arXiv:1309.6102v1 [math.AP] 24 Sep 2013

WEIGHTED ENERGY ESTIMATES
FOR p-EVOLUTION EQUATIONS

ALESSIA ASCANELLI AND MARCO CAPPIELLO

ABSTRACT. We prove energy estimates for linear p-evolution equations in weighted Sobolev
spaces under suitable assumptions on the behavior at infinity of the coefficients with respect to
the space variables. As a consequence we obtain well posedness for the related Cauchy problem
in the Schwartz spaces S and S’.

1. Introduction

Let us start by considering the Cauchy problem

(1.1)

P(t,z, Dy, Dy)u(t,z) = f(t,x) (t,z) € [0,T] x R,
u(0,2) = g(z) x € R,

D = —i0, where P(t,z, Dy, D,) is a differential evolution operator of the form

p—1
(1.2) P(t,x, Dy, Dy) = Dy + ap(t) D2 + Y~ a;(t, x) D3,
j=0

with p € N,p > 2, a, € C([0, T];R) and a; € C([0,T]; B>), where B> stands for the class of
complex valued C*°(RR,) functions with uniformly bounded derivatives.

Operators of the form above are usually referred to as “p-evolution operators”; the condition
that a,(t) is real valued means that the principal symbol of P (in the sense of Petrowski) has the
real characteristic 7 = —a,(t)£P; by the Lax-Mizohata theorem, this is a necessary condition to
have a unique solution in Sobolev spaces of the Cauchy problem ([T]) in a neighborhood of t = 0,
for any p > 1. Notice that in the case p = 1 operator (L2) is strictly hyperbolic; in the case
p = 2, operators of the form ([.2)) with real characteristics are usually called “Schrédinger-type
evolution operators”, being the Schrodinger operator the most relevant model in the class.

A wide literature concerning the well-posedness of problem (IL1]) in Sobolev spaces exists
for p = 1,2. For general p > 2, many results are known when the coefficients a;(t,z) are real
valued, see for instance [I}, 2| 3] (10, 12] 14]. When the coefficients a;(t,z) are complex valued
for some 1 < j < p— 1, then we know from [I§] that some decay conditions for |z| — oo must
be required on the imaginary part of the coefficients in order to obtain H*-well posedness. In
the papers [I8 [19], Ichinose has given necessary and sufficient conditions for the case p = 2,
x € R. Kajitani and Baba [20] then proved that, for p = 2 and as(t) constant, = € R, the
Cauchy problem (LL1]) is H*°-well posed if

(1.3) Imay(t,z) = O(z|77), 0 > 1, as |z| = oo,

uniformly with respect to t € [0,7]. Second order equations with p = 2 and decay conditions as
|z| — oo have been considered, for example, in [11], [I5]. Cicognani and Colombini [13] treated
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the case p = 3 proving H*°-well posedness under the conditions

| Tm ag| < Cag(t)(x)™!,
|Tma;| + | Re dpas| < Cas(t){x)~1/2.

Recently, the first author et al. [6] extended the results of [13] and [20] to the case p > 4,
giving sufficient conditions for H* well posedness of the Cauchy problem for the operator
(L2); results in [6] have then been generalized to pseudo-differential systems in [5], and to
higher order equations in [4]; semi-linear 3-evolution equations have been then studied in [7].

(1.4)

In this paper we want to consider the Cauchy problem (1) when P(¢,z,D;, D,) is an
evolution operator of the form
p—1
(1.5) P(t,x, Dy, Do) = Dy + ap(t, Dy) + Y a;(t, 2, D),
=0
p € N, p > 2, where a; are pseudo-differential operators with symbols a; of order j for 0 < j < p,
and for every t € (0,7, z,£ € R we have: a,(t,£) € R, a(t,z,§) e Cfor 0 < j <p—1
In [5] it has been proved the following:

Theorem 1.1. The Cauchy problem (11) for the operator (1.73) is H> well posed under the
assumptions:

(1.6) Oeap(t.€)| > ColelP™t Wt [0,T], J¢] > 1,

for some C, > 0 and

(L7)  [Imdfay(t e, &) < Cala) 71(i™, 1<j<p—1

(18)  |Imdg Daa(t, 2,€)| < Calz) 71 (] 2<j <p—1

(1.9) um@D%Amuouuz@r%Wﬁafﬁ1s{§]Sj—L3SjSp—1

for all (t,z,&) € [0,T] x R* and for some C, > 0, where (-), = \/h?2+|-|>, h > 1. More
precisely, there ezists o > 0 such that for all f € C([0,T]; H®) and g € H® there is a unique
solution u € C([0,T]; H*=7) of (L)), (LB]) which satisfies the following energy estimate:

t

(1.10) mwﬂgsc4mmﬁ/W@Mwﬁ vt € 0,7,
0

for some C'y > 0.

Formula (T.I0) shows that the Cauchy problem (ILII), (L3) is H* well posed with loss
of o derivatives, in the sense that the solution is less regular then the Cauchy data. This
phenomenon, which is usual in the theory of degenerate hyperbolic equations, appears so also
in the theory of non-degenerate p-evolution equations for p > 2, and has been yet observed
in [12] 19, 20]. Notice that assumptions (L6])-(L9) are consistent with the conditions in (L3]),
(L4). The loss of derivatives appearing in ((ILI0) for the solution of (I.1]) is explicitly computed
in [5], and it can be avoided by slightly strenghtening the sole assumption (7)) for j = p — 1.
Formula (LI0) gives so an accurate information about the regularity of the solution, but, in
spite of the very precise decay conditions on the coefficients, it does not say anything about
the behavior of the solution as || — oc.

