a bialgebra H, however, finding R is nontrivial. For H = kG, a group algebra, finding
R is the key to constructing pointed bialgebras with G as the group of points and finding finite
dimensional R is crucial to the classification of pointed Hopf algebras of finite dimension. If R is
finite dimensional and is generated as an algebra by a one-dimensional vector space in 2£YD, then
R is called a quantum line. For various H semisimple of even dimension, not necessarily group
algebras, the question of the existence of a quantum line for H was completely settled in E‘DMM]
as well as the question of liftings of the bosonizations.

In this paper, we adapt the methods and language of [] to dual quasi-bialgebras. We find
necessary and sufficient conditions for quantum lines to exist for a given dual quasi-bialgebra H
and we compute several examples for the dual quasi-bialgebra (H,w) where H is the group algebra
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of a cyclic group of any order and w is a 3-cocycle. Finally we give an example of the existence of
a quantum line for a bosonization R#kC), where n is an even integer.

The duals of our examples will be quasi-bialgebras as studied in the papers of Angiono [@],
Gelaki [G{], and Etingof and Gelaki [EGe]] [EGed|[EGe].

The first section of this paper is used for notation and some preliminary material. In the second
section, we define quasi-Yetter-Drinfeld data for dual quasi-bialgebras, and then in the next section
we construct quantum lines. Section E discusses conditions to construct a quantum line for a
bosonization and then the last section gives examples of these constructions. The examples are
based on knowledge of the dual quasi-bialgebra kC,, with Drinfeld reassociator given by a nontrivial
3-cocycle.

2. PRELIMINARIES

Throughout we work over k, an algebraically closed field of characteristic zero. The tensor
product over k will be denoted by ®. Vector spaces, algebras and coalgebras are all understood to
be over k and all maps are understood to be k-linear. The usual twist map from the tensor space
VoW to WV will be denoted 7, i.e., 7(v ® w) = w ® v. The multiplicative group of nonzero
elements of k is denoted by k*.

For any coalgebra C' and algebra A, * will denote the convolution product in Hom (C, A).
Composition of functions may be written as concatenation if the emphasis of the symbol o is not
required. The tensor product of a map with itself will often be written exponentially, i.e., we will
write ¢®3 to denote ¢ ® ¢ ® ¢. Similarly H ® H is denoted H®?, etc.

The group algebra over a group G will be written kG. The set of grouplike elements of a
coalgebra C will be denoted G(C) and the subcoalgebra generated by G(C) will be denoted kG(C).

We make the convention that an empty product, for example, a product of the form [] with
1<j<a
a < 1, is defined to be 1.

2.1. Definitions. A coalgebra with multiplication and unit is a datum (H, A, e, m, u) where (H, A, ¢)
is a coalgebra, m : H ® H — H is a coalgebra homomorphism called multiplication and u : k — H
is a coalgebra homomorphism called unit @, dual to page 368]. Denote u(ly) by 1p.

For H a coalgebra with multiplication and unit, a convolution invertible map w : H®3 — k is
called a 3-cocycle if and only if

(1) eRw)sw(HomH)*x(wRe)=w(HRIH®m)+w(m® H® H),
and we say that a cocycle w is unitary or normalized if for all h, h' € H,
(2)  wh®lg®h'), or equivalently either w(l1 ®h® h') or w(h ® k' @ 1), is e(h)e(h’).

If H, L are coalgebras with multiplication and unit, a coalgebra map ¢ : L — H is a morphism
of coalgebras with multiplication and unit, if

mu(¢® @) =¢my, dur, = upy.
If ¢ : L — H is a morphism of coalgebras with multiplication and unit and w is a (normalized)
3-cocycle for H, then w o ¢®3 is a (normalized) 3-cocycle for L.

For H a coalgebra with unit, a convolution invertible map v : H®? — k such that v(1 ® h) =
v(h®1) =¢(h) for all h € H, i.e., v is unitary or normalized, is called a gauge transformation.

Note that for H a cocommutative bialgebra and v : H ® H — k a (normalized) convolution
invertible map then the map 90%v: H ® H ® H — k, defined by
Pvi=(e@v)xv i (me H)xv(Hom)* (v ! ®e¢),

is a (normalized) cocycle called a (normalized) coboundary. Conversely, if v is convolution invertible
and 0%v is normalized then v(1® h) = v(h ® 1) = e(h)v(1 ® 1) and so v(1 ® 1)~ v is normalized.
(See also Lemma P.3.)
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Now we define the objects of interest in this paper.

DEFINITION 2.1. A dual quasi-bialgebra is a datum (H, A, e, m,u,w) where (H,A,e,m,u) is a
coalgebra with multiplication and unit and w : H ® H ® H — k is a normalized 3-cocycle such that

(3) [m (H@m)]* (uw) = (uw) * [m(m e H)J;
(4) m(lg®h) = h=m(h®1ly), forall h € H.

Unless it is needed to emphasis the structure of the coalgebra H with multiplication and unit, we
will write (H,w) for a dual quasi-bialgebra. The map w is called the (Drinfeld) reassociator of the
dual quasi-bialgebra. Note that if H is cocommutative, then (H,w) has associative multiplication
for every reassociator w.

Following [8, Section 2], we say that ® : (H,w) — (H',w') is a morphism of dual quasi-bialgebras
if ® : H — H' is a morphism of coalgebras with multiplication and unit and w’ o ®®3 = w.
A bijective morphism of dual quasi-bialgebras is an isomorphism.

A dual quasi-subbialgebra of a dual quasi-bialgebra (H’,w') is a dual quasi-bialgebra (H,w)
such that H is a subcoalgebra of H" and the canonical inclusion o : H — H' is a morphism of dual
quasi-bialgebras.

We note that by ([) multiplication in the dual quasi-subbialgebra kG(H) of H is associative.

Let (H,w) be a dual quasi-bialgebra. It is well-known that the category # of left H-comodules
becomes a monoidal category as follows. Given a left H-comodule V', we denote the left coaction
of Vbyp=pl : V= H®V,p(v) =v_1 ®vy. The tensor product of two left H -comodules V and
W is a comodule via diagonal coaction i.e. p (v ® w) = v_jw_1 ® vy ® wy. The unit is the trivial
left H-comodule k, i.e. p (k) = 1y ® k. The associativity and unit constraints are defined, for all
UV,WeIMandue UwveV,we W,k ek, by

(5) HaUy,W(u RUw) = w (u1®v_1Q@w_1)uy® (vo @ wp),
lv(k®@u):=ku and ru(u® k) = uk.
The monoidal category we have just described will be denoted by (H Mm, .k, Ha,l, T).
The monoidal categories (97, ®,k,a?,1,7) and (FMH, ®,k,Ta'? l,r) are defined similarly.
We just point out that

ag,v,w(u Qv w) = uy® (vo ® wo)w(u ®v1 @ wy),

Hagvﬂw(u RUAwW) =w N u_1 ®v_1 @w_1)up ® (vo ® wo)w(uy @ v @ wr).

For (H,w) a dual quasi-bialgebra and v : H®? — k a convolution invertible map, define maps
m?: H®? — H and w¥ : H®3 — k by setting

(6) m' . =vkm*v !

(7) w' = (Eev)rvHm)rwxv ' (m@H)x (v ®e).
If v is a gauge transformation, then the datum
(H,w)" = (H",w") = (H,m", u,A,e,w")
is a dual quasi-bialgebra with reassociator w" called the twisted dual quasi-bialgebra of H by v.

REMARK 2.2. (i) If @ € k* and v is convolution invertible, then so is av, the composition of v with
multiplication by @, and av has inverse a 'v~!. Note that m? = m® and w? = w?.

(i) Note that (m¥)? " = m. It is straightforward to verify that (w”)” = w, remembering that
the multiplication in (H",w") is m". Thus, since v~! is a gauge transformation for (H?,w?), we
have that (H”,w")" = (H,w).

(iii) Note that if H is cocommutative then w” = 9%v * w so that (H",&%) = (H, 0%v).
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LEMMA 2.3. For (H,w) a dual quasi-bialgebra, suppose v : H @ H — k is a convolution invert-
ible map such that w¥ as defined in (ﬁ) is mormalized, i.e., satisfies (@) Then av is a gauge
transformation for a = v(1 ® 1)~ € k*.

Proof. For all h,h' € H,

m®oneien ®uieminen.
Setting h and b’ equal to 1 in turn, we obtain for all h € H,
ehy=v(l@w Hhol)=a v ' (h®1l) and e(h)=v(1®@h)w ' (1®1)=av(l® h).

Since a"'v™1(h ® 1) = e(h) and av is the inverse of a~'v~! then av(h ® 1) = £(h) also. O

COROLLARY 2.4. Let H be a cocommutative bialgebra. Ifv: H® H — Kk is a convolution invertible
map such that 0?v is a normalized cocycle, then av is normalized for a = v(1®1)~! € k*.

Proof. Take w = ¢ in Lemma @ Since H is cocommutative, w’ = 0%v. O

PROPOSITION 2.5. Foro : (H,wg) — (A,wa) a morphism of dual quasi-bialgebras and v : A%? — k
a gauge transformation for A, then vo (0 ® o) is a gauge transformation for H. Also

®2 ®2
whoo®® = Wi and mYoo®? = omy5°

Thus o : (H""® w}f"@) — (A", wY) is also a morphism of dual quasi-bialgebras between the
twisted dual quasi-bialgebras obtained from (H,wp) and (A,w4).

Proof. We have

=2

wj’400®3 = [(EA (34 U) * U (A ®Mma) *xwa * vt (mA ® A) * (U_l ® EA)} 00 ®?

(EH ® ’UU®2) * po®? (H®@mpg) xwpg * v 1g®2 (myg @ H) * (v_10®2 ® EH)

®2

—
=
=

vo

= wH
Also
mAU®2 @ [v *MA * vil] (0®2) =009 x m40®? x v 1o®?
= v xompy x vo®?]7! = am}’fm.

O

DEFINITION 2.6. Dual quasi-bialgebras A and B are called quasi-isomorphic (or equivalent) when-
ever (A,wa) = (BY,wY) as dual quasi-bialgebras for some gauge transformation v € (B ® B)".

—1

By Remark R-2Hi., if (A, wa) = (B, wy), then (B,wp) = (A,wa)"

COROLLARY 2.7. If o : (H,wny) — (A,wa) is a morphism of dual quasi-bialgebras and (A,wa) is
quasi-isomorphic to an ordinary bialgebra so is (H,wp).

Proof. Suppose v4 : A® A — k is a gauge transformation such that A4 has trivial reassociator.
Then vy :=y4 (0 ® o) : H ® H — k is a gauge transformation, and, by Proposition .5, the map
o: (H™M, wif') = (A7, w)* = e 4e03) is a morphism of dual quasi-bialgebras. Hence

®3

VAOU ZEA®3OU®3=€H®3

wpr = wjf =wy

so that HYH has trivial reassociator. O
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3. QUASI-YETTER-DRINFELD DATA FOR DUAL QUASI-BIALGEBRAS

3.1. Yetter-Drinfeld modules. In this subsection, we first recall some facts from [@] about
the category of Yetter-Drinfeld modules for a dual quasi-bialgebra.

DEFINITION 3.1 ([AH, Definition 3.1]). For (H,w) a dual quasi-bialgebra, the category HYD of
Yetter-Drinfeld modules over H is defined as follows. An object is a tern (V, py,>), where

(V, p) is an object in #9 and p : H® V — V is a k-linear map written h ® v — h > v such
that, for all h,l € H andv € V

w(h1 @l @v_q1)w (he ® (I2 > vo)_; ®3)

(8) (hl) bv= w1 ((h3 > (ZQ > ’Uo)o)71 QR hy ® l4) (h3 > (ZQ > UO)O)O ’
9) lg > v=wvand
(10) (hl > U)fl ho ® (hl > ’U)O =hiv1® (hg > ’UQ) .

A morphism f : (V, p,>) = (V/,p/,>) in BYD is a morphism f : (V, p) — (V’,p’) in 79 such
that

f(h>v)=hp' f(v).

REMARK 3.2. The category # YD is isomorphic to the weak right center of 790, see [@, Theorem
A.2]]. As a consequence g)}D has a prebraided monoidal structure given as follows. The unit is
k regarded as an object in #YD via the trivial structures px (k) = 1g @ k and h > k = ey (h) k.
The tensor product is defined by

(‘/7 PV, l>) ® (Wa PW s \>) = (V ® Wa PVRW \>)
where pyegw (v ® w) = v_1w_1 ® 1o ® wy and
w (hl RU_1 & w72)w71 ((hQ > 1)0)_ & hg & ’LU71)
11 ht> (v@w)= 2
( ) ( ) w ((hz > ’Uo)fl X (h4 > w0)71 ® h5) (hg > UO)O ® (h4 > ’wo)o

The constraints are the same as 90 i.e.

Hopvwuevow) @ =w Hu_1 ®@v_1 @w_1)ue® (vo @ wy),
lyk®u) @ =ku and ru(u® k) = uk.

viewed as morphisms in ZYD. The prebraiding cyw : V@ W — W ® V is given by
(12) cv,w (V@ w) = (v_1 > w) ® .

REMARK 3.3. The coproduct of a family (Vi)iel of objects in gyD is the vector space @;crV?
regarded as an object in £YD via the action and the coaction defined by

h > (vl)iel = (hbvz)iel and p((vl)ig) :Zie[ vl ®uy (vé)
respectively, where u; : V¢ — @;c7V? is the canonical injection. Let W € gyD. By the universal
property of the coproduct, the canonical morphisms W @ u; : W @ Vi — W ® (@ie IVi) yield a
morphism in £YD

Dier (W & Vi) - W® (@ie[vi) .
This is bijective because it is bijective at the level of vector spaces. This proves that the functor
W (=) : YD — HYD commutes with coproducts. Similarly (=)@ W : EYD — ZYD commutes
with coproducts.
Therefore we can apply [@, Theorem 2, page 172] to construct a left adjoint T : ZyD —
Mon (#YD) of the forgetful functor. For every V € HYD, the algebra T (V) will be called the
tensor algebra of V in £YD. By standard arguments one can endow 7 := T (V) with a bialgebra

structure in £ YD where the comultiplication A7 and the counit e are uniquely defined by setting
Ar(v) =v®1lr+1pr ®v and er (v) = 0.
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The next theorem from [AT] gives the structure of a bosonization in this setting.

THEOREM 3.4 ([AD, Theorem 5.2]). Let (H,wp) be a dual quasi-bialgebra.
Let (R, pr, pr, ARr,er, MR, ur) be a bialgebra in g)}D and use the following notations

hr @ =ur(h®r), r_1®ro:=pr(r),
r-gs : =mgr(res), 1g :=ugr (1),
rmert o =Agr(r).

Consider on B :== R® H the following structures:

wﬁl (’I”72 R h1 ® 5721451)&}]{(/7/2 ®s_1 & kg)
mB[(T‘@h) ®(S®k)] = w;ll[(hg > so)_2®h4®k3]wH(r_1 ®(h3 > SQ)_]_ ®h5k4)
70 *r (h3 > s0)o ® heks

UB(]{J = k1R®1H
Ap(r®h) = wﬁl(ril ®rl,® hl)r(l) ® 72 hy ®7‘(2) ® hs
eg(re@h

)

)

) = er(r)en(h)
) = er(rer(s)er(t)wu(h @k 1).
)

DEFINITION 3.5 ([AD, Definition 5.4]). For H, R, B as in Theorem B.4, the dual quasi-bialgebra B
will be called the bosonization of R by H and denoted by R#H. Elements of B may be written
r#h instead of 7 ® h to emphasize that we are working in the bosonization.

REMARK 3.6. Let A := R#H,B := S#L where H, L are cosemisimple dual quasi-bialgebras and
R, S are bialgebras in the categories of Yetter-Drinfeld modules over H and L respectively such
that Ag = k#H and By = k#L. Then if A and B are quasi-isomorphic, so are H and L.

For suppose that there is an isomorphism ¢ : A — BY of dual quasi-bialgebras. Since ¢ is a
coalgebra isomorphism, ¢(4g) = (BY)o = Bo.

Write (1 ® h) as 1 ® ¢'(h) for some ¢'(h) € L. In this way we get the following commutative
diagram.

’

H A LU(G’L Qo)
o
R#H —% > (S#L)"

By the same argument using ¢! we get an inverse for ¢’. By Proposition E, the right-hand side

vertical map is an injective morphism of dual quasi-bialgebras. Since oy and ¢ are also morphisms
of dual quasi-bialgebras we get that ¢’ also is. Thus ¢’ is an isomorphism of dual quasi-bialgebras
as required.

The proof of the next lemma is straightforward and so is left to the reader.

LEMMA 3.7. Take the hypothesis and notations of Theorem . Let m : R#H — H be defined by
7 (r#th) = eg (r) h. Then 7 is a morphism of dual quasi-bialgebras and

(13) m ((r#th),) ® (r#h), #m ((r#h)3) = r—1h1 @ (ro#h2) ® hs.
REMARK 3.8. Note that for R#H as above, the map o : H < R#H defined by o(h) = 1gr#h is

also a morphism of dual quasi-bialgebras and, for 7 as defined in Lemma @, wo = Idyg. Corollary
m then implies that H is quasi-isomorphic to an ordinary bialgebra if and only if R#H is.
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3.2. Quasi-Yetter-Drinfeld data. Let (H,w) be a dual quasi-bialgebra. In this subsection we
study one-dimensional vector spaces in £YD and the bialgebras in £YD generated by these.

PROPOSITION 3.9. Let (H,w) be a dual quasi-bialgebra and let V' be a one-dimensional vector
space. Then V is an object in LYD if and only if for allv eV, h,l € H,

(i) Ve M and p(v) = g®@ v for some g € G(H);
(ii) There is a unitary map x € H* such that for g the grouplike in (i),

(14) X(h) =w™t (M @l ®g)x (l2)w(ha ® g @ I3) X (hs) w ™" (g ® ha @ la)
(iii) For g the grouplike from part (i),
(15) gx(h1)h2 = hix(h2)g.

Proof. First let V € £YD. Since V is one-dimensional, there is a grouplike element g € H such
that p(v) = g ® v for all v € V, and also there is a map x : H — k such that h>v = x(h)v.
Equation (f) of the definition of Yetter-Drinfeld modules now translates to ([4) and equation ()
implies that x is unitary. Finally here equation @) of Definition @ is equivalent to (E) above.