This suggests us to change the setting of the Cauchy problem (1)) to gain the possibility
of giving similar precise information on the behavior of the solution for |x| — oco; namely, one
could try to obtain energy estimates in suitable weighted Sobolev spaces and well-posedness in
the Schwartz spaces S(R), S'(R).
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Results of the above type have been proved for strictly hyperbolic equations (p = 1) by Cordes
[16]; we also recall similar results when the coefficients are not Lipschitz continuous in ¢, see
[8,9]. The natural framework consists in dealing with pseudo differential operators with symbols
in the classes SG™ ™2 = SG™™2(R?), with m; € R, j = 1,2, defined as the class of all functions
p(z, &) € C*(R?) satisfying the following estimates:

(1.11) pllas == sup (€)7™F(x)™™*P|0g0]p(w, )] < o0
S

(z,£)ER?

for every «, 8 € N. This class can be considered as a particular case of general Hérmander
classes, see [17, Chapter XVIII|. A detailed specific calculus for this class is presented in [16],
[22]. In the following we shall prove energy estimates in the weighted Sobolev spaces Hy, s, (R),
s; € R,j =1,2, defined as the space of all u € §'(R) satisfying the following condition:

(1.12) [ullsr.or = (12} (D)l 2 < 00,

where we denote by (D)*' the Fourier multiplier with symbol (£)°'. It is worth to recall that
for s = 0 we recapture the standard Sobolev spaces and that the following identities hold:

(1.13) m HS1782(R) =S(R), U H81782(R) = S,(R)
s1,82€R s1,52€R
Moreover we recall that S(R) is dense in Hy, ,,(R) for any s, s € R.

The main result of the paper is the following.

Theorem 1.2. Let P(t,z, Dy, D,) be an operator of the form (LI) and assume that the fol-
lowing conditions hold:

(1.14) a, € C([0,T]; SGP?),
(1.15) Ocan(t, ) > CpleP™ Ve [0,T], [¢] > 1, with C, >0,
(1.16) a; € C([0,T); SGH=3/0=Dy " j =0, ... ,p—1.

Then, the Cauchy problem (11) is well-posed in S(R),S'(R). More precisely, there ezists o > 0
such that for all s1,s2 € R, f € C([0,T]; H, 5,(R)) and g € Hy, 5,(R) there is a unique solution
u € C([0,T); Hs, s,—0(R)) which satisfies the following energy estimate:

t
(1.17) ||u<t,~>uil,82_ascs(Hgn;,sﬁ / Hf(ﬂ')ll?l,ssz) vt € [0,7],

for some C = C(s1, 82) > 0.

Remark 1.3. The energy estimate (LI7) shows that we can obtain well-posedness in S(R)
andS’(R) without any loss of derivatives for the solution w of (L)), paying this with a modifi-
cation of the rate of decay/growth at infinity of the solution with respect to the Cauchy data.
The solution of (L) has so the same regularity as the Cauchy data; but, if we start from data
with a prescribed decay at infinity, then a loss of decay appears in the solution; similarly, if the
data have a fixed polynomial growth at infinity, then the solution presents a stronger growth.

Remark 1.4. The proof of Theorem is in part inspired by [6], but it takes advantage of the
fact that in the new framework we are considering we can admit initial data with polynomial
growth with respect to the space variable. We also observe that if we approach the problem by
using exactly the technique of [6] we obtain well posedness in S(R),S’(R) with the same loss
of derivatives as in [6], whereas the behavior at infinity of the solution remains the same as the
initial data. Thus, on one hand, if we can admit a solution of (L1]) less regular then the data,
we have it; on the other hand, if we are looking for a solution with the same regularity as the
Cauchy data, we can find it but this solution presents a “worse” behavior at infinity. Moreover
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the solution exists uniquely and the precise value of ¢ is computed, see formulas (B.I3]) and
B.4).
Remark 1.5. If the condition (LI6) with j = p — 1 is strengthened into

ap-1 € C([0,T); SGr=1-049),

for any € > 0, then the Cauchy problem (L.T]) is well posed in S(R), S’(R) without loss of
derivatives and without modification of the behavior at infinity.

Remark 1.6. We observe that the assumption (I.IG) in Theorem [[.2] can be slightly weakened
without changing the argument of the proof. Namely we can replace the condition (ILT6]) with
the following

(1.18)  Rea; € C([0,T]; SG'0), Tma; € C([0,T); SGH3/P=1) 0<j<p—1.

The argument of the proof remains essentially the same but it involves more complicate nota-
tion. For this reason we prefer to present our main result using the more simple assumption
(LTd). We refer to Remark B.7 at the end of the paper for some comments on the more refined
result.

Finally we observe that if a;(t,z, D,) are differential operators, assumptions (LI4)), (I3,
(LI8) are consistent with the ones given in [, [13],20] for the corresponding case a,(t) > C, > 0
vVt € [0,T7.

2. Preliminaries

In this section we collect some basic notions on SG classes of pseudo-differential operators and
prove some preliminary results which will be used in the proof of Theorem in the next
section.

2.1. SG-pseudo-differential operators. A detailed exposition on the classes SG™ "™ de-
fined in the Introduction can be found in [16]. Here we recall only some basic facts which will
be used in the proof of our result. In general, fixed d € N\ {0}, the space SG™™2(R?) is the
space of all functions p(z, &) € C*°(R??) satisfying the following estimates:

(2.1) Ipllas == sup (&)™ H )= P9l p(x, €)| < o0
(z,6)eR2d

for every a, 8 € N. We can associate to every p € SG™™2(R??) a pseudo-differential operator
defined by

2.2 Pu() = pla, D)u(w) = (2m) ¢ [ e, €)ae) de.

Rd
The operator p(z, D) is a linear continuous map S(R?) — S(R?) which extends to a continuous
map S'(R?) — S'(R?). Concerning the action of these operators on weighted Sobolev spaces,
we have that if p € SG™™2(R??), then the map

p(z, D) : H51782(Rd) — Hg,—my,50-mo (Rd)

is continuous for every si, sy € R, where the space Hy, ,,(R?) is obviously defined in arbitrary
dimension as the space of all u € &'(R?) satisfying (LI2). We also recall the following result
concerning the composition and the adjoint of SG operators.
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Proposition 2.1. Let p € SG™™2(R?*?) and q € SG™"™2(R??). Then there exists a symbol
s € SGmitmimatmy(R2) sych that p(z, D)q(xz, D) = s(x,D) + R where R is a smoothing
operator S'(R?) — S(R?). Moreover, s has the following asymptotic expansion

s(2,6) ~ 3 al™ 0P p(r, €) Dg(x,€)

i.e. for every N > 1, we have
s(@,6) = Y al79¢p(x,€) Diq(x, €) € SGmmNmatmi (A1),
|a| <N