Now suppose that V' is a one-dimensional vector space satisfying (¢) to (¢i¢) above. Then it is
easy to see that V with coaction given by p(v) = ¢ ® v and action given by h > v = x(h)v for all
v € V is an object in gyD. OJ

DEFINITIONS 3.10. Let (H,w) be a dual quasi-bialgebra. For g € G(H) and x € H*, x unitary,
the triple ((H,w), g, x) is called a quasi- Yetter-Drinfeld datum, abbreviated to quasi-Y'D datum,
whenever equations (@) and ([F) above hold. If ¢ := x (g), we also say that ((H,w),g,x) is a
quasi- Yetter-Drinfeld datum for q.

REMARK 3.11. (i) When H is a Hopf algebra, w is trivial and ¢ # 1, then the previous definition

reduces to [CDMM, Definition 2.1].

(ii) Note that Proposition @, roughly speaking, says that a one-dimensional vector space V
with action and coaction defined by x and g, is an object in ZYD if and only if ((H,w),g,%) is a
quasi-Y' D datum.

(iii) Equation ([L3) implies that if ((H,w), g, x) is a quasi-Y' D datum and £ € G(H) with xz(£) #
0, then gf = {g.

LEMMA 3.12. Let G be a group and let w be a normalized 3-cocycle on G. Let g € G and x : kG — k.
The following are equivalent.

(1) (kG,w),g,x) is a quasi-Y D datum.
(i1) g € Z(Q), x is unitary and (1) holds for all h,{ € G.

Proof. Tt suffices to prove that (i) implies that g € Z(G). Let h € G. Then

1=x(1)=x(h'h) (@ wlhehog) x(h)wh ' @geh)x (A )w ! (g@h ™ ®h),
so that y (h) is invertible, and gh = hg by Remark B.11. O

DEFINITION 3.13. For ((H,w),g,x) and ((L,a),l,&) quasi-Y' D data, a dual quasi-bialgebra ho-
momorphism ¢ : (H,w) — (L, «) such that ¢ (¢) =1 and £p = x is called a morphism of quasi-Y D
data.

LEMMA 3.14. Let 7 : (A,wa) — (H,wp) be a morphism of dual quasi-bialgebras and ((H,w), g, X)
a quasi-Y' D datum. If there exists a € G (A) such that 7 (a) = g and axm (b1) be = bix7 (b2) a,
for every b € A, then ((A,wa),a,xa :=x7) is also a quasi-Y' D datum and 7 is a morphism of
quasi-Y' D data.

Proof. We need only verify ([[4) for ((4,w),a,x4). For h,l € A, since ([[4) holds for y, we have:
wy' (h1 @1 @a)xa(l2)wa(ha®a®l3) xa (hs)wy' (a® hy @ 1y)
= wy (m(h); @7 ), @ g)x[r()y]wn (1 (h), ® g @7 (1);) x [ (h)s]wy' (9@ (h)y @ (1),)



8 ALESSANDRO ARDIZZONI, MARGARET BEATTIE, AND CLAUDIA MENINI

(Q) X (m (k)7 (1)) = x7 (hl) = xa (RI).
g

LEMMA 3.15. Suppose (H,w) is a dual quasi-bialgebra and ((H,w),g,x) is a quasi-Y' D datum.
Then for c€ G(H) and 1 <'t,

(16) xX(@)=x@" J] ' (decaguw(@ogew ! (godad)],
0<i<t—1
and, in particular,
(17) x(@)=x(@" JI «'(9odeg).
0<i<t—1
Proof. Let s > 1 and then by ([[4) we have
(18) % (05716) :wfl (Csfl ®c®g)x(c)w (Csfl ®g®c)x (Csfl)wfl (g®6871 ®C) )

Equation (E) now follows by induction on ¢ > 1. For ¢t = 1, there is nothing to prove. Let ¢t > 1
and assume that the statement holds for ¢ — 1. Then by ([[§),

(&) =x () [@e (@ emg)w (@ By@ o) (g0 5]

and if we then expand x(¢!~!) using ([Lf]), the result is immediate. O
REMARK 3.16. If w = w(H ® 7), then equation ([[§) simplifies to:
(19) x (') =x ()" H wl(gedec).

0<i<t—1

4. QUANTUM LINES
Our first lemma will be useful in the computations to follow.

LEMMA 4.1. Let (H,w) be a dual quasi bialgebra and let g € G(H). For all 0 < a,b, c,

(200 wl(g*@g’@g)= [] v esTes)u (gogd @) w(ged @g"t).
0<j<a—1
Proof. Let ®(j) == w ' (9@ ¢ @ g°)w ! (g®¢? @ ¢") w (9 ® g7 ® g"*¢). The proof is by in-
duction on a > 1. For a = 0,1 there is nothing to prove. Let a > 1 and assume the formula holds
for a — 1. By @) evaluated on ¢ ® ¢*~ ' ® ¢* ® ¢¢, we have
w (ga—l ®gb®gc)w (g®ga+b—l ®gc)w (g®ga—l ®gb) =w (g®ga—1 ®gb+c)w (ga®gb®gc)
so that
w(g w0y ) (9" ®g" ®g°) = Bla—1),
and the statement then follows from the induction assumption. O

Next we introduce some useful notation.

NOTATION 4.2. Let (H,w) be a dual quasi-bialgebra. For U,V,W, Z in LYD, we define Qu y,w,z
UV)e(WeZ)—- UaW)e (Ve Z) by

(21) QU,V,W,Z = aa,ll/V,V®Z(U X awyvﬁz)(U & CV,W X Z)(U X ax_/)lvv)z)aU,V,W®Z;

where a := Ha is the associativity constraint (E) in TM. IfU =V =W = Z, we write Qu in
place of Quuv,u.
As observed in Remark B.3, we can consider the tensor algebra T (V) of V in YD for any
object V in gyD. Explicitly
T (V)= @nenT™ (V),
where T°(V) = k, T (V) = V and, for n > 1, T"(V) := V @ T""1 (V). Thus, for instance,
T?>(V)=V@Vand T? (V) = V®(V ® V). Note that the order of the brackets is important here.
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Let ((H,w),g,X) be a quasi-YD datum for q. Let V = kv be a one-dimensional vector space
and then (V, p, ) with p(v) = g ® v and pu(h ® v) = x(h)v is an object in YD by Remark B.11].
Set v := 1,01 := v and, for n > 1, v™ := v @ vI"~1. As a vector space T (V) may be identified
with the polynomial ring k [X] via the correspondence vl <+ X™. However the multiplication is
different.

PROPOSITION 4.3. With hypothesis and notations as above, the tensor algebra T (V) has basis
(v[”])neN and has the following bialgebra structure in £YD.
(i) The left coaction of H on T(V') is given by

(22) p (v["]) =" @l = gn @ ol
The left action of H on T(V) is given by
(23) ho> ol = Xn] (h) v[”],

where x[,) € H* is defined iteratively by setting xjo) := €, and for n > 1,
(24) X =w(-0g0g" ) rx 0T (9@ -®@¢" ) xxpoyrw (9@t @ ).

Furthermore, for n > 1

(25)
xm=| [ vCEogag ' ixrw(go-2g )| x| J] w@edeo-)
0<i<n—1 0<i<n—1

and in particular

(26) Xm@ =1 ] wedog|x@" = ][] wwedeqg).

0<i<n—1 0<i<n—1

(ii) The algebra structure on T(V) is given by 1pqyy = 1x € T°(V) and

(27) vlalyltl = H wt (9@ g ® gb) ol fora>1,b €N,

0<i<a—1

(iii) The coalgebra structure is given by er (v["]) = 0p0, and

(28) Ar (v[n]) - ZOSiSn ﬂ(i,n)v“] @,
where we define
(29) B(i,n) = (n) H w(g®g' ®g"") forall 0 <i < n.
'/ qo<i<ion

Note that 8(0,n) = 1= B(n,n) for alln > 0.

Proof. Equation (R2) follows from the definition of the comodule structure on the tensor product
in YD in Remark and the fact that p (v) =g ®v.

Next we compute h > v™ for h € H. If n = 0, then Xjo] = € satisfies (@) We prove, by
induction on n > 1, that (@) holds for x(,) € H* defined inductively by equation (@) Equation
(B4) gives x1] = x, which satisfies (3). Let n > 1 and assume that the statement holds for n — 1.
Then using the induction assumption and ), we have:

Ao = (v ®v["_1])
T w <h1 ®v_1 ®v[112_1]) wt ((hz > vg)_o ® h3 ® v[,nl_l])

B w ((h2 > Uo)fl & (h4 > ’U([Jn_l])_l ® h5> (ha > ’UQ)O & <h4 > U([Jn_l])o
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whi®©geg 1wt (gohs®g" )
w (g ® (ha>ol") | ® h5) X(h2)v ® (hy 0= 1)

_ [ whi®@geg ) w! (g®hs®g"‘1? ]
w (g ®Re" e h5) X (h2) v @ X[n—1) (ha) v =l

= [w(-®g0g¢" ) sx w (9@ -®¢" )k xpoy*w(g@g" @ )] ().

Now, using this formula, we prove by induction on n > 1 that (@) holds. For n = 1, since w is
a normalized cocycle and ¢° = 1, then the right hand side of (R) is just x = X[1]-
Let n > 1 and assume the formula holds for n — 1. Then

X = w(-©9@g" ) xxrw (9@ -0 ¢" ) kX rw (9@ 9" @)
_ w(-®geg" ) sxrw (9@ -0 g

*

= [T w(®geg * Hsxrw!(g0—-0g" 27| * [ [T wgege-)|=*
0<i<n—2 0<i<n—2

wlgegte-)

* *
_ H w(_®g®gnflfi)*x*wfl(g®_®gn717i) * H w(g@gi@)—),

0<i<n—1 0<i<n—1

and so (E) holds for all n > 1. We note that if (@) is applied to a cocommutative element, then
since the product for 0 < i < n — 1 is the same as taking the product over 0 <n —1—-i<n—1,

*

(30) X =x"*| J[ wEogod)rw!(go-2g)rw(gog ®-)
0<i<n—1

Equation () follows immediately.
(ii) Let b € N and we prove by induction on @ > 1 that (P7) holds. For a = 1, we have by
definition v[@vl) = vl = v @ VIV = Y1+ = yla+¥] Tet a > 1 and assume (7) for a — 1. Then

Wl = (v @ule) o = (welo=1) o @, (02 @0 00 wo (o 0fY)

Z) Wl (g®ga—1 ®gb) v (,U[a—l]v[b])

w L (g ®ga—1 ®gb) v H w L (g ®gi ®gb) v[“_1+b]
0<i<a—2

H Wl (g®gi ®gb) ppla—1+0] — H Wt (g®gi ®gb) plattl,

0<i<a—1 0<i<a—1

and so we have proved that (27) holds for a > 1.
(iii) We wish to show that

Ar (v[n]) - ZOSZ’SH (72) [ “ogdeg )l el

70<j<i—1

where if i = 0, the empty product is defined to be 1. If n = 0 the formula holds since Ay (v[)) =

1® 1. If n = 1, the formula holds since Ar (vm) =011+ 1Quw, (é)q = G)q = 1, and

w(—®1® —) =1. Let n > 1 and suppose that the formula holds for n — 1. Then
Ar (o) = Armz (v© o) = (mr © mr) Or (Ag © Ag) (v o)

= (mr®@mr)Qr {(v @l+lev)e () Bli,n — 1l @ v["_l_i])} ,

0<i<n—1
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From the definition of Qp, it is easily seen that:
(e 1) ® (o © ") =w(g@ g © g (0 @ o) © (L@ w1l
and
Qr((1@0)® (@171 = xj(gugeg ©g" ' THw ™ (¢’ egeg ) (1evl) o (ve e ).
Then

AT (’U[n]>
- Z Bi,n—1) { w(g ® g' @ gl @ yln—1-1
0gign—1"2" X (9w(g® g @ g" 1w g @ g @ gl @ oln ]

The coefficient of v[% ® v[™ in the expression above is X[0)(9)w(g®1 Rg¢" Hw l(legeg" 1) =
1 = $(0,n) and similarly the coefficient of v!"! @ v[% is f(n —1,n —1) =1. For 1 < j <n —1, we
compute the coefficient of vI! @ v!"=7! in this expression to be:

BU=1n=Nwlgegd ")+ 8@ n - Nwlgeg ®g" " xygw (¢ @geg" )

n—1 k n—j
(j—1>qH0§k§j—2w(9®g ©g")

n—1 i n—1—j
( ; )qHOSiSj_lw(gébg ®g )

_ (n—1 k g n—j
= (j_l)qH0<k<jlw(g®g ®g"7)

n—1 i n—1—j —1/ 4 n—1—j
+< i >q[HO<i<jw(g®g ®g ”)}Xm(g)w (¢’ ®geg" )

_ (n—1 kg gn
a <j—1)qu<k<j1w(g®g ®9"7)

n—1 s n—1—j - j n—1—j
+< , >q[HO§5Sj1w(g®g“®g )] (gl g @ g @ g 1),

wlg® gt ®g" )

+ wg®g @g" " Nxy(gw (g @ g®g" )

J
By Lemma [£.1]

wl(@ogeg )= [ v'esrley e yeregw(geg ©g" )
0<s<j—1

so that the last summand in the expression above becomes:

n—1 _ s n—j
< ; )X[j](9)||0<s<j1w wogeg]], .,  woedes™)
\ <ss <i<

(@) n—1 7 s -1 s t n—j
= < ; )qq IL...,  woeregu'wesren) ]  «oedeg)

n—1 . .
- J t n—j
= < ; )qq [[,..., w2 eg)

Thus the coefficient of vUl @ v[*=9) in Ag (vI") is

n—1 n—1 . . n ;
J t n—j\ __ t n—j
Kj 1)q+< i )qq ||0St§j_1w(g®g ®g )—<j>q||03t§j_lw(g®g ®g"),

and this is indeed B(j,n) as required. It is then straightforward to see that ez (v[")) = 4, 0. O

The next technical results allow us to construct a bialgebra quotient of the tensor algebra.
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PROPOSITION 4.4. Let (A,ma,ua,Aa,ea) be a bialgebra in an abelian prebraided monoidal cate-
gory (M, ®,1,a,l,r,c) where the tensor functors are additive and right exact. Let (I,iy: 1 — A)
be a subobject of A in M such that

(31) (Pr ®pr) o Asocif =0,
(32) caois =0,
(33) promaoig =0.

where R := A/I, pr : A — R denotes the canonical projection and (K,ix : K - A® A) =
Ker (pr ® pr). Then there are maps mg,ur, Ag,er such that (R,mg,ur,Ar,er) is a bialgebra
in (M,®,1,a,l,r,¢) and pr is a bialgebra morphism.

Proof. In this proof we omit the constraints as in view of the coherence theorem they take care of
themselves. By (B]) and (B), there are morphisms
Ar:R— R®R and cp: R—k
defined by Agpr = (pr @ pr) Aa and er(pr) = €a. The first equality yields
(Ar® R)Arpr = ((pPr®PR)®DPR) (Aa® A)As
= (Pr®(Pr®pR)) (A®AA)As = (R®AR)Arpr
so that (Ar ® R) Ag = (R ® Ag) Ag. The other equality leads to counitarity of Ag. Since the ten-
sor functors are right exact, we have that pr ® pr is an epimorphism and hence (R ® R,pr ® pr) =
Coker (ig ). Thus, by (), we have that there is a unique map mg : R ® R — R such that
mgr(pr) = (PR ® Pr) Ma. Set ur := pr(ua). The first equality yields
mpg(mp ® R)p%3 =mr(R® mpg)p%3
so that, by right exactness of tensor functors, we get mp (mgr ® R) = mg (R ® mpg) . Similarly one
gets mp (ugr ® R) =g and mpg (R ® ug) = rg. Finally, we have
(mr ®@mg) (R®cr,r® R) (Ar ® Ag) (Pr ® PR)
PrROpr)(Ma@MAa)(ARcaa®@A)(As@A4)
= (pr®@pr)Aama = Armpg (pr @ PR)-
Since pr ® pr is an epimorphism, we get (mr @ mg) (R ® cp,r ® R) (Ar ® Ar) = Agmpg. Thus
(R, mp,ur, Ag,cr) is a bialgebra in (M,®,1,a,l,r,c). Clearly pg is a bialgebra morphism. O

LEMMA 4.5. Let (H,w) be a dual quasi-bialgebra and let I be an ideal of a bialgebra A in HYD.
Let z,u € A and assume A (u) € AQI+I®A. Then Ay (zu) e AQI+1Q A.

Proof. Since Ay(u) € A®I+I1® A, then
Ap(zu)=Aama (zQ@u) = (ma@ma)Qa(Asa @A) (2R u)
€ (ma@ma)U[ARA) QAR+ (AR A)® (I ® A)
C (ma®@ma)[(ARA) AR+ (A])® (ARA)|CARI+I® A.
O
Let (H,g,x) be a quasi-Y' D datum for ¢ with ¢ a primitive N-th root of unity with N > 0. Let
V =kv € YD with coaction and action defined by g and x as in Remark . Let (v[”])n N be
the basis of T := T (V') considered at the beginning of this section.

Let I be the two-sided ideal of T generated by vV | ie, I = T (IT). Since vol? = plr+1],
by (B7), I is the vector space with basis (v["])n>N. Thus, T/I identifies with K [X]/ (X*). By

formulas (RJ) and (), we deduce that I is a subobject of T'in 2 YD. Hence I is a two-sided ideal
of T in gy’D. Moreover R := T'/I with the induced structures is in gy’D so that the canonical
projection pr : T'— R is in gyD.

To check @) for I we must show that

AT (v["]) ETRXI+I®T, for every n > N.
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For n = N, this follows from (@) and the fact that, since ¢ has order N, then (J;[ )q = 0 for
i #0,N. Forn > N + 1, in view of (£7) we have

ol = H w (g®gi®gN)v["_N]v[N].
0<i<n—N-—1

Hence, Lemma @ implies that Ap (v["]) eTRI+IRT.

Since by Proposition [i.d, e (v[")) = 8, 0 and N # 0, it is clear that ez (I) = 0. Since I is a two-
sided ideal of T'= T (V'), we have that mp (T ® I + I ® T') C I. Since Ker (pr ® pr) = TQI+I1QT,
we deduce that my (Ker (pr ® pr)) C I. By Proposition Q, there are maps mpg, ugr, Ag, g such
that (R, mg,ur, Ar,cr) is a bialgebra in (gyD, ®,k, Ha,l,r c) and ppg is a bialgebra morphism.