Proposition 2.2. Let p € SG™™2(R??) and let P* be the L*-adjoint of p(x, D). Then there
exists a symbol p* € SG™™2(R*) such that P* = p*(x, D) + R', where R’ is a smoothing
operator S'(RY) — S(R?). Moreover, p* has the following asymptotic expansion

pr(x,&) ~ > alT' o DIp(, €)

i.e. for every N > 1, we have

pi(x,8) = Y a1 oDep(x, §) € SGmTNmaTN(R),

lo| <N

We also recall the definition of the class S™(R?*?), m € R, defined as the space of all symbols
p(z, &) € C=(R*) satisfying

0207p(x, )] < Cap()™ 1, (2,6) € R*
for every o, B € N¢. It is important for the sequel to notice that
(2.3) SGmem2(R2) ¢ g™ (R?)

for any m;, my € R with m, < 0 and that the operators with symbols in S°(R??) map contin-
uously Hy, ,,(R?) to itself for every sq, sy € R.

In the proof of Theorem we shall also use the sharp Garding inequality applied to SG
operators. This result is known as a particular case of [I7, Thm. 18.6.14]. However, for
our purposes we also need a precise estimate of the order of the remainder with respect to &,
which has been proved only for symbols in the Hormander classes S™(R??), see 21, Thm. 4.2].
Nevertheless, we have to observe that the operators we shall consider have negative order with
respect to x. Hence, in view of the inclusion (23], we can base the proof of this result on the
classical sharp Garding inequality for standard Hormander symbols and estimate the order of
the remainder term with respect to £ by looking at its classical asymptotic expansion. Namely
we have the following result.

Theorem 2.3. Let my > 0,my < 0, a € SG™™2(R?*) with Rea(z,£) > 0. Then there
exist pseudo-differential operators Q = q(x, D), R = #(x, D) and Ry = ro(x, D) with symbols,
respectively, ¢ € SG™™2 (R, 7 € SG™~Lm2(R24) gnd ry € S°(R?*) such that

(2.4) a(z, D) = q(z, D)+ 7(x, D) + ro(x, D)

(2.5) Re(q(z,D)u,u) >0  VYu € S(RY).

Proof. Since my < 0, then SG™™2(R24) c ™ (R??). Hence, the classical Garding inequality
gives the existence of two symbols ¢ and r such that a(z, D) = ¢(x, D) + r(z, D) and ¢(z, D)
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satisfies (2.5)). Let us now consider the asymptotic expansion of the remainder term r(x, D).
By Theorem 4.2 in [21], we have that

(2.6) r(,€) ~ 1) Dea(z, &) + > Va0 Dla(x,€),

la4-8|>2

for some real valued functions vy, 1, 5 with ¥, € SGTH0(R?*?) and v, 5 € SGUI=I8D/20(R2d),
In particular, we have that

r(@,8) = v1()Dea(z, )+ > Yas(€)d¢Dla(z,€) + ro(x,€),

2<|a+p|<2m;—1

for a symbol ry € S°(R??). Moreover, it is easy to verify that ¢(¢) D,a(x, &) € SG™ ~tm2=1(R2d)

and that
> Yapl§)dDla(x,€) € SGMTI(RM).
2<]atB]<2mi—1
Then we have that the symbol
P(2,6) = 1) Dealz, )+ Y Yap(§)dEDla(z,€) € ST (RM),
2<|a+6|<2m1—1

This concludes the proof. O
Remark 2.4. In the sequel of the paper we will often replace the weight function (£) with
(&), = (K + |z]*)Y/? for some h > 1 to prove our results. It is clear that this modification

does not change the definition of the class SG™™2(R??) and of the spaces H**2(R%), and their
properties.

2.2. Changes of variables and conjugations. The idea of the proof of Theorem is to
prove an energy estimate in L?(R) for the operator

p—1
(2.7) iP =0y +iap(t, Dy) + Y ia(t, v, Dy) = 0, + Alt, x, Dy).

=0

We have
d
EHUH% = 2Re(0u,u) = 2Re(iPu,u) — 2 Re(Au, u)

(2.8) < A1 + lull§ — 2 RedAu, u).

Notice that 2 Re(Au,u) = ((A + A*)u, u), with A* the formal adjoint of A, and A + A* is an
operator with symbol in SGP~%~!, hence with positive order with respect to &. This implies
that the desired energy estimate is not straightforward and in order to obtain it, we need to
transform the Cauchy problem (L) into an equivalent one of the form

Pyuy = f,\
29) {uA(O,l‘) = 9

where P, = Dy —iA, and Re A,(t, z,£) > 0; then we apply Theorem 2.3 to obtain the estimate
from below

Re(Ayv, v) > —[[v][3
for v € S(R) and for some positive constant c. This, computing as in (28], will give an L?
energy estimate for the solution uy of the Cauchy problem (29). The operator Py will be the

result of p— 1 conjugations of P with operators of the form e*r—+®DPe) k=1 .. . p—1, namely:

(2.10)
(ZP))\ — (eAl(m,Dz))_l . (6)‘1)*2(%1)1)) ( Ap—1(2,Dz) ) (ZP) Ap—1(z,Dz) )‘p72($7Dz) L 6)\1($7Dz).
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Here and in the following we shall denote by e**»—+@D2) k=1 .  p — 1, the operators with
symbols e**»—+(®£) and the functions Ap—i Will be chosen such that:

o \,_i(x,&) are real valued, 1 < k <p—1;

o M1@8) € SGOM-1 for some M, ; > 0 and e»—+@8) € SGO0 for 2 < k < p— 1;

e the operator e*—+@P<) ig invertible for every 1 < k < p — 1 and the principal part of

(Xp-r@D2)) =1 g e=Ap-r(@.Dx),
e the operator
Ay = (eM@P)7L L (QRem2(@Da)y =L (A1 (@ De)) =1 ) ePo-1(@. D) Ao—2(@Da) | hi(@,Ds)
is such that Re(Ayv,v) > —c||[v]|2 Vo(t, ) € S(R).