Recall that the Iverson bracket [[P]] is a notation that denotes a number that is 1 if the condition
P in double square brackets is satisfied, and 0 otherwise.

By the above we have the following result.

THEOREM 4.6. Let ((H,w),g,x) be a quasi-Y D datum for ¢ > 1, a primitive N** root of unity.

(i) There is a bialgebra R = R ((H,w),g,x) in BYD with basis (I[n])0<n<N71 and structure
gwen as follows: -
p (IM) D =gt @al,
he oM o = Xn] (P) 2™ where Xin] € H" is defined in @) ,
1R : = ,’E[O],
mg (x[“] ® :E[b]> = [[a+b<N-1] H wl(g®g ®g")| 1" when a,b >0,
0<i<a—1
[n] _ ; 4] [n—i] . . .
AR (:1: ) = Zogignﬂ(l’n)x ®x , where B(i,n) is defined in @),
€R (x["]> : =dno0-

(ii) For R the bialgebra in YD from (i), let B := R#H, the bosonization of R by H. Then

By Cklgp® H.

Proof. (i) Take R :=T (V) /I as above and set 2" := v[" +T.
(ii) For 0 <n < N, let Ry, := @angnkl'[a]. Then, by the structure maps for R in (i), Ry, is a
subobject of R in gy’D such that

Ar (Rpu) €3, Bi ® Rinoi:

Set By, := R}, ® H. By the structure maps for B in Theorem @, we see

Ap (Bp) © Zogign Bli) ® Bln—y-
Since B = UnenByy), we have proved that B is a filtered coalgebra so that, by [Bw2, Proposition
11.1.1, page 226],
By C By =Ry ® H=ka" @ H =klp ® H.
O

Note that the result in the previous theorem still holds formally if ¢ = 1 but is not so interesting,
since, in this case R collapses to the base field k.

DEFINITION 4.7. Let ((H,w), g, x) be a quasi-Y' D datum for ¢ # 1, a primitive N-th root of unity.
The bialgebra R = R ((H,w), g, x) of the previous theorem will be called a quantum line for the
given datum.
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PRrROPOSITION 4.8. The bialgebra R from Theorem is a Hopf algebra in LYD with bijective
antipode Sr : R — R defined by

n(n—1)

Sk (x["]) =(-1)"x(g9) = =z foro<n<nN-1.

Proof. Consider the basis (I[n])0<n<N71 of the bialgebra R = R ((H,w), g,%) in 2YD. We want to
define a linear map Sg : R — R on the basis which a posteriori is expected to be antimultiplicative
in #YD. Set Sk (z1) = —zl. Then, for 1 < n < N — 1, we have

Su(2) = Swmp (+ @) =mp (Sw © Sw) e n (41 © 2" 1)
= mg(Sr® SR) (:z:[,l]l >zl g x([)l])
= ma(SpeSe) (9" @) =y (9)mr (Sr® Sr) (7Y @al)
= X1 (9) Sa (7 7) S () = =xu-1y (9) S (o) !V,

where cr r: R® R - R ® R denotes the braiding of gyD evaluated in R. Let us check that this

forces
n(n—1)

Sk (x["]) =(-1)"x(9)" = zMforo<n<N-1.

For n = 0,1 the formula trivially holds. Let n with 1 <n < N — 1 such that the formula holds for
n — 1. Then

Sr(a") = X (9) S (al1) o

i n— n— (n=1)(n—=2) n—
- H w(g®g ®@g)| x(9) D" () 2 =110
0<i<n—2

= | I wlodeg| 1" x@™ 7 ani
_O§i§n72

= I[I v@edgeg|)"x@ = ][I «'ogog) sl

0<i<n—2 0<i<n—2

n(n—1)

(=1)"x(g) 7 .

We have

Sr ((:v[”])1> (x[n])Q - ZO<i§n B(i,n)Sk (x[z‘]) =il

i(i—1)
2

i(i—1)
2

0<i<n
- 0<j<i—1
But
; - 1 n—i n
(34) Bin) [ « ' 9ed o) = <z>
0<j<i—1 q
so that
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By [@, Proposition IV.2.7] we have that
n T il S R S S i
ZO<i<n (z) (=1)¢ 7 a" X" = H (a—q X)
== q 0<i<n—1

for any scalar a and variable X. If we take a = 1 and evaluate this polynomial in X = 1, we get
i(i—1)

2o<i<n (?)q (—1)"¢" 7 = d,0. Hence

Sr ((x[n])l) (x["])2 _ 6n)0x[n] — 5n,0$[0] —en (:C["]) 1
On the other hand we have
(3:["])1 S ((Iw)?)
- ZOSiSn Bli,n)a Sk (x["_i])
S Bl w )l ¥l (o141)

w(w—1)

= D B w) (F1) X (g)" F Tl

(E) ZOSWSW (n> (_1)111 qw(“’zfl)x[n] = 5n70$[n] = 6n)0x[0] =¢pR (x["]) 1R-

W/q

We note that Sr : R — R is trivially bijective. 0

Recall the definition of a morphism of quasi-Y'D data from Definition B.13. Note that if ¢ :
(Hyw),g,x) = (L,a),¢,&) is a morphism of quasi-Y'D data, with ((H,w),g,x) a quasi-Y D
datum for ¢ then ((L, @), ¢, &) is also a quasi-Y' D datum for ¢ since £(£) = £p(g) = x(g). It follows
easily from equation (é) that &9 = Xjn) for all n > 1. The proof of the next proposition is
straightforward and so the details are left to the reader.

PROPOSITION 4.9. Let ¢ : ((H,w),g,x) — (L,a),l,§) be a morphism of quasi-Y' D data with
q := x (g) a primitive N-th root of unity , N > 0. Let (3:["])0<n<N_1 be the canonical basis for
Ry :=R((H,w),g,x) and (y[”])0<n<N_1 the canonical basis for R := R ((L, &) ,1,§). Consider
the k-linear isomorphism f : Ry — Ry, mapping =™ to y!™ for all n € {0,...,N —1}. Then
Pr.f = (0 ® f) PRy bR, (9@ f) = fliRg,
lp, = f(lry),  me, (f®f)= fmg,,
Ap f=(f®f)Ar,  €r.f =¢Ru-
Moreover f @ ¢ : Rg#H — Rp#L is a dual quasi-bialgebra homomorphism.

5. QUASI-YETTER-DRINFELD DATA FOR BOSONIZATIONS

In this section we consider quasi-Y' D data for bosonizations R#H. In the next lemma, we
assume that we have a bosonization B = R#H with a quasi-YD datum and we find that this
yields a quasi-Y' D datum for H.

LEMMA 5.1. For (H,w) a dual quasi-bialgebra and R a bialgebra in gyD, consider the dual quasi-
bialgebra B := R#H, the bosonization of R by H, defined in Theorem . Assume that By C
klgp ® H and let ((B,wg),g9,xB) be a quasi-Y D datum. Then there exists ¢ € G (H) such that
g = lg#c, and ((H,w),c,xpo) is a quasi-Y' D datum where o : H < B is the inclusion. Moreover,
for every r € R,h € H we have

(35) xg (r#h) = wy (r2®h1 ®c) xp (1#he) wr (r—1 ® ¢ @ h3) xB (ro#1),
(36) XB(r-rs#l) = wy' (ro1®s.1®c)xs (so#lu) xs (ro#1),

(37) XB (r#hi)cha = (r—1h1) xB (ro#h2) c,

(38) xB (7‘1#7‘%1) c> 7‘(2) = wﬁl(ril 12, ® c)r(l)XB (r%#lH) .
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Proof. Since g € G(B) C By Ck® H, then g = 1g#c = o(c) for some ¢ € H. Thus ¢ = (w0)(c) =
7(g) and since the maps 7,0 from Section @ are coalgebra maps and g is grouplike, then c is
grouplike.

In order to apply Lemma to conclude that ((H,w), ¢, xpo) is a quasi-Y' D datum, we must
show that expo(h1)he = hixpo(hz)c for all h € H. Since ((B,wg), g, xB) is a quasi-Y' D datum,
and so satisfies ([[§), then for every r € R,h € H,

gxB ((r#h),) (r#th)y = (r#th), xB ((r#h),) 9.
If we let = 1R in the equation above, and apply 7 to both sides, we obtain
exs(o(h)1)m(o(h)2) = w(o(h)1)xs(o(h)2)c,

and since o, 7 are coalgebra maps with 7o the identity, then ([L5) holds for ((H,w), ¢, xpo) and by
Lemma , ((H,w),c,xpo) is a quasi-Y' D datum.