After the transformation of the problem (L)) into (Z9]) with Py defined by (ZI0) and f) and
gx given by

@11) = (MEP) L (@Dl g (MED) T (@Dl
we will obtain an energy estimate in L*(R) for the new variable
(2.12) u(t,z) = (NP (2o D) T (A (D) Ty (¢ )

which will yield to an estimate of the form ([LIT) for the solution w of ([LI]).

Let us now define the functions ;. We set

(213) (e €)= My (5) [

and for 2 <k <p-—1

@2.14) A (€)= My (%) @ [ e ( @_1) ay.

(Eh
where M,_1, M,,_o, ..., M; are positive constants to be chosen later on, w € C*°(R) is such that
0 gl <1
(2.15) w(§) =
sgn(Jgap(t,€)) €l > R

for some R > 1, and ¢ € C§g°(R) is such that 0 < 9(y) < 1Vy € R, ¢(y) = 1 for |y| < 3,
¥(y) = 0 for |y| > 1. Notice that assumption (L.I5]) ensures the existence of R > 0 such that
for every fixed  with [{] > R the sign of the function Oca,(t,§) remains constant for every
t € [0,T], then w is well defined and does not depend on t.

Definition (2.I4]) is in part inspired by [0 [6]; more precisely, the symbols \,_; in (ZI4)) are
exactly the same as in [5], while the symbol A\,_; in (ZI3)) is new: it can be considered only in
the framework of the SG calculus, where symbols with polynomial growth in x can be handled.
The setting we are using allows to construct a transformation with a ”stronger” A,_; with
respect to [5] still remaining in (weighted) Sobolev spaces.

Lemma 2.5. The function A,y defined by (2.13)) satisfies the following estimates:

(2.16) [Ap-1(z,§)[ < Mp—1(1 + In(x))
(2.17) 108 00N -1 (2, &) < Mp_1Cop(x) ()" a>0,82>1,
(2.18) 0ENp-1(,6)] < My 1O p(€),* (1+ Inz)xp, 1(6), a>1,

with positive constants C, Cyp, C}, p, and where xg, , is the characteristic function of the set
Enr={¢ €R| h <[] < hR}.
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Proof. A simple explicit computation of the integral in (Z13) gives
(2.19) |Ap—1(x, )| < M,_qlog(2(x)) < Mp_1(1 + In(z)).

For 5 > 1 we have
w <%) P Ha) !

w® (%) h=92 1 ()7
2.21) < My 1 Cosl)7(@) .

Finally, for o > 1:
(@) é) h—a/x id '
w Y
(h 0 <Z/>

S Mp—lcah'_a 1n<I>XEh,R(€)
(2.22) < My 1Co,r(E), “ In(x) X B, 2 (£),
since h=t < (R)(£); ! on Ej p.

(2.20) 9 0-1(2,6)| = My < M, Cs (),

and for o, f > 1:

08001 (2, )| = My < My1Cogh™(z)~"

‘a?)‘p—l(l’v §)| =M,

O

Lemma 2.6. Let A\, k = 2,...,p— 1 be defined by [2I4)). Then for every o, € N, there
exists a constant Cy o5 > 0 such that

(2.23) 10800 \p—i(z,€)| < ChapMy ()71 (€)7o e ()
< CpapMy_ i) 7P(E)

where x¢(x) denotes the characteristic function of the set {z € R | (z) < (f)fl_l}. In particular,
we have that \,_, € SG*° for2 <k <p-1.

Proof. See [6, Lemma 2.1]. O

From the estimates proved in Lemma and we obtain, by simply applying the Faa di
Bruno formula, the following estimates for the symbols e*»—#@€)  We leave the details of the
proof to the reader.

Lemma 2.7. Let Ay, k=1,...,p—1 be defined by (ZI3)) and 2I4). Then
(2.24) |1 0| < I () Mrt,
2.25 oLetr 1@ < Ol + In(x) v g ey ete1@E g >,
( 13 X h,R h
2:26) 105609 < Oyla) P9, 21,
(2.27) 0800108 < Cop [1 4+ (@)X, »(6)]" (2) P e 10 a, 821,
(2.28) [0¢0]e™ 9] < Copa(n) P(g); e+, 2<k<p-laBeN,
for some positive constants K, Cy,Cgs,Cq 5, Cyo k-
B 75 7/37
The next two results state the invertibility of the operators e*—+®P+) for k =1,... . p—1.

Lemma 2.8. Let \,_1(x,€) be defined by (2.13)). Then there exists hy > 1 such that for h > hy
the operator e*»—1*D) is invertible and

(2.29) ) B e U S M
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where I is the identity operator and R,_1 has principal symbol given by
Tp1,_1(7, &) € SGTH0.
Proof. By Proposition 2.1] it follows that
rr=1@De)o=dp@De) — 1 (2, D) +1,_y _o(x, D),
where

Tp-1,-1(2,€) = IeAp1 (2, §) D Apr (2, €)

and 1
TP—17—2(Ia §) ~ Z ﬁagne)\pﬂ(x’g)D;ne_)‘pfl(xé).

m>2
By (21I7) and (2.18) :

Tp1.-1(z,&) € SGTHTIE for every &> 0
and

Tp1,2(x,&) € SG27*E  for every e > 0.

More precisely,

|8?D5Tp—1,—1(x7£)‘ < Z (Ca17a275‘a§{1+1)‘p—1| ’ |8g2D5+1AP—1| +

al1tas=«

1
+ Z Cal,azﬂlﬂz|8§q+ Dgl)‘p—1| ’ ‘8?2D52+1>‘p—1‘>
B1+B2=8, B17#0

< Cay,r(€)5 " {x) 77(€)y  (In(a) + 1)(x) ™!

(2.30) < 20,58 W HE (@) ™P,  VYa,B>0.
Setting 7,-1(x,&) == rp_1-1(x,&) —1rp_1,—2(2, ), we have also
(231) 08 Dy, €)] < Clop - KO @) Vo B2 0

and for some C}, 5 p > 0; this means that for h large enough, operator I — R,_; is invertible
by Neumann series and >/ R}, is the inverse operator. Similar considerations hold for
e w1 @D ehva(@De): thus e~ 3P0 R is a left and right inverse for e*—(®P=) The

lemma is then proved. O]

Lemma 2.9. Let \,_i(x,&),k=2,...,p—1 be defined by (214)). Then for every k there exists
hr > 1 such that for h > hy, the operator eM=k(@D) 4s invertible and

(2.32) (ere—r@D))=L — o=Xp—kl@D)(1 L R )

where I is the identity operator and R,_j has principal symbol
p—k
Tp—k,—k(xv 5) = aEAp—k(xv g)Dm)\p—k(xv 5) S SG_h_E .

Proof. The construction of the inverse is completely analogous to the one of Lemma 2.8 More-
over, by (2.23]) we have that

[Pk, €)] = 10N 1(2, ) Doy (2, €)] < CeMZ_ ()57 1€ % xe ()

(2.33) < CpM) ()1 (€);"
S CkMg_kh,_l
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since on the support of x¢(x) we have (x) < (£)?~". The derivatives of 7,,_j, _j can be estimated
similarly. Thus, for h large enough we obtain (Z32)), and from (233) we have rp__ €

SGH O

3. The proof of Theorem

The proof of Theorem needs some preparation. As announced in Section 2, we shall reduce

the Cauchy problem (L)) to the problem (2.9), where the operator P, is defined by (2.10)
and the functions fy, g, and uy are given respectively by ([2I1]) and (2I2)). We first prove the
following result.

Proposition 3.1. Let Py be defined by (2.10). Then we have:

p—1
(ZP))\ = at + 7:ap(tv Dw) + Z Qp—f(ta T, Dw) + TO(t7 T, Dw)a
(=1

for some operators Q,_; with symbols Q,_¢(t,r,&) € SGP™HY satisfying
(Qp—ev,v) >0 veSR),1<l<p-1
and for some operator ro with symbol in S°.

Proposition B.I] will be proved in p — 1 steps each of them corresponding to a conjugation
with an operator of the form e** k = 1,....p — 1. We know by ([223) and (2.24) that the
operators et»-1(:P=) have order (0, M,_;), while the other operators e**»-#@P2) haye order
(0,0) for k = 2,...,p — 1. In the proof of the energy estimate (LI7) the first conjugation
will play an essential role since it determines the loss of Hj, ,, regularity; the others all work
similarly to each other. This is the reason why we shall organize the proof of Proposition B.1]
as follows. We present in detail the first two transformations and then we argue by induction.
Each of these steps corresponds to a different lemma. Before this we give a preliminary result
which states for an operator with symbol a(z,&) € SG™0 the form of the composed operator
e @D g(g, D, )eri@Pe) j =1, .. p—1, with \; defined as in the previous section.

Lemma 3.2. Let a € SG™° and let N\;,i = 1,...,p—1 be defined by 213), @I4). Then the
symbol of e~ @D q(x, D)@ D) =1, . p—1 is given by:

mi1—1

(e” Zae)xg—ajLZ 8‘1@ e . Do

mi—1 m1—2mp—1
(3.1) + Z 8“’ DY (ae Z Z W&“’ —/\zD’Y(agla.Dgzex\i) T 7
=1 a=1

with ry € SG®Y. Moreover the symbol

mi1—1 mi—2mi—1

1
o) = 3 SOeMDYah) + Y 3 ol Diega- D) € SG™
’)/ =1 a=1 ay:
Proof. The proof easily follows by Proposition 2.1 0

Remark 3.3. If we assume that a € S™ instead of a € SG™, then Lemma still holds
with r € §™ 1,
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Lemma 3.4. Let h be as in Lemma and consider, for h > hy, the operator (iP);
(erv—1@ D)=L (i PYerv—1(@De) - There exist operators Q, 1 (t,z, D), a;1(t, v, D,) and r1(t, z, D,

~—

with symbols Q,_1(t,r,&) € SGP~H71 a4 (t,x,€) € SGII/P=H 1 < j<p—2andr(t,x,&) €
SO such that
p—2
(iP) = 0, +iay(t, D) + Qpi(t, 2, Do) + > _ia;(t,x, Dy) +11(t, z, Dy),
j=1
and
Re(Qp-1(t,z, Dy)v,v) > 0, Vv € S(R).
Proof. We first notice that, by Lemma 2.8 we have
p
(iP)1(t,x, Dy) = 0, + Z(e’\f’*l(m’D”’))_liaje)“’*l(m’Dl‘) =
p p
= at + Z 6_)‘1771(x7Dx)z'a,je>\P*1(x7D1') + Z 6_)\17*1(Z‘?Dx)ZRp_la]e)‘P*l(:me)
=0 5=0
p—1
=0, + e—qu(m,Dz)mpequ(m,Dz) + Z e—Apfl(w,Dw)Z’(aj + Rp_lajﬂ)e)‘p’l(x’D””) + 1
j=1
p—1
(3.2) =0 + e 1P et D) 1 N e De)j edvr (@ De) g
j=1

for some ty(t,z, D,) of order (0,0), and with new operators a; = a; + R,_1a;4+1 having symbol
a;(t,z,&) € SG»=3/P=H We now apply formula (B.I)), observing that in the case i = p — 1, the
term r vanishes for |£| > hR since it is a sum of products with at least one {-derivative of A\,
appearing in each factor, see (2.I8). Then in particular, the term r has order (0,0) since it is
compactly supported in £ and with order 0 in . Hence we obtain for the related operators:

p—1
1
(3.3) (iP)1 =0 +iap+ » —0giay - e 1. DM

a=1

p—1 j—1
1
s (M 3 Ly e DgeAw) ‘i
j=1 a=1

p—1

= 0y +1ia, + OcapOp Ap—1 + iGp—1 + Z 0§ ia, - el DYt 4 Z ia;