Since wp = wpr o 7®3 then for all z,y € B, by (@) for the quasi-Y D datum for B, we have that
X5 (zy) is:
(39)  wp' (@1 ®y1®9)xp (Y2)ws (22 © 9@ ys) xB (3)wp' (9 © T4 @ ya)

= wy' (@) @7 () @) xp (y2) wn (7 (22) ® c@ 7 (y3)) X (23) W' (@7 (24) © 7 (y4))

By ([3),

(40) (TRTRBmMALI#1) = r 2071 1@ (ro#l) @ 1g;

(41) (r@Bor@m)AL(1#h) = h1 ® (1#hs) ® hs @ hy,

and so, letting x = r#1 and y = 1#h, we have that xg(r#h) is:

(42) Wit (rea ®h1 ®@¢) xB (1#the) wi (1-1 ® ¢ ® h3) xB (ro#l) W' (@1 @ hy),

and since wy is normalized, (B5) holds.
Similarly xp(r ‘g s#1) = xp((r#1)(s#1)) and then, using (i) and (BY), along with
(n®@B@m@m)AL(s#ly) =51 @ (so#1) ® 1y ® 1y,

it is straightforward to verify (Bd).
Now we prove (B7). Since ((B,wp), g, x5) satisfies ([L), we have,

9xB ((r#h),) (r#h), = (r#h), xB ((r#h),) g, for every r € R, h € H.
Recall from Theorem @ that
Ap(r#h) = wi' (rty @ 12, ® ha)ri#r? 1 ho @ rg#ths,
so that applying 7 to the left hand side of ([Ld) for B we obtain:
CXB(Té#Tglhg)wgl(Tll @12y @ h1)e(rd)hs = xB(r#h1 )chs.
Applying 7 to the right hand side yields
wy' (rhy @ r2y @ ha)e(rg)r? 1 haxs(ri#hs)c = x(ro#the)r_1hic,

and thus (B7) holds.
Equation (BY) is verified in a similar fashion. Let h = 1 in the left hand side of equation ([LH)
for B and then apply R ® ey to obtain

Xs((r#1)1)(R @ ep)[(1#) (r#1)2] = x(ro#r21) (R @ ep)ler ro#c] = xp(rt @ 12 )en 3.
Now let A =1 in the right hand side of ) for B and apply R ® ey to obtain
XB((r#1)2)(R @ em)[(r#1)1 (1#0)] = x5 (5 #1) (R @ en)[(ro#r2 1) (1#¢)]
= xB (g #)wy ((r) -1 ® (1)1 © ) (rp)oen ((121)2¢)
= xp(rj# 1wy (rly @ r2, ® e)rg,
and this finishes the proof of () |

In the next proposition we show how an arbitrary quasi-Y D datum on a bosonization R#H
where R := R((H,wpn),9u, xu) is related to gy and xg.
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PROPOSITION 5.2. Let ((H,wpy),gm,XxH) be a quasi-Y' D datum for a primitive N-th root of unity
q and let R = R((H,wn),gm,xn) be the bialgebra in HYD introduced in Theorem [[.4. Let
B = R#H, the bosonization of R by H and suppose that ((B,wg), 9B, xB) is a quasi-Y D datum.
Then there exists d € G (H) such that gg = 1g#d. If d # gpud, then

(i) xB (r#h) =g (7) xB (Lr#h) , for everyr € R,h € H,

(i) x5 (Lr#gn)xnu (d) =1,

(111) dgH = ng.
Proof. Theorem @ implies that By C klgp ® H. Then Lemma @ implies that there exists
d € G (H) such that gp = 1z#d. By (B7) with r = zl!l and h = 14,

XB (ﬂc[”#lH) d=xsp (I[”#lg) grd.

If xp (z#1x) # 0, then d = gy d, contrary to our assumption and so x5 (z!l#1y) = 0.
Now, let 2 <n < N — 1 and assume xp (:C["_”#lg) = 0. Then

XB (36["]#11{) = XB (36[1] ‘R I[n_l]#lH)

& wy' (9r © g5 ' @ d) xp (:v["‘”#lH) XB (w“]#lﬂ) =0,

so that
XB (3:["]#11{) =0dp0, for0<n <N -1
Now
o (e0) Bt (g 01 ) i (Lrbha) o (6 © 4@ ) i (412
= dnoxs (1r#h),
and so

XxB (r#h) = er (r) x5 (Lr#h), for every r € R, h € H.

Next we consider equation @) with r = zl1,

The left hand side is
\o ((xm)l " (xm):) a5 (o)’

— xz (xm#m) d> 15+ x5 (Lp#gn) d > oV

= xs(r#gn)d> 2" = x5 (1r#gn) xu (d) 2!
and the right hand side is

i (1), (), 0 (o11) ca (=), 1)

= wy' (g @ g @ d)xp@@M#1y) +wy' (9r @ 1y @ d)zMxp(1Lr#1n)
— 2 1ays (x[l]#lH) — .
and we can conclude that
xB (1r#gn) xu (d) = 1.

Now we apply ([Ld) for the quasi-Y'D datum (H,d, xp (1g ® —)) from Lemma f.1] with h = gp
to obtain

xB (Lr#gn) dgn = gudxs (Lr#gH) ,
and since xp(1r#gm) is invertible, we obtain

dgn = gud.
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6. EXAMPLES

In this section, we present examples illustrating the theory in the previous sections. The problem
of course is to find the reassociator explicitly. Our examples are based on the coalgebra kC,, where
the cocycles are well-known.

6.1. Group cohomology. First we set some notation. Our examples will involve cyclic groups
of order n and n?, n > 1. We will denote C,, = (c) and C,,2 = (¢). We will always denote by q a
primitive n?-rd root of unity and set ¢ := g™ . Let ¢ : C,2 — C,, be the canonical projection with
¢(¢) = c and denote by the same symbol the corresponding map kC,2 — kC,,. For every a € Z,
let o’ € {0,...,n — 1} be congruent to a modulo n.

Since k is an algebraically closed field of characteristic zero, by , Theorem 3.1], the Sweedler
cohomology can be computed through an isomorphism

H!, (kC,, k) = H (Cn,kx) ,

where the latter is the group cohomology computed as in [W{, page 167].
For 0 <i<n-—1and0 <a,b,d, define w¢: : (kC,)®* — k by

(43) wCi (Ca ® Cb ® Cd) _ W<i (Ca ® Cd ® Cb) — Cia[[b’+d’>n71]]'
Since ¢ = ¢, it is easy to check that
(44) wei (ca o Cd) _ Cia[[b’+d’>n—1]] _ qina[[b/+d'>n—1]] _ qm(b/+d'—(b+d)')_

One can prove that the set of Sweedler 3-cocycles is given by
(45;;] (kCr, k) = {(wei)” =wei % 0?0 [0 < i <n—1,0:kCF? — k is convolution invertible} .
This follows from the fact (see e.g. [MY, formulas (E.13) and (E.14)] over C) that the map
(46) {kek*|k" =1} = HS, (kCp k) : k — [wg]
is a group isomorphism.
PROPOSITION 6.1. Let kC,, be the group algebra with its standard bialgebra structure and w a

normalized 3-cocycle. Then (kCy,,w) is a dual quasi-bialgebra and there is a gauge transformation
a: (kCp)®? =k, and 0 <i < n—1 such that (kCp,w) = (kCy,wei)® = (KCp,wei * 0%a).

Proof. The first statement follows from the fact that kC), is cocommutative. Since w is a normalized
Sweedler 3-cocycle, by (@) there exists a convolution invertible map v : kC%? — k and i €
{0,...,n — 1} such that w = (we:)" = 9%v * wei and (kCy,w) = (kCh,wg) = (kCp,wei)?. Since
w and wei are normalized, so is 9*v. Thus, by Corollary @, av is a gauge transformation for
a=v(1®1)"". Since (kCp,wi)” = (kCy,wei)™, the statement is proved. O

REMARK 6.2. In fact, (kC),,w,:) is a dual quasi-Hopf algebra, meaning that there exists an antipode
S and maps «, 8 from kC), to k such that for all h € kC,:

(47) S(hl)a(hg)h3 = Oé(h)l and hlﬁ(hg)S(h;g) = B(h)l,

(48) Wei (hlﬂ(hz) & S(hg) X Oé(h4)h5) = w;l(S(hl) X Oé(hQ)hg (24 ﬂ(h4)S(h5)) = E(h)

In this case, S is the usual antipode for kC,,, o and § are both equal to the counit ¢ and then
since wei (¢’ ® ¢/ ® ¢/) = 1, the statement follows.

Since by the above discussion the maps w,: are not coboundaries, we have the following:

COROLLARY 6.3. The dual quasi-bialgebra (kC,,,w¢i) is not quasi-isomorphic to an ordinary bial-
gebra, i.e., one with reassociator EpC®3 -

On the other hand k()2 with dual quasi-bialgebra structure via the bialgebra epimorphism
¢ kCp2 — kC,,, ¢(c) = ¢, is quasi-isomorphic to an ordinary bialgebra since if w is a normalized
3-cocycle for kC,,, then w¢®? is a coboundary. In fact, one can see by direct computation that
wei¢®3 = 9?v; where v; 1 (kC,2)®? — k is defined by v;(¢® @ ¢*) = g?*®=*).
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6.2. Quasi-YD data for kC,. To find quasi-Y'D data for (kC,,w¢w), we apply the results of
Section B.2 For 0 < z < n — 1, from ([L9) we will be able to show that if ((kCy,wcw), g = ¢*, x) is
a quasi-Y' D datum then

(49) x(c") = x(c)t for 0 <t <n—1and x(c)" = ("%,

and thus, unless x(c¢)" = 1, i.e., (*# = 1, then Y is not a character.
We show ([t)) as follows. From ([[9) and the definition of wew, we deduce that x(c') = x(c) for
1 <t <n—1. By unitarity of x, this equality also holds for ¢ = 0. By unitarity of x and the fact
that ¢" = 1, we get 1 = x(1) = x(c"). On the other hand a direct computation of y(c") using ([L9)
and the definition of wew yields x(c™) = x(c)"¢~* and so g) is proved.
X

Take ¢ € N. Then, since ¢” = 1, we have x(¢!) = x(c!) = (). Thus () is equivalent to

(50) x(c') = x(c)t/ for t € N and x(c)™ = ¢"?.