+ZZ;3@@] - Dyt + 1

for a term £, with symbol in SG®°. Now we consider the real part of the terms of order p — 1
with respect to & in (B3), and use (LIH), (LI6), [215), (Z20) for || > hR to get:
Re (idp_l + 85ap8x)\p_1) =—Im dp_l + 8§&p8x)\p_1
= —Imay_1 + M, 1[0a,(t, ()~
Z (2_(p_1)/2CpMp—1 - C) <£>Z_1<I>_17
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where we used that a; = a; for |¢| > hR, and we used also the inequality: (a), < v/2|a| for
a € R, |a| > h. We thus obtain

Re (z’dp_1 + 85%833)\1) >0
if only we choose the constant M,_; great enough:
(3.4) M, , >20=V2C/C,
We can then apply Theorem [2.3] to the operator ¢a,_1 + 0¢a,0,A\,—1 and obtain that there exist

pseudo-differential operators Qp-1(t,z, D), Ry_o(t,z,D,) and Ry with symbols Q,_;(t,z.§) €
SGPU R, ot x,€) € SGPT27Y Ry(t, x,€) € S° such that
Re(Qp-1(t,z, Dy)v,v) >0, Vv € S(R)

and 3

z'dp_l + 8§ap8x)\p_1 = Qp—l + Rp_g + Ro.
Finally we estimate the last three terms in the right-hand side of (3.3)). We observe that for
2 < a<p-—1we have
(3.5) 92a, - e - DM < Cpleh ()T < Ol ) T,

since a+1 >3 > (p—2)/(p—1). Similarly we can estimate the derivatives of the above symbol
observing that the worst case occurs when &-derivatives of order « fall on the term e *»-1. By
(227) this produces a term of type (In(z))” in the estimates but since

(In(z))(z) " < (In(x))"(z)® < Clz) 5
for every v > 0, we conclude that J¢a, - e -1 . Daere-1 ¢ §GP=2=(p=2)/=1) By similar
arguments we obtain for 1 < a < j —1 that 9¢a; - e~ M-1. DMt ¢ SGITH-U-D/(P=1) Hence,

we can gather the last three terms in the right-hand side of ([B.3]) and the remainder term Rp_2
obtained from the application of Theorem and conclude that

p—2
(iP)y = 0, + iay(t, Do) + Qpoi(t, 2, Dy) + > iy (t,x, Dy) + (¢, z, D)
=1
for some a;; € SGH/P=Y) and r; € S°. Lemma [3.4] is proved. O

To perform the second transformation, we need to compute the operator
(iP)y = (eM2@DPo))=1(; P, ero—2(@.Ds)
By Lemma 2.9] for h > hy there exists an operator R,_, with principal symbol
Ty, 2(7, &) = Dehpa(w,€) Dok s(w, ) € SG27 72/
such that:
(iP)y = e v Pe)(] Rp—2)(ip)1€k”*2(x’D’”)-
We have the following result.
Lemma 3.5. Let hy, hy be as in Lemmas and [2.9 and let h > max{hq, ho}. Then there
exist pseudo-differential operators Qp_o(t,x, D), a;2(t,z, D) and rot,x, D,) with symbols
Qpa(t,z,8) € SGP720 a;,(t,x,&) € SGHI/P=Y for 1 < j < p—3, ro(t,x,&) € S° such
that:
p—3

(iP)y = O, + iay(t, Dy) + Qpi(t, 7, Do) + Qpea(t, , Dy) + Y _iaja(t, @, Dy) +1ra(t,z, Dy),

=1
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and
Re(Qp—2(t, z, Dy)v,v) >0, Vv € S(R).

Proof. By Lemma [B.4] we have (omitting the notation (¢, z, D,) ):

p—2
(3.6) (iP)y = O; + e =2 (z‘ap +Qpor+ Y iajy + r1> et

J=1

p—2
+€_>\p72 (iRp_2ap + Rp—ZQp—l + Z iRp_Qaj’l + Rp_QT’l) 6)\”72.

Jj=1

where a;1(t, z, D) have symbols in SG7 /=Y "and r; has symbol in S°. Now we observe that
iR,_sa, € SGpr—2—(p—2)/(p—1) 2Qp L € SGf” 3,=(r=3)/(r=1) and R 2l € SGIi—2-0-2)/(p=1)
for every j=1,...,p—2. Then we can write (3.0) as follows:

p—2
(ZP)Q — at _l_ 6_)\1172(1‘,[)310) <iap + Qp—l ‘l’ Zld],l) 6)\p72(x,Dx) ‘l’ t()

j=1

for some ¢, with symbol in S° and with new symbols a,; € SG%~7/P~Y Here we have considered
the composition e*-2(R,_or)e*2 using Remark B3l Here it is important to underline that
the operator ta,_»; has symbol:

(37) ’l.fl,p_ll(t, Z, f) = Z'ap_271(t, Z, f) + z'ap(t, 5)85)\1,_2(15, Z, f)Dx)\p_g(t, Z, f),

where the first term in the right-hand side depends only on the constant M,_; and the second
only on M,_, which will be chosen later on in this second transformation. But now, by formula

B1), we get:

p—3
(1P)y =0y + 10y + Qp-1 + 1Gp_21 + OcapOpAp_o + Z 1051
j=1
p—1
: I :
+ Z 8?@@1, e 2. DM — a0\, 9Dy o + Z 58}9 Av=2 . (ja, DYer?)
=2 "
p—2 p—1
D S R
y=1 a=1 any:
p—2 p—2 j—1 1
—I-Z 'a?Qp—l e 2. Dot 4 aﬁg 1ajq - Doev—2
a=1 7j=1 a=1
p—2 1 p—2 p—3 1
—Ap— Ap— —-A te’ a A\
+Z$ e =2 DY(Qpre™?) + Wm =2 DY (8 Q-1 DEeM2)
=1 "" a=1~y=1 """
p—2 j—1 1 p—2 j—1 j—2 1
+ —9)e 2D (ia; e 2) + —— e 2 D](0¢ (iaj ) Dyer2)
jz:; 'yz—; 7' ¢ j=1 a=1 y=1 a'f}/'
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By estimating as before the orders of the terms appearing in the above formula, using (2.23])
and by (8.7) we obtain that

p—3
(3.8) (iP)s = 0y + i, + Qpr + 0cay0u N p2 + ity a1 + Y idy + o,
=1
for some operators ;1 (¢, ¥, D) with symbols a;,(t, z,£) € SG#~9/®=Y and with a term £, with

symbol in S°. We want now to apply Theorem 2.3 to the operator ia,_s 1 + 0ca,0;\p—2, namely
to the term of order p — 2 with respect to £&. We observe that for |{| > hR we have:

Re(z'ap_ll + 8§ap8x)\p_2) = —Imap_ll + 8§ap8x)\p_2
= —Imap_gl + M,,_g&gapw <%) <$>_g¢ (%) <£>_1
— mayoan + Myl (1, €))7 () ( <§<>
h
_ P=2/ .\~ 5= p-1 —5= (v
SOl )R 4 Myl () w(@i )
> _C<£>Z_2<x> Z,f _'_Mp 202 (= 1/2< Z ? ;;E 1)
(O My a2 22 gy E oy ( <£<> )
h
—2, \—b=2 (z)
—C{E ) T [ 1= —
= 1 ol )
> (-0 Mt e () - o

where C' = C(M,_1) is a constant depending on the already chosen M,_; > 0 and, 111 the last

inequality we used the fact that on the support of 1 — w(<§<>ﬁ>,1) we have (€)072(z) 5 <
h

Choosing the constant M, o > C(M,_1)2P~Y/2/C, we obtain that

Re(iap—o1 + Ocap,dpNp—2) > —C" for |€| > hR.

We can then apply Theorem 2.3 to the symbol ia,_21 4 9¢a,0:\p—2 + C" € SGP=20. Then there
exist operators (Q,—o(t,x, D), R,_3, Ry such that

ity—9.1 + OcapDpdp_o 4+ C' = Qpo + Ry_3+ Ry,
Re(@p—2v,v) >0 Yv e S(R).

It is now crucial to observe that Q, o(t,z,&) € SGP™3% Ry, € S° whereas by (2.6) we have

Rp 5 € SGP=3~(=3)/(P=1) gince the constant C’ does not appear in the expression of the symbol.
As a matter of fact we have

Fp-3(2, &) = Y1(§) Dy(iap-2,1 + cap0up—2) + Z Va 5(5) (mp 2,1+ Ocap0zAp—2),

la+B1>2
which is in SGP~3~(®=3)/(=1)_ The proposition is proved. O

We now prove by induction on n > 2 the following:
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Lemma 3.6. Givenn € N, n > 2, we can find a constant h,, > 1 such that for h > h,, there
ezist pseudo-differential operators Qp—_i(t,z,D,), 1 <l <n, a;,(t,z,D;), 1 <j<p—n-—1,
and r,(t, z, D,) with symbols Q,_(t, z,&) € SGP=0, a;,(t,z,£) € SGIH=I/®P=Y (¢, x,&) € SO
such that the operator

(ZP)n = (6>\p,n(gc,Dz))—1 o (eAp,g(gc,Dz))—l(eAp,l(gc,Dz))—l(Z»P>€)\p,1(w,Dz)eAp,g(gc,Dz) o eAp,n(gc,Dz)

can be written in the form:

n p—n—1
(iP) = O +iap(t, Dy) + Y Qpo(t,x, D)+ Y dajn(t, x, Dy) + ro(t, 2, Dy),
(=1 j=1
and
(3.9) Re(Qp—i(t,z, Dy)v,v) >0, Vv € S(R), 1 < /¢ <n.

Proof. For n = 2 this is exactly the thesis of Lemma 3.5 Let us suppose now that for h > h,,_1
it holds

n—1 p—n
(3.10)  (iP)noy = Oy +iap(t, D) + Y Qpeelt, 2, Do) + Y iajn-1(t, 2, Dy) + rna(t, 2, Dy),
=1 Jj=1

for some pseudo-differential operators Q,_¢(t,z,D;), 1 < <n—1, aj,—1(t,z,D;), 1 < j <
p—n, and r,_1(t,z, D,) with symbols Q, ¢(t,z,&) € SGP=°, a;, 1(t,z,£) € SGH=3/P=1),
Tno1(t,z,€) € SO such that

Re(Qp—e(t,z, Dy)v,v) >0, Vo € S(R), 1 <l <n-—1,
and consider the operator
(iP), = (eM—@D=))=1(;p), _ erv—n(@Da),
Lemma 20 gives, for h great enough, say h > h,,, that
(iP), = e @D ([ 4 R, ) (iP)_qer D),
with R,_, a pseudo-differential operator with principal symbol
T (2, &) = OeXpon(, &) Dydp_n(z, §) € SG=~07m/ (1),
Thus, for & > h, = max{h,, h,_1} and by BI0) we have (omitting (¢, , D,) in the notation):

n—1 p—n
(iP), = 0O+ e Av-n (iap + Z Qp—t + Z 105 p—1 + rn_1> etv—n

(=1 j=1

n—1 p—n
e hoen (iRp_nap +Y RpnQpr+ Y iRyt + Rp_nrn_1> et

=1 j=1
Now we notice that R, ,Q, , € SGP~"=t=F=)/b=1) c §Gr=m=rP=)/(P=Y gince 1 < <n—1,
iR, na, € SGr—m==m)/(p=1) " and R, niaj, 1 € SGI—m==n)/=1) — §GI—m=U=—n)/(=1) 4 =
1,...,p —n; we can so write (iP), as follows:

n—1 p—n
(ZP)n — at _l_ 6—)\p*n(Z‘,Dac) (,l'a’p + Z Qp—f ‘l’ Z idj7n—l> 6)\p7n(x7Dx) ‘l’ t()
/=1 7j=1

for some ¢, with symbol in S°, and with new symbols a;,_1 € SGH—i/P=1)  Again, we need to
notice that at level p — n we get:

1p—nn—1(t, 2, &) = 1ap_pn_1(t,2,§) + tay(t, £)OcAp_n(t, x, &) Dyrp_n(t, x,€)
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where the first term in the right-hand side depends on the constants M,_, ..., M,_,1; chosen
before and the second one depends only on the constant M,_,, which will be chosen later on;
this does not cause any trouble in the choice of the constant M,_, because, again by (B.1]), we
get:

n—1 p—n—1
(iP)n =0y +iap+ Y Qpr + iyt + OcpOudpn + Y ifijn1
=1 j=1

+Z aazap e~ Mn . Doeren — 14,0 A\p—n Dy Ap_n,
a= 2

p—n p—n+1
Z a’Y —Ap—n (ZCLPDA{ Ap— n _'_ Z Z Co 78’7 —Ap— n&ozapDa—l—fye)\p n
=1 a=1
n—1p—_€—nm p—n j—1
Y 200 et D+ 55 Lpiag e Do
(=1 a=1 ! j=1 a= 1
n—1 p—¢ n—1 p—n p—~4—1 1
+ZZ a’y T DU Qpee™ ) + —0ie T DY (0 Qe D7)
=1 y=1 =1 a=1 =1 &7
p—n j—1 p—n j—1 j—2 1
3030 SO D) + 0L DO (i) D)
J=1 =1 j=1 a=1y=1 7
+o
n—1 p—n—1
(3.11)= 0, +ia, + Y Qpet + (DeapOudpp + ip_n 1) + Z i1+ to,

(=1

for some operators a;,_1(t, z, D,) with symbols a;,,_(t,z,&) € SGH=9/?=D 1 < j<p—n—1,
depending on M,_4,..., M,_,4+1 and where ?; is a term containing operators with symbol in
SY.

As done in the second transformation, we now look at the real part of the terms of order p—n
with respect to ¢ in (B11)); for || > hR we have by (LI0),([2.14) and for a positive constant
C C( p— 17---7Mp—n+1>:

Re(iap—n,n—l + agapa:c)\p—n) = —Imap_nm_l + Mp_nagapw <%) <$>_%w (<£<;;>_1) <§>;:n+1
> O ) + 2 G ) ()
h
> (0 MG B () -
> —C

if we choose M, _, > C(M,_1,...,M, ,1)2P~Y/2/C,. An application of Theorem to
the symbol ia, 1 + Ocapdudp—p, + C' € SGP™™0 gives then the existence of operators
Qpn(t,z, D), Ry, 1(t,x, D), Ro(t, z, D) with symbols respectively Q,_,(t,z,£) € SGF™™9,
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Rp a1 € SGp——L==n)/(=1) R, e SO such that
za'p—n,n—l + 8£a'pax)\p—n + C' = Qp—n + ép—n—l + RO>
Re(Qp—nv,v) >0 Yv e S(R).

Then, from (B.I1)) we finally obtain

n—1 p—n—1
(ZP>n = 8t + iap + Z Qp—é + Qp—n + Rp—n—l + Z idj,n—l + tO + RO
(=1 j=1
p—n—1

_8t+zap+ZQp 0+ Z iaj, + 1y,

for some operators a;,, r, with symbols a;,, € SG»9/P~Y r € S° and where Q,_, satisfy
B9) for 1 < ¢ < n. The Lemma is proved. U

Proposition [3.1] follows directly from Lemmas [3.4] and

Proof of Theorem[I.Z2 By the change of variable (2.12]) the Cauchy problem (1)) in the un-
known wu(t,z) is reduced to the Cauchy problem (2.9) for the unknown wy(t, z), where Py is
defined by (2.I0) and f, and g, are defined by (2.I1]). We now apply Proposition B.1] to derive
an energy estimate for the problem ([2.9): for every v € C'([0,T],S(R)) we have

d
%Hvﬂg = 2Re(0v,v)

p—1

= 2Re((iPy)v,v) = 2> Re(Qp_ev,v) — 2Re(rov, v)
(=1

< C(|Poll e + [|v]l72)-

By standard arguments in the energy method we deduce that, for all s = (s1,5,) € R? and
every v € C'([0,T],S(R)) the following estimate holds

(312)  Jolt, )P, <c (nv / |Pa(r ||m) vt € (0,71,

for some ¢ > 0. The energy estimate (3.12]) can be extended by a density argument to a function
v e CH[0,T], Hy, s,(R)) for every s, so € R. This implies that if f € C([0,T7], Hy, 5,(R)), gx €
Hy, «,(R), then the Cauchy problem (2.9) has a unique solution uy (¢, z) € C*([0,T], H, s, (R))
NC([0,T], H, +p.5,(R)) satisfying (8.12). By the relation (ZI2)) between u and u and by Lemma
(2.7, we obtain existence and uniqueness of a solution w of (II]). Moreover, from (Z.11]), (212))

and (312) we get

(313> ||u||81 s2—2Mp_1 — ClHU’)\Hsl so—Mp_1 S (Hg)\HSl so—Mp_1 / HfAHSl s2—Mp— 1dT)

< s (ol [ 1112,

for some ¢y, ¢1,c3 > 0. This gives the energy estimate (LI7), and proves well posedness in S,
S’ of the Cauchy problem (LTJ). O

Remark 3.7. As outlined in the Introduction, Theorem can be proved replacing the as-
sumption (L.I6]) by the weaker condition (I.I8)) and repeating readily the argument of the proof
above. For the sake of brevity we leave the details to the reader. We limit ourselves to ob-
serve that the assumption (LI8)) is sufficient for the application of Theorem 23] in the proofs
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of Lemmas [3.4], 3.5 where only the imaginary parts of the symbols a;(t, z, ) are involved
and that every step can be performed identically with the only difference that the symbols
aje, 0 =1,...,p— 1 appearing in the above Lemmas are now such that Rea;, € SG’? and
Ima;, € SG»~3/®=1) Nevertheless this is sufficient to obtain the assertion of Proposition B.1l
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