PROPOSITION 6.4. Consider the dual quasi-bialgebra (kCp,wew). Let ¢ € Cp, 0 < 2 < n—1
and x € kCx. If (kCy,wew), %, X) is a quasi-Y D datum, then (54), or equivalently ({9), holds.
Conversely if x is a unitary map satisfying (@), or equivalently (@), for some 0 < z<n-1
then (kChp,wew),c?,x) is a quasi-Y' D datum.

Proof. The first assertion follows immediately from Lemma and Remark .

Since ¢* € G(kC,), since x € kC} is unitary by assumption, and since ([L§) holds because
kC,, is both commutative and cocommutative, it remains only to check ([[4) . We check ([4) on
generators. The equality holds trivially for h = 1kc, or k = lkc,. Hence we can assume that
h=c®and k= cb for 1 <a,b <n— 1. Then the left side of ([[4) is

a a ( ) a 4 a —lla n n( ) a —lla n|lwz
w (@) = x () @ (e (rro-timrrzaiin @ ot —foroznus
Since wew = wew(kCyp, @ 7) and kC,, is cocommutative, the right hand side of ([[4) is:
— z a a (18] a — z a ) a —lla njjwz
wew (@ @) x () x () @ x (¢) +bw<w1 (Fec e @ X (¢)* Tt ¢~ llatbznljwz
Thus ([[4) holds and the proof is complete. O

EXAMPLE 6.5. Consider the dual quasi-bialgebra (kCy,,wi) with i > 0. Let ¢* € C), with 1 < 2z <
n — 1, and then for y € (kC,,)* to satisfy (i), we must have that y(c)” = ¢** = ¢"**. Thus if we
define x(c") = ¢*** for 0 <t <n—1, then ((kCp,we:i), c?, x) is a quasi Y D-datum for x(c*) = 7.
Note that qiz2 is a primitive rth root of unity where r = (nQ"—:ZZ)

More generally, for 0 < j < n—1, let x; : kC), — k be defined by x;(c!) = (71¢*** if 0 <t < n—1.

Since x;(c)" = (¢7)"¢"*" = (**, so that ([9) holds, ((kCp,wei),c®, ;) is a quasi-Y'D datum for
x;j(c*) = ¢77¢"* and the order of (92¢i* is 7@]-2&;7"2).
EXAMPLE 6.6. Let n = p, a prime. For the quasi-Y' D datum ((kCjp,w¢:),c?, x;) in Example @
with y;(c*) = (9%¢**, there are p — 1 choices for i and also for z that give quasi-Y'D data for a
primitive p?rd root of unity and since j = 0,...,p — 1, there are p choices for j. Thus one may
form p(p — 1)? bosonizations R#kC), where R has dimension p?. Below we discuss which of these
can be isomorphic or quasi-isomorphic.

Suppose that H := (kCy,w¢:) and L := (kCp,w.r). Then by the discussion in Section b1, H
and L are quasi-isomorphic if and only if ¢ = ¢’. If R#H is quasi-isomorphic to S#L for some R, S
as in Theorem @, then, by Remark @, H is quasi-isomorphic to L and thus 7 = #’. Thus if two
bosonizations as constructed above are quasi-isomorphic, then ¢ = #’, i.e., H = L.

Now fix H := (kC},w¢i), and consider the quasi-Y D data D := (H,¢*, x;) and € := (H,c", X&)
Let R (respectively S) be the Hopf algebra in ZYD constructed from D (€ respectively) with
basis z!" (respectively y["]). Set = 21,y = yl!!. Suppose that there is a dual quasi-bialgebra
isomorphism ® : R#H — S#H. By the formula for Ar in Theorem @, the comultiplication
formula from Theorem @ and the fact that the coefficients 5(i,n) are nonzero, we have that
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Py 14 (R#H) = kl1# (1 — ci) + 0;, -k (x#1) (respectively Py 140 (S#H) = kl1# (1 — ci) +
Since ® is a morphism of dual quasi-bialgebras, by Remark @, we get that ®(1#c*) = 1#D'(c?).
Write ®'(¢*) = ¢* with 0 < a < p — 1. Since z#1 € Pig114.: (R#H), we get that ®(z#1) €
Pry11pce (SH#H) =Kk1# (1 — ) + 0g,0k (y#1). If @ # w, then O(x#1) € k1# (1 — ¢*) and hence
r#1 € k®L(1# (1 — ¢*)) C k#H, a contradiction. Thus a = w and hence ®(1#c*) = 1#c*, and
O (x#1) = ay#1 + B1#(1 — ). Since @1 (1#H) = 1#H then a # 0.
Then we have

P[(14c”)(x#1)] = P[x;(c7)a#cT]
= Ox; (%) (a#1)(1#c7)]
= xj(A)|oy#l + B1#Q — )] [1#c”]
= x; () ay#Hc® + B1#(1 — c¥)cv].
However,
DO#A)B(a#l) = (1#c")(ay#l + B1#(1 — ™)
= xe(c)ay#e” + B — ).

Thus 8 = 0 and x;(c*) = xx(c?), ie., (7¢i# = (kwgiv®  Thus p? divides p(jz — kw) +i(2? — w?)
so that p divides i(z — w)(z + w). Then either z = w or z + w = p.

Suppose that z = w. Then p divides z(j — k). This is impossible unless j = k and then the two
quasi-Y D data are the same.

Suppose that z + w = p. Then p divides jz — kw + i(z — w) = jz — k(p — z) +i(2z — p) so that
p divides z(j + k + 2i), i.e., p|(j + k + 2i).

In any case, there are at least p(p — 1) nonisomorphic bosonizations. Fix z = 1. Then there are
p choices for j and p — 1 choices for i giving nonisomorphic bosonizations.

In the next example, for a change, we consider the group algebra of a nonabelian group and
find a quasi-Y' D datum.

EXAMPLE 6.7. Let G := Dic,, the dicyclic group of order 4p for p an odd prime. Then Dic, =
CpxCy = {(z,ylz? =1 =yP,ayz~" =y~ ') and Z(G) = {1,2?}. Since C, is a normal subgroup
of G then there is a bialgebra projection 7 from kG to kCy = k(c) by m(y'z’) = ¢/. Let w := w¢
be the cocycle defined in Subsection for kCy with ¢ a primitive 16th root of unity and ¢ = ¢*.
Let wg : kG®2 — k be defined by wg := wr®3 and thus (kG,wg) is a dual quasi-bialgebra and
is a dual quasi-bialgebra morphism. By Corollary @, since (kC4y, w¢) is nontrivial and since there
is an inclusion o : kCy — kG such that 7o is the identity, then (kG,w¢q) is also nontrivial.

By Example p.J with n = 4, (kCy,w¢),c?,x) with x(¢!) = ¢* is a quasi-Y'D datum for
x(c?) = ¢* = ¢, a primitive 4th root of unity. By Lemma B.14], since m(2?) = ¢* and 2% € Z(G),
then ((G,wg), 22, xg = x7) is a quasi-Y D datum for (kG, wg).

Note that for a nonabelian group with trivial centre, the construction in the example above can
only yield a trivial YD datum for ¢ = 1. On the other hand, the same construction is possible
for any nonabelian group G with a projection onto a cyclic group such that the kernel does not
contain the centre of G.

The next example shows that @) need not hold for a quasi-Y' D datum for kCy if w # wew, in
particular it can happen that x(c*) # x(c)! for some 0 < ¢t < N.

EXAMPLE 6.8. Let ¢ : kCp2 = k(c) — kC,, = k(c) be the surjection of bialgebras from Section f.]]
given by ¢(¢) = c¢. Then ¢ induces a morphism of dual quasi-bialgebras from (kC,2, w3 = 92v)
to (KCy,,wc) where, by Section B.1], v(c® ® ¢) = ¢2(0=¥),

By Example b.5, ((kCy,w¢), ¢, x) is a quasi Y D-datum, with x(c*) = ¢* for 0 <¢ <n —1, and
so by Lemma , (kCp2,0%v), ¢, x¢) is a quasi-Y' D datum also. However, taking t = n < n? — 1
and checking (19), we find that x¢(c”) = x(c¢™) = x(1) = 1 while (x¢(c))” = x(c)" = ¢" = (.
Thus in this case ([i9)) is not satisfied. Note that we¢®? = we¢®?(kC,2 ® 7) so that ([Ld) still holds.
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ExXaMPLE 6.9. Let ((H,w),g,x) be a quasi-Y' D datum for some primitive N-th root of unity
g, N > 0. Let L = k(g) and let ¢ : (L,wr) — (H,wg) be the canonical inclusion where
wr, = w)es. Note that ¢ : ((L,wL) ,Q,X\L) — ((H,w),g,x) is a morphism of quasi-Y' D data. By
Proposition @, we have a dual quasi-bialgebra homomorphism f ® ¢ : Rp#L — Ry#H where
Ry = R((L,wL),g,x|L), Ry = R((H,w),g9,x) and f : R, — Ry is a k-linear isomorphism.
Note that, since ¢ is injective, so is f ® ¢ so that Ry #L identifies with a dual quasi-subbialgebra

We point out that the following example is dual to one given by Gelaki in [@, subsection 3.1].
There a quasi-Hopf algebra is given which is quasi-isomorphic to an ordinary Hopf algebra but
contains a sub-quasi-Hopf algebra which is not.

ExXAaMPLE 6.10. Recall the setting of Example @ where we have a morphism of quasi-Y' D data
from ((KChz,w,2 = 0%v), ¢, x®) to (KCp,we), ¢, x) with x(c?) = ¢t, 0 <t <n — 1, induced by the
bialgebra surjection ¢ : kC,2 — kC), with ¢(c) = ¢. Note that both are quasi-Y D-data for ¢ where
q is a primitive n2-rd root of unity.

The isomorphism f : R, — R, from Proposition @ yields a dual quasi-bialgebra surjection
f®¢: Rp2#kCp2 — R,#kC,, where R, := R ((kCy2,wy,2), ¢, x¢), Rn := R ((kCh,w¢) , ¢, x). Set
A= R 2 #KkC)2 and B := R, #kC,,
so that B is a quotient of the dual quasi-bialgebra A. Since (kC,2,9%v) can be twisted by v~}
to (kan,s(kcnz)@s), then by Remark @, A is also quasi-isomorphic to an ordinary bialgebra. In
fact, it is easy to check that A should be deformed by the gauge transformation p := v~ (7 ®@7) to
obtain an ordinary bialgebra. On the other hand, since w is not trivial in H?(kC,,, k), (kC,,w¢)

cannot be quasi-isomorphic to an ordinary bialgebra and thus by Remark @, neither can B.

We can say more about A*. Since A* is finite dimensional with coradical kC,,2, which is a Hopf

algebra, then A* is also a Hopf algebra [@, Remark 36]. Now, let (a:["])o <n<n_7 e the canonical

basis for R,,2. Then X := I[l]#lkcnz is a nontrivial skew-primitive element since
1 2 2
AaaM#le,) = (55[1]) # (fﬂm) @ (CC[”)O #lkc, ,
(1r,#c)® (:E[l]#lkcnz) + (I[l]#1k0n2) ® (1r, . #1kc,,)

= (lp.#)® (x[11#1kcn2) + (:c[l]#lkcn2> ® 1.4
so that, if we set I := 1g_,#¢, we get
ApX)=X®14+T®X.

Since A and A* have the same coalgebra structure, X is a (14,T)-primitive element also in A*.
Consider the sub-Hopf algebra of A* generated by X and I'. This is a Taft algebra of dimension
0(I')*> =n*. Hence A* =T,.

6.3. Quasi-Y D data for R#kC,. Now we apply Proposition @ to a quasi-Y' D datum used in
our examples.

PROPOSITION 6.11. Let H := ((kCy,,w¢), ¢, x) with x(c') = ¢" for 0 <t <n—1, be the quasi-Y D
datum from Example @, let R := R((kCy,w¢),c,x), and let B := R#H. Suppose that there is
a quasi-Y D datum for B, (B,wg),gB,XB) as in Proposition @ Then gg = 1r#c” for some
0<w<n-—1,and for0<t<n—1andr € R,

(51) XB (r#ct) =er(r)qg ™ H wgl (cw R ® c) =er(r)g ™t
0<i<t—1

In particular gp and xp are uniquely determined by w and (kCp,w¢), ¢, X).

Proof. By Proposition @ there exists d = ¢* such that gg = 1g#d. Since ¢* # cc?, Proposition
@(ii) may be applied to get that,

xB(1r#c) = x(c*) " =q".
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Since by Lemma f.1] (kCh, w¢), ¢, x5(1r#—)) is a quasi-Y D datum, then y (1 p#—) must satisfy

(L9, ie.,
xs(1r#c) = xs(lr#e) [] wi'(c"e@deo=¢™ [[ w'(c"ecd®c).
0<i<t—1 0<i<t—1
The statement now follows from (i) of Proposition f.3. O

COROLLARY 6.12. Let H, R, B be as in the proposition with n = 2m. If (B,wg), g5 = 1#c", XB)
is a quasi-Y D datum for B with ¢ # 1, then w = m.

Proof. By Lemmap.1,if (B,wp), g5 = 1#c", x5) is a quasi-Y' D datum, then ((kCay,,we), ¢, X50)
is also a quasi-Y'D datum where o is the inclusion map. Then by (f9), xgo(c)” = ¢*. By (B),
xp(l#e)" = ¢ " = (7Y,

so that ¢?* =1 and we must have that w = m. O

We are now able to construct a quasi-Y D datum on a dual quasi-bialgebra which is a bosoniza-
tion of a group algebra. We begin with a useful lemma.

LEMMA 6.13. Let n,a € N with 0 < a <n? — 1. Then

_ o
{il0<i<a-1,i=n—1}=2"2

Proof. Note that the left hand side of the equation above is the number of nonnegative integers
congruent to n — 1 mod n and strictly less than a. For ¢t > 1, define an interval I; of n integers
by It = {j € N|(t —1)n < j <tn —1}. Then the left hand side is the number of intervals I; whose
entries are less than a. If a = @’ 4 sn, then a € I;; and this number is clearly s. O

In the next example, we find a quasi-Y' D datum for B := R#kC,, where n is even. As always,
g denotes a primitive n2-rd root of unity and ¢ := ¢™.

EXAMPLE 6.14. Let n = 2m and let (B := R#kC,,wp = w¢m) be the dual quasi-bialgebra
of dimension n?® constructed via the quasi-Y'D datum ((kC,,w¢),c,x) for ¢ with x(c!) = ¢,
0 <t<n-—1, as in Example @ We will construct a quasi-Y' D datum for B for ¢ := q’mz, a
primitive 4-th root of unity.

First note that ((kC,w¢),c™, X) with X(c!) = ¢ ™ for 0 < ¢ <n —1is a quasi-Y D datum by
Proposition @ since Xx(¢)" = ¢~™" = (~™ = (™ since ¢ has order 2m. Also ((kCy,w¢),c™, X) is
2

a quasi-Y' D datum for ¢ since X (c¢™) = ¢~ ™

We will now show that ((B,wp = wen®3),gp := o(c™), x5 := X7), where m,0 are the usual
projection and inclusion maps from Remark @, is a quasi-Y' D datum. Since 7 is a surjection of
dual quasi-bialgebras from (B, wg) to (kC,,,w) with mo(c™) = ¢™, it remains to show that for all
be B,

o(c™)xm(b1)by = bix(b2)o(c™)
in order to apply Lemma and conclude that ((B,wp := wem),gp = o(c¢™),xp = X7) is a
quasi-Y D datum for ¢.

Let b = zl9%cl for 0 < a <n?—1and 0 < ¢ <n—1. Since by Theorem @, AR(:E[“]) =
> o0<i<a B a)z! @ 211 and since 5(0,a) = B(a,a) = 1, by applying £ on the left and on the
right of ([[3J),

(52) 7(b) @by = At @ 2l#e = A @ band by @ w(by) = 2l # @ ! = b

By the formula for multiplication in B = R#kC,, in Theorem @, we have that

(4™ (@ #e) = we (™ © ¢ ® cl)wgl(ca ® " @)™ > zldgemed,
and
(zl ey (14e™) = wgl(c“ ®cf @ c™)aldgctem = wgl(c“ ® ™ @ c)algctem
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Since ¢ > zld = X|a] (¢™)xl4 where X|q] is defined in Proposition @, it remains to show that
we(e™ @ ¢ @ ) xpa (MR (") = X ().

By ([l4) for the quasi-Y D datum ((kCh,wc), ™, X),
X (cacg) = wgl(cm ® ¢ @ X (e)X(),

and thus it suffices to prove that X (c*) x[q) (¢™) = 1. Since X (¢*) = X (c“/) = ¢~™ this is

equivalent to showing that

X[a] (™) =¢q™" .
Since ¢™ is a cocommutative element, by equation (B(})
X[a) (€™) = x(c™)* H we(d"®@c® ) =qm H we(d™®c® cil)
0<i<a—1 0<i<a—1
i/ 8,1
— qma H Cm[[lJrl >n]] _ qma H Cm -1
0<i<a—1 0<i<a—1

Thus we have to prove that
qma H Cméi/,n,1 _ qma'-
0<i<a-—1

But ¢™* = ¢~™* for every s € nZ since, writing s = n3s, ¢>™"5 = ¢"°5 = 1. Thus it suffices to

prove that
H <m5i/m71 — qu(afa') _ qm(afa’)'
0<i<a—1

By Lemma , we have

/

) ) . a—a
Hi|0<i<a-1,i/=n—-1}= ,
so that
H Cm‘si’,nfl — H qnméi/mfl — qm"ZOSiga—l‘si’,n—l _ qmna’na, _ qm(afa’)'
0<i<a—1 0<i<a—1

This shows that ((B,wg),gs := o(c™),xp := X7) is a quasi-Y' D datum for ¢~™" and thus one
can form the bosonization S#B of dimension 4n3 = 32m3 where S has basis ym for0<¢<3. O
